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In this volume the simpler portions of the Treatise, those, 
namely, suited for general School purposes and required for 
the attainment of an ordinary B.A. degree in the University 
of Cambridge, are printed separately as Part I.; to which is 
appended a large collection of easy Miscellaneous Examples, 
specially adapted to the contents of this Part, and supplying 
means of complete Examination in them. 

It will be seen that the easiest kinds of Simple Equations 
and Equation Problems are in this Edition introduced much 
earlier than is usual in Treatises on Algebra: but there can 
be no reason why this branch of the subject, which is so 
interesting to most Students, and gives them some idea of the 
practical applications of the Science, should not be brought 
forward as soon as possible. 

Part II. is also published, and contains the higher parts of 
the Subject, with such additional remarks on the earlier por- 
tions as will suit the wants of more advanced and promising 
Students, and with a similar Appendix of more difficult Mis- 
cellaneous Examples and Equation Papers. This part may 
be begun as soon as the Student, having thoroughly mastered 
Part I., has entered upon the Miscellaneous Examples at the 
end of it. 

Forncetr St. Mary: Nov. 1, 1849, 


*,* The alterations which have been made in the New 
Edition have been suggested chiefly by the experience of the 
Rev. J. Hunter, formerly of the National Society’s Training 
College, Battersea, and have been carried out under my sanc- 
tion and superintendence. 


J. W. NatAt. 
Lonpon: June 26, 1865. 


Tae SKETCH OF THE History or ALGesrRa prefixed to this 
Edition has been added with the sanction and approval of the 
(= of Natal. | 


Lonpon: Dec. 1868. 
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HISTORY OF ALGEBRA. 


Aucesra, like many other branches of modern science, flour- 
ished in India long before it was naturalised in Europe. 
The Arabians, whose mission made them a channel of com- 
munication between East and West, were pupils of the Hindu 
mathematicians: they also translated into their own tongue 
the solitary Greek author who treated of Algebraic analysis. 
From them the new arithmetic was transmitted to Europe at 
the end of the tenth century: the introduction of Algebra 
dates from the beginning of the thirteenth.! Leonardo 
Bonacci, a Pisan, whose father was employed in the custom- 
house of Bugia in Barbary, there acquired from the Arabs 
a knowledge of arithmetic ‘after the manner of the Yndians.’ 
As a branch of this, he was taught Algebra v’ Almucabala ? 
~ as far as quadratic equations, and published the method in a 
Latin manuscript bearing the title ‘Liber Abbaci,’* in which 
he proved the rules by geometrical diagrams. It is probable 

1 Cossali, ‘ Orig. dell’ Algebra,’ i. 6. 

? He translates it ‘Restauratio et Oppositio ;’ Lucas adds, ‘Contemptio 
et Solidatio’ (viii. 5, 1): it is Rest. when minus terms are eliminated 
from the sides of an equation; it is Opp. when like terms are added 
together. 

* Gerbert, Pope Sylvester II., 999-1003, had called the new arith- 


metic ‘Abacus.’ Lucas (ii. 1, 1.) thinks the word in Leonardo is a mistake 
for ‘ Arzbicus.’ 


A3 
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also that a treatise by Muhammed ben Musa was translated 
from the Arabic about this period.! The art soon became 
familiar to mathematicians. Regiomontanus (1436-1476), in 
the book ‘De Triangulis’ which inaugurated Trigonometry, 
leaves a quadratic to be solved ‘secundum cognita artis 
precepta.’? 

But a science which remained in manuscript had great 
difficulties to contend with. An epoch is marked by the close 
of the fifteenth century, when Lucas de Burgo, a Minorite 
friar, after some lesser treatises,? printed in 1494 a systematic 
work on Arithmetic and Geometry, including Algebra, and 
based on the writings of Leonardo and others:4 it is in 
Italian, with the ‘canons’ writen on the margin in Latin 
verse. The science, still in its infancy, is hardly more than a 
convenient short-hand for answering problems in arithmetic. 
Without signs, it uses the abbreviations p and m for plus 
and minus. Lucas goes no higher than equations of the 
second degree: indeed he says that the solution of higher 
equations is impossible.® He calls his method Arte Maggiore,6 
in contrast with the Arte Minore, or mercantile arithmetic. 
Another name is Regola de la Cosa,’ the Rule of the Thing, 
i. ¢. the Unknown; and so we shall find the first English 
Algebra treating of the Cossike Art. 

In the next century the Italians extended the analysis to 
cubics and biquadratics. Scipio Ferrei, in 1508, invented a 
rule for a particular case of the cubic; his pupil Florido 
challenged Tartaglia to discover it, who both guessed the 
riddle and devised a more general golution. This he dis- 

1 Cossali, i. 9; Bombelli’s Preface; Cardan, ‘Ars Magna,’ i. and vy. 

* Montucela, iu. 2, 1. 3 *Summa,’ y. I, end. rs ae G, 


* Cardan, ‘Ars Magna,’ i. © yi, 3, 1s 
7 Xylander, ‘Cossika seu Algebrika;’ Cardan, ‘Itali de la Cossa 


yocant.’ 
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closed to Cardan under oath of secresy ; but in 1545 Cardan 
broke his oath, and published the rule with improvements. 
His friend Ferrari was the first who solved a biquadratic. In 
1589 a complete digest of Algebra was written by Bombelli, 
containing a systematic treatment of recent discoveries, and 
giving special attention to Cardan’s Irreducible Case: nor is it 
insignificant that he prefaced it with a brief historical sketch. 
Regiomontanus had ‘left an allusion to a Greek treatise 
on numbers by Diophantus, which deserved translation.! 
Xylander, a professor of Heidelberg, found the name in Suidas 
also, and his curiosity was roused. At last a MS. was sent 
him from Poland, which he translated into Latm ‘ incredibili 
labore,’ and published at Basle in 1575. Diophantus, pro- 
bably a contemporary of Julian, discusses arithmetical pro- 
blems, and incidentally solves a quadratic: whereupon 
Xylander expresses his conviction that ‘a certain Leonard’ 
got his method from Diophantus. This enigmatical treatise 
has started the most difficult questions. Was he an original 
inventor ?—His words are,? ‘fortasse difficilius, quippe ignotum 
adhuc.” What is his relation to Indian mathematics ?—Bom- 
belli asserted that the MS. in the Vatican quoted Indian 
authors; Hutton conjectured them to be the insertion of a 
scholiast; but Cossali denies their existence in the MS.4 
Lastly, what is his relation to the Arabian authors? 
Colebrooke sums up the vexed questions with these results.” 
The earliest Hindu treatise is a century later than Dio- 
phantus, and the school flourished from the fifth to the twelfth 
century. Advancing farther than the Greeks and Arabians, 
it has a superior notation, attempts cubics and biquadratics, 


1 Oration in Alfraganus’ works. ? Xylander's translation. 
+ Preface. * Coss, i. 4, 4. 
* *Diss, on the Alg. of the Hindus.’ 
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works indeterminate equations between two unknowns, and 
applies algebra to Astronomy and Geometry. The Arabs 
avowedly borrowed their Astronomy from the Indians,! and 
probably Algebra came with it. They recognise Muhammed 
ben Musa as the father of Algebra among themselves ;? but 
Diophantus also was translated into Arabic about 961-1000. 
Their notation is very imperfect: hence the intractable nature 
of the early Italian algorithm. 

The sixteenth century also witnessed a new phase in the 
history of Algebra. Hitherto it had been the property of 
Italians: but before the year 1600 popular accounts of it were 
published in most European languages. It was introduced to 
Germany by Rudolf, Scheubel, and Stifel.? The latter invented 
the signs ++ and —, the notation of indices, and the sign »/, which 
is the initial letter of radiz. Like Archimedes, he anticipated 
the principle of logarithms. In 1554 Pelletier printed the 
first French treatise; Stevin made the science known to the 
Dutch in 1585; and Nuiiez, a Portuguese professor, published 
a Castilian Algebra in 1567, thus restoring the science to 
Spain. It seems strange that the conquerors of the Moors had 
to seek instruction in Algebra from Italy. 

The first English Algebra was printed in 1557. Its author, 
‘Robert Recorde, Phisitian,’4 fancifully called it ‘ The whet- 
stone of witte,5 whiche is the seconde® part of Arithmetike: 

1 aD. 7738. 2 Close of the eighth century. 

* Respectively at the dates 1522, 1551-2, 1553. 

4 Hutton says that commonly the Moorish physicians were mathe- 
maticians as well: hence the names were convertible. So in ‘Don 
Quixote,’ when the Bachelor Samson is dismounted, he sends for an 
‘ Algebrista’ to heal his bruises. 

5 Cos Ingeni: perhaps a pun on Cossike. In the verses he alludes 
to Horace’s ‘ Fungar vice cotis.’ Recorde died in the Fleet prison in 1558. 


® In 1540 he had published ‘The Grounde of Artes, teaching the 
Worke and Practise of Arithmetike.’ Recorde was a Platonist. 
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containyng thextraction of Rootes; the Cossike practise, with 
the rule of Equation: and the woorkes of Surde Nombers.’ 
The title advertises that ‘ These Bookes are to bee sold at the 
Weste doore of Poules, by Ihon Kyngstone.’ Recorde dedicated 
it ‘To the right worshipfull the governers, Consulles, and 
the reste of the venturers into Moscouia.’ It isin the form of 
a dialogue between Master and Scholar, who exhaust the 
subject at one sitting: the groundwork is Scheubel. 

Recorde invented the sign of equality, ‘to avoide the 
tediouse repetition of these woordes: is equalle to.’ The first 
chapters are subsidiary to the solution of equations, ‘com- 
monly called Algebers rule, after the name of the inventoure 
as some men think,! or by a name of singular excellencie as 
other judge.’ His method has two parts. First by Reduction 
he arrives at one of these three varieties :— 


x? = 47 + 21 
x? = 60 — 4x 
x? = 16x — 63 
(The form z?= —16z—63 was at this period dismissed as 


impossible.) Then rules are given separately in the first two 
eases for finding the single root which corresponds to 


vs. Sa 
—tp+ ef rte in the third case alone he knows of two 


roots, and gives the law of their sum and product. 

His notation does not represent the unknown quantity 
but its indices only: R (res) stands for the first power, and Z 
(zenzus, census=Arabic Mal or Wealth) for the second, while 
@ denotes a natural number. So he writes the first equation 


1.Z.=.4.R. 4.21.9. 


1 Cardan, de Subt. xvi., says that Muhammed was surnamed from 
the science he discovered, Stifel also ascribes it to Geber, but Scheubel 
to Diophantus, 
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These details are introduced to exhibit the awkward algo- 
rithm which was crippling the usefulness of Algebra. The 
third era in the history of that science was opened by Vieéte, 
who in his ‘De Emendatione Aquationum’ revised the 
whole system, substituting the ‘ Logistice Speciosa,’! or literal 
symbolism, in which capital letters with indices were employed 
for the first time. Marriot, the friend of Rdleigh, chose 
small letters as more convenient, and equated to zero. Fi- 
nally, Descartes in his ‘Geometria,’ 1637, separated known 
from unknown quantities by using different sets of letters. 
Thus the language of Algebra, a science which is essentially 
‘une langue bien-faite,’ was almost perfected, and from this 
point its rapid progress was inevitable. Specimens of their 
equations are subjoined :— 


(i.) A.B+D—A°=B.D. (De Em. xiv. 4, 1.) 
Si B+D in A—A quad. equetur B in D: A explicabilis 
est de qualibet illarum duarum B vel D. 


(ii.) Harriot, iv. 1. &quationis aa—ba 
+ca=-+be. est 0. radix 
radici quesititie a. equalis: he adds that+c is not a root, 
but does not try —c. 


(ili.) 24 co+az3+ 522? ~—¢3z4 dé, 

Viéte and Harriot also added to the Theory of Equations : 
the latter was the first who saw that higher equations are the 
product of the multiplication of simple equations. 

But the great event of the period was the application of 


Algebra to Geometry by Descartes, in which however the 
Indian mathematicians had anticipated him. This application 


' Opposed to the ‘ Logistice Numerosa’ of Diophantus. 
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has created a new mode of mathematics, and most of the later 
improvements in Algebra have been suggested by the necessi- 
ties of geometrical science. | r 
We have now traced the development of Algebra. It 
began as a small branch of Arithmetic, struggling with the 
difficulties of a cabalistic notation, and known only to 
Italians. Once printed, it spread over the continent, and, 
taking shape as a distinct species of mathematics,! received 
isolated contributions to its algorithm from the various nations 
of Europe. Lastly, its language was perfected; when imme- 
diately it ceased to live as an independent science, and was 
adopted asa ‘ universal solvent ’? by the school of geometricians. 


Tos. H. Grose, B.A. 
late Scholar of Balliol ae, Oxford. 


Sillas Of allege — Oxford 


1 Xylander says that Algebra appears among the other mathematical 
sciences, like the shade of Tiresias among thie other ghosts. 

2 In the time of Descartes it was commonly called Ars Analytica: 
its professors were Analyste. 
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PART Il. 





CHAPTER I. 
DEFINITIONS. 


1. ALGEBRA is the science which reasons about 
quantities by means of letters of the Alphabet, and 
certain signs and symbols, which are employed to re- 
present both the quantities themselves, and the manner 
in which they are connected with others. 

Thus we might put a to represent 7, and then twice a would 


represent 14; or we might put a@ to represent 3, and then twice a 
would represent 6, three times a, 9, &e. 


2.°The sign = (equal) denotes that the quantities 
between which it stands are equal to one another. 
Thus, if a=17, then twice a=34. 


3. The sign .-. stands for then or, therefore, and °.° 
for since or because. 


4. The sign + (plus) denotes that the quantity 
before which it stands is added, and the sign — (minus) 
that the quantity before which it stands is subtracted. 

Thus 5+4+38=8, 5—3=2; and if a=3 and b=4, 

then a+6=3+4=7, a+642=34442=9, 

10-a=10—-357, 10—a—b=10—8—4=7-4=3. 

The sign ~ is used to denote that the less of two 
quantities is taken from the greater, when it is not 
known which is the greater. 

Thus a ~ b denotes the difference between a and b. 

B 


rh 
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5. All quantities before which + stands are called |, 


positive, and all before which — stands are called ean A , 


tive quantities. 

If neither + nor — stand before a quantity, + is 
understood, and the quantity is positive; thus a means 
+a. 


6. The sign x (into) denotes that the quantities be- | 
tween which it stands are to be multiplied together; _ 


but very often a full-point is used instead of x, or, 


still more commonly, one quantity is placed close after | 


the other without any sign between them. 


Thus a.xb, a. 6, and ab mean all the same thing, viz. a multi- 
plied by 0; and, therefore, if a=3 and b=4, we shall have 
ab =12, 5a =15, 5ab=60; and if also c=5, d=0, then 

4ab+ 3ac+ 4d— 2b+ 2abe —8abcd = 48+45+0-—8+4120-—0 
= 213-8 =205. 


\ 


7. The number, whether positive or negative, pre- 


fixed to any algebraical quantity is called its coeffcret 
thus 3 is the coefficient of 3a, — 7 of — Tax, &c. 

_ If no number is expressed, the coefficient is under- 
_ stood, being 1, since a means once a. 


Ex. 1. 
If a=6, 6=5, c=4, d=3, e=2, f=1, and g=0, find the 
numerical values of the following expressions: 


-1. a4+2b48c+4d+3e+ 2f+g. ay 2a+b—8ce+4d—5f+69. 


- 8. 3b-—4a—6c+7d+ 2e—4g. - 4, —3a+2b+3e—2c+f. 
- 5. ab+5be—4de+5fg. -6. 4ag—3bf+4ce—ad. 
-7. —8ab—2ac+4be— abe. -8, 5ab—8ac+15cde —14aef.. 


- 9, 33ab—19cd+-22abg—18cdef. -10,. abcd—2bede+3edef— defy. 
8. The sign + (4y) denotes that the quantity which 
stands before it is to be divided by that which follows 
it; but, most frequently, to express division, the quan- 
tity to he divided is placed over the other with a line 
between them, in the form of a fraction. 
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Thus a+) ard 5 denote, either of them, a divided by 6; and 
if a=2, b=3, then 

5a_10_5 8a+2b_ 6+6_12 

256 «8 «6a «6-2 4 

. When any quantity is multiplied by itself any 

number of times, the product is called a power of the 

quantity, and is briefly expressed by writing down the 

quantity, with a small figure above it to the right 
denoting the number of times it is repeated. 


Thus, @° stands for axaxaxaxa, 3atbsc*d for 3aaaabbbecd. 


The small figure in any case is called the index of | 
the corresponding power. 


Thus, a (which means a’) is the first power of a, 





=3. 


Ce a BS, ee ade a the second . . . or square of a, 
a ih Boe ® SH ROM the third. . . . or cube of a, 
Pvt eh Rs Oe the fourth power of a, &c. &e., 


and the small figures, *, 3,4, &c. are the indices of the second, 
third, fourth, &c. powers of a respectively. 


Hence, if a=2, at=2x2x2x2=16, 


if a=3, a@=3x3x3=27, 
ifa=1, @=I1, a@=l, at=1, &e. 








Ex. 2. 
If a=1, 6=3, c=5, and d=0, find the values of 
_1 2b, 8c, 5a _2a+b &. 3a+2b __2b+8e 2ab—c 
Bag ae a ae °F a: 
3 ab+2be+3cd _ 2abe — 4ad+8ac dabe+ Gac+ bab — She 
0 0 Bah 8ab —2ad 6c —26 
-4, @+26?+3c?+4d?, - 5. 3a7b+ 20% — 2a*e+ 38%. 
- 6. a&—3a?c+-3ac?—c3. -7. at—4a5bd+6a?h? — 4ab5 + U4. 
2Qab re 12a5-& , Qc? ath ?+c3 
-8, 4abc?— 3a? ee ee he eo nae te 
a iba es ay 3a? att? 508 


10, P41 Apes da+ +l? _a?+2ab+0? 
‘@+R Ati" P+A HP —Qete 
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10. The square root of a quantity is that quantity 
whose square power is equal to the given quantity. 

Thus the square root of 9 is 3, since 3?=9; the square root of 
a’ is a, of 64 is 8. 

So also the cube root, fourth root, &c. of a quantity 
is that quantity whose cube, fourth, &c. power is equal 
to the given one. 

The radical sign, or symbol used to denote a root, 
is (a corruption of 7, the first letter of the word 
radix), which, with the proper index on the left side of 
it, is set before the quantity whose root is expressed. 

Thus, 2/a? =a, 3/64=4, 8/3125 =5, 2/1=1, /1=1, &e. 

The index, however, is generally omitted in denoting 
the square root; thus /z is written instead of Vx. 


Ex. 3. 
Find the values of 


EL, /4424/2543/49— 64. 92. 8/1G— 44/364 2,/9— 4/81. 
~ 8, 8/8428/125 —48/14-0/64. 4. &/1 434/16 — 28/824-3.8/1, 


If a=25, b=9, c=4, d=1, find the values of 


Be nfabQ/b43/Sct4d.  \-6. Vda+ 964 V I0e— V 26d. 


’ 


7. 8/a+2V4b-4V/ 904+ V 16d. -8. V5a+2V 3b — WV 2c+-4Y d. 


9, fa? -2/B434/c4—44/d. -10. be + 3Vacd — 407d 


+V ed 

11. Algebraical quantities are said to be like or 
unlike, according as they contain the same or different 
combinations of letters. 

Thus a and 5a, —5a*d and 7a), 3a*be and —a*be, are pairs of 
like quantities; a° and a*, 3ab and —7a, 3a*b and 3ab*, of unlike 
quantities. 

12. Brackets, (), {}, |], are employed to shew that 
all the quantities within them are to be treated as 
though forming but one quantity. It is of great im- 
portance to notice carefully the effect of using them. 


Thus a—(b—c) is not the same as a—b —c; for in this last 
both 6 and ¢ are subtracted, whereas in the former it is the quan~ 
tity b-—c which is subtracted. 


P 
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Hence, if a=4, b=8, c=1, we have 
a—b-c=4-3-1=0, a (6—c)=4-2=2; 
2a—36+2c=8-942= 1, 2a— (86+2c)=8-—11=~ 3; 

24+6-c=8+3-1=10, 2(a+6)—c=14-1= 13, 2(a+b-c) =12, 

Sometimes, instead of brackets, a line is used, called 
a vinculum, and drawn above the quantities that are 
connected ; thus a—b—c is the same as a —(b—c), 

The line, which separates the num" and den™ of a 
fraction, is also a species of vinculum, corresponding, 
in fact, in Division to the bracket in Multiplication, 


Thus, eS implies that the whole quantity a+b—e is to be 
divided by 4, and might have been written t (a+b—-c), 


Ex. 4. 
If a=0, b=2, c=4, d=6, find the values of 
1. 8a+(2b-c)?+ {ce - (2a+3b)} + {8e— (2a+36)}?. 
2. 36+ (2c <d)*+ {3b — (2e—d)}2~ {36 — (2c —d)?}. 
“3. 2Vd—b+3V3d+ 20-14 4Vatb4+ 904d. 
“4. BV 2P— G42 PE ALT V2(b-F 0)? — (bay. 
-5, (a+ (b-Fe)? — d} {(a-+b)?+ (d- c)"} {(a+b+c)?—d}, 
If a=1,b=2,c=38, d=4, shew that the numerical values are equal 
- 6. Of (64+c+4d) (6+e-d) (6+d—c) (c+d-b) 
and 467c? — {d*— (8? + ¢2)}2, 
“7. Of {d—(c—b+a)} {(d+e) — (b+a)}, 
and d? —{° +8?) +.a®+2(be—ad). 
8. OF {-+e)- (d+) Hf (c-+d) —(b-a)}*+ {(6-+d)-(c-a)}? 
+ (6+e+d—a)?,’and 4(a?+b°+¢?4 d?), 
9. Of {(a+d) — (ce - b)} {(at+e+d) - b}{c —(d—a—5)} 
(6+ce+d—a), and 4(ad+bc)?— {(a?+d®) ~ (674 ¢2)}2, 
10. Of @—(2d-c)e+ {2(d—c)+b}b- (2(d—c+b) —a}a, 
and {(d—a) —(e-6)}?. 





13. Those parts of an expression which are connected ' 
by the signs -+ or —, that is, which are connected by 
Addition or Subtraction, are called its terms, and an 


expression is said td be simple or compound, according 


as it contains one or more terms. 
4 
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Thus a’, 2ab, and — 307, are each simple quantities, and 
a’+-2ab—3b? is a compound quantity, whose terms are a®, +2ab, 
and — 307, 

Those parts of an expression which are connected 
by Multiplication are called its factors. 

Thus the factors of a? are a and a, those of 2ab are 2, a, and 
b, those of —3b? are —3, b, and 4, or, as we should rather say, 
—3 and 8, it not being usual (except where specially required for 
any purpose) to break up a power into its elementary factors. Of 
course we might include 1 as a factor in each case; thus, since 
a? =1 xa’, the factors of a? are 1 and a’, and so of the rest: and 
this will be sometimes required, as will be seen hereafter, but for 
the present need not be attended to. 

It is very necessary that the student should learn at 
once to distinguish well between terms and factors. 

Thus 2a+b-c is a compound quantity of three terms, 2a, b, 
and —c; 2(a+6)—c is one of two terms only, 2(a+b) and —e, 
of which the former, 2(a+5), consists of two factors, 2 and a+), 
the factor, a+), being itself & compound quantity of two terms; 
and so also 2(a+b—c) is a simple quantity, or sigle term, of 
two factors, 2 and a+6-—c, of which the latter is itself a com- 
pound quantity of three terms. 

Let it be observed then that terms are the quantities 
which make up an expression by way of Addition or 
Subtraction, factors, by way of Multiplication. 

It may be also noticed, that it is immaterial in what 
order either the terms or the factors of a quantity are 
arranged. It is usual, however, to arrange quantities, 
as much as possible, in the order of the alphabet. 

Thus a—2b+3c is the same quantity as —2b+a+3c¢, or 
3e-—2b+a, &c., and abe is the same as bac or bea; but we should 
prefer to write a—2b+3c, and abc, unless there were some reason, 
in any case, for arranging otherwise. 

A quantity of one term is called a monomial, of two 
terms, a binomial, of three, a trinomial, &c., and, gene- 
rally, of more than two terms, a multinomial. 


“I 


CHAPTER II. 


ADDITION, SUBTRACTION, MULTIPLICATION, 
DIVISION. 


14. To add like algebraical quantities, add separately 
the positive and negative coefficients; take the differ- 
ence of the two sums, prefix the sign of the greater, 
and annex the common letters. 

Ex.1l. 3a Ex.2.-12be Ex.8. 2c Ex.4. 3a?+2)? 





—5a Abe — 5c? 4a? — 30? 

—2a 3be —7c? —8a?+4l? 
5a —8be 10c? 5a? — 63? 
6a 5be 4c? 70° +30? 
7a — 8bce 4° lla. * 


In the last example the star is used to indicate that the terms 
involving &? destroy one another. 

If the quantities are unlike, we must add any that 
are like by the preceding rule, and write down the 
others with their proper signs. 

Ex.5. 2a+8b-—4ce Ex.6. r-—Q2Qy4+38c Ex.7. 2a+ c4+d 





—3at+4b—- ¢ —2v+3y — 42 ~ = b+ ate 
4a+7b+7e 3x — By — 5z +e—d 
a— b—4e t+ y —3a-— e-f 
—5a+2b-—6ce Qy +22 — 2c +2d—2¢ 
—a+15b—8e 3xr-— y—4z — b4+2d-—2e-f 
Ex. 5. 


Find the sum of 
- 1. Ta-—36+4ce—2d+7, —8a+ 4b-—6c+2d-11, 184+ 3b=5c 
+4d-—4, 2a—b+4+c+11, a+2d-3. 

2. Qe —8y+42-—4, r4+2y—32, —Bx+2y —5z+7, 4r—y+2z-8, 
Or —10y+11z-—12, r+y+z<. 

3. 2a?+ab+3b?, 8a? — 4ab+4 207, 3a?+3ab—b?, 12a? — 14ab— 70°, 
3a? — 12ab+176?. 

4, ax—4by+8cz, 18ar—Oby+7cz, —5ax+Tby—14cz, 2axr—by 
+cez, —llar+13dy — 4cz. 

5. 2073+ 202°y — 8ay?+ 14y°, —1725+ 142°y —12ry?— 3y%, 1425 
+172°y+1lbxy*? —5y’, —1223-132°y — l4ry* —by®, 122°y + 38y'%. 
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6. 227 -3xry—4y?, 3272-2y?—2, 2*—Qyz+52?, 8ry—6rz ~ 32°, 
Sits — 227+ 5yz, dy? —3yz4+22°. 

7. e3—S8ax* + 3a%x — a’, 425 — 5ax?+ 6a®x — 15a, 323+ 4ax? 
+2a*x+-6a%, — 1725+ 19a27 —15a*xr+8a5, —13az? — 27a?2+ 1843. 

8. a’ — 2ab?— ac* + ab + 2a*e+2abe, —a*b+ b'—2Qbc? + Qab? 
+2abce+b'e, — 2a*c — b?e+ c3+-2abe+ ac? + 2bc*. 

9. 323+ 2y8 +25 + By2*, y® + 8x’y + Qry? +23 — 2327x, 28+ Qryz 
+427y +122°2 — 9y*2+ 6y2?, 225 — 38y3+4ryz—6ry?, 4y3—234+-52% - 
— 15aryz+8y%z—14yz*, 62°2 —Lb.ryz+42ry? —72°2y + 6y%s. ae 

10. 24 4-32y? — 228 + .x8y 4.252, 8?y? 43722? + 8.ry2z — Bryz? — 6x7y2% 
— y+y*— ye — 32°y? + 32%y2, — 82y8 — 8ryz — 8y52+3y22 — 6ary"z, 
— 02+ 3y82+ 2+ 82%ys — 32°2?, Bry?z-+ x28 — By?s*+ y+ Bryz*, i 


15. To subtract algebraical quantities, change their 
signs and proceed as in Addition. | 
Thus, if we take bd from a, the result will be a — d; 
but, if we take b — c from a, the result will be greater 
by c than the former, since the quantity now to be 
subtracted is Jess by c than in the former case; hence 
the result required will be a — } + c, which is there- 
fore the value of a—(b—c), so that the quantities 
4, —c, when subtracted, become —4, +c, respectively. 

Or we may reason otherwise, as follows :— 

Since a=a—b+5), if we subtract +5 from a, the 
result is a—d, the same as if we add —é to it; and if 
we subtract —d from a, the result is a+, the same as 
if we add +0 to it. 

Thus if a person possesses a pounds and owes 0 pounds, his 
money in hand may be represented by +a pounds, and his debt 
by —0 pounds, so that he may be said to possess +a and —6 
pounds, or, in one sum, a—b pounds. Now if we subtract or an- 
nul his debt, that is, if we take away his negative property, —6 
pounds, he will possess the whole positive property, +a pounds, 
the same as if we give him +6 pounds, to pay hig debt with. 

There will often, however, be no need formally to apply the above 
tule of changing signs, since the difference may be obtained at ence, 
by taking that of the coefficients and annexing the common letters. 
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Thus, in Ex. 1, we may say, at once, 3x from 5x leaves 22, 
y from Ty leaves 6y, —4z from —8z leaves —4z; though of course, 
if we chose to apply the Rule (change the sign of the quantity to 
be subtracted and proceed as tn Addition) it would equally be true 
that —3x added to +5x, —y to +7y, +42 to —8z, would produce 
respectively, +27, +6y, —4z, as before. 





Ex. 1. Ex. 2. Ex. 3. 
From 52+7y—8z 5a? — 2ay+d3y? — 3a*+4ab — 5b? 
take 32+ y—4e — 42° —2ry+7y? —7+30? -2c? | 
Ans, 27+6y —4z 9x? —4y? 4a*+-4ab— 8b? + 2c? 
Ex. 6. 


. From 2a—2b+c take-a+b— 2c. 
From 2x?-32ry+y? take 42°+4.2y—-2y?, 
From 5ar—7by+cz take axr+2by — cz. 
From 72?—27r+4 take 22?+32-1. 
. From 8a? —2a+66? — 5ab+ 5c? — 3be42 
take a?+a+2b?+2ab+3c?+3bc4+2. 
. From 2273 —42°y —3y? +6 — 22? - 32ry? — 1475 
take 323+22°y — y? — 32y?+.27 — 10y%. 
7. From 527+ 6ry — 4y?— 12.02 —7yz — 52? 
take 22?—3y?+- 422 — 527+ Gyz—72y. 
8, From 327+ 22y —y? take — a? - 3xy+3y?, and 327+ 4ay — 5y*. 
9 From at — 2a°b+3a*b? —4ab3+5b* take 2ab3 — 3a7b?+4a5b — 
5a‘, and 3a* —2a°b +6ab? — 2ab3+-36+, 
10. From a®— 4a8b? — 8a’b® —17ab4— 1265 take a —2a‘b — 3a%d?, 
2a‘b — 4a5b* — 6ab3, 3a5b? — 6a?b5 — 9ab*, and 4a7b3 — 8ab4 — 126°. 


ore oo bo 


on) 


16. Since the sign + or —, preceding a bracket, 
will imply (12) that the whole included quantity is to 
be added or subtracted, if we wish to remove the 
bracket, we must actually perform the operation in- 
dicated by means of it, 7.e. we must add or subtract the 
quantity in question. Of course, in the case of + 
preceding it, this amounts to no more than merely 
setting down the included terms with their proper 
signs, because, when a quantity is added, the signs of 
its terms are not altered ; but in the case of — preced- - 

B3 
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ing a bracket, we shall have to change the signs of all 
the included terms, since they are all to be subtracted. 
Thus +(a+b-—c)= a+b—-c, (a?—2ab—b?)= a?—2ab—0?; 
but —(a+b—c)= —a—b-+e, — (a@?—2ab—b*) = —a+42ab+0?: 
so also, in the case of a double bracket, we have 

8a — {(a— 8c) - (2b—c)} = o 

8a— (a—38e)+(2b-c) = | 

B8a— at+38e + 2b-c =2a+2042c. 

The same remark applies also to the case of a fraction 
with a num’ of more than one term, whenever the line 
separating its num’ and den’, and which (12) is a species 
of vinculum, is removed by any process. 

Thus—2F°—° [or—4(a+b-0)]= - 4-445 [or-2a-P+ 3c]; 
and —}(a—b), when multiplied by 2, becomes —(a—6), or —a+6. 
Ex. 7. 
Reduce to their simplest forms : 
yl. (a—2) - (2a ~ a) — (2-20) + (8-22) - (1-2). 
2. (a> —2Qa%e+ $ac?) — (a®e — 2a? + 2ac*) + (a8 — ac? — a’e). 
¥ 8. (222 — Qy? — 2?) — (By? +20? — 27) — (82? — 2y? — 2"). 
‘y4. (28+ ax?+ ax) — (y° — by?+ bly) + (2+ cz? + c7z) -(28 —y>+25) 
+ (ax? + by? + cz") — (@ax — By+ cz). 
¥ 5, a — (f° —c*) — {8 — (?—a*)} + fe? — (6° —a?)}. 
\ 6. {2a — (Bab—b2)} — {a? —(4ab-+82)} + (26? — (a? ab)}. 
X7. {aS+y* — (Bx°y+ 82xy?)} — { (a> — 82%y) — (Bry? — y*)}. 
% 8 {2x-(8y—2)}-fy+ (2x —2)} + {82 - (w-2y)} -{24- (y-z)}. 
ye 9. 1-{1- (1-42)} 4 {2e— (8 -5r)} - {2-(—4452)}. 
_ 10. {2a-+(3b+e—2d)} — {(2a— 3b) + (e— 2d) } + {2a — (3640) — 
2d} — {(2a— 3b+c) —2d}. 


17. It is often necessary not only to break up, or 
resolve, quantities contained in brackets, but also to 
form such quantities, that is, to take up in a bracket 
any given terms of an expression. Now, in doing this, 
it should be noticed that, whatever term we choose to 
set as first term within the bracket, the sign of that 
term will have to be placed before the byatket, and this 
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sign will of course affect all the terms we may place 
within the bracket. If, then, this sign should be (+), 
the other terms may be set down at once within the 
bracket with their proper signs; but if it should be 
(—), we shall have to change the signs of all these other 
terms, and then set them within the bracket: for the 
sign (—), which’ precedes the bracket, will influence 
all these signs, and have really the effect of correcting, 
as it were, ah changes we have made, and will, in fact, 
-cause the original signs to reappear, whenever we 
choose to resolve the bracl@again. 

Thus +a—b—c, collected in a bracket with +a as first term, 
will be +(a—6—c); but, with —6 as first term, —(6—a-+c), and 
with —c as first term, — (c—a+b; and now, if we resolve again 
these last two brackets, the sign (—), preceding each of them, 
will correct the changes we have made, and the quantities will 
be reproduced, as at first, -b+a—c, —c+a—b. 

So also we might use an zner bracket, and write the quantity 


+{@-d)-<, or +{g- G+}, or — {b-a) te}, 
or —{b—(a-c)}, &e. 








a 
- 


@ Ex 8. 


e terms ot three, together, 
: "2, —b—8c+4d —2e4+-8f+a. 
8. —8c+4d—20-+Sf+2a—B/) 4. +4d—3e48f42a—b—3e. 
xv 5. —2e+3f4+2a 4b -B8e4 6. 3f+2a—b—B3c4+4d—2¢. 
7—12. Express the secofd answer in each of the above by 
using also an inner bracket, including in it the latter two of the 
three terms within each of the outer brackets. 


- 
Express, by brackets, ta}si 
1. 2a—b-—3c+4d—- oe 


18. We have spoken hitherto only of numerical 
coefficients ; but, in fact, when a quantity is composed 
of two or more factors, any one of them is a coefficient 
of the rest taken together, that is (as the word coefficient 
implies), makes up with them, as a factor, the quantity 
in question. 


Thus in 8abex, 3 is, as before, the coefficient of aber; but 3a 
is also the coefficient of ber, 3ab of cx, ax of 3be, Ke. 
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Such coefficients are called literal coefficients, as 
involving algebraical letters ; and, when any terms of a 
quantity contain some common factor, a bracket is 
often employed to collect the other factors, considered 
as its literal coefficients, into one quantity, which is set 
before or after the common factor. 

Thus we have seen already that 3x+2xr—2=42, that is, 
=(8+4+2-1)r; and in like manner, avr+bcr-—x=(a+b-—1)z, 
2a - 4ar+6ay =2a(1—2x+38y), (a4+2b)2? -— (2b-—c)a? - (Qe— a)" 
= {(a+2b) —(2b—c) —(2c—a)}a* = (2a—c)2*, 

Add (a —2p)x9  — 2x24 (2e-3r).x 
(2p + a)a3+(q—6)2* -x 

- iS _ (6+ 9)2° - (c-1)x 

we +86 —(c—2r)r 








Ans. (3a —p -1)23+(b-2)z* —rx 
From ax? — ba* +r 
take —px — qu? +rex 





Ans. (a+p)a*—(b-qg)z?+(1-r)r 
The above Answers may, of course, be expressed differently, 
by changing the order of the terms within the brackets; thus, the 
second might have been written (a+p)a*+ (q—6)z?— (r-1)z. 
On the other hand, when a bracket comes in this 
way before or after a single term as factor, it may be 
resolved, after multiplying each term of the quantity 
within it by the common factor. 
Thus a(6— 2) - (a-y)b = (ab — ax) — (ab—by) = 
ab — ax — ab+by = by — ax = — (ax— by). 
Ex. 9. 

. Collect coeff* in ax® — bx? - ex — bv? +-cx? — dv+- cx? -— dr? — ex. 
. Add together ax—by, x+y, and (a—1)x—-—(b+1)y. 
. Add together (a+c)a?—3(a—p).ry+ (b-c)y’, and - 

(b—c)x?+2(a+b)cy+(a—b)y’. 
4, Add together (a+b)x+(b+c)y and (a—b)r—(b—c)y, and 

subtract the latter from the former. 
. Add together (i) the first two, (ii) the last two, and (iii) all 

four together, of 2(a+6)r+3(b+c)y, ~3(a-b)x+2(a-c)y, 

— (2b4+-c)x+(a-26)y, and (a—2b)x—(b+2c)y. 


oho = 


cr 


\2 


MULTIPLICATION, i TS 


6. In (5) (i) subtract the second quantity from the first, and 
(ii) the fourth from the third, and (iii) add the two results 
together. 

7. In (5) (i) subtract the third from the first, and (ii) the fourth 
from the second, and (iii) add the two results together. 


8. In (5) (i) subtract the fourth from the first, and (ii) the third 
from the second, and (iii) add the two results together. 


| 


19. To multiply two simple algebraical quantities 
together, multiply together respectively the numerical 
coefficients and letters; and then, if the multiplier and 
multiplicand have the same sign, prefix to this product 
the sign +, if different signs, the sign —. 


Thus, 7a X 4b=28ab, — 2a x 3c= — 6ac, 5b x —2ce= — 10bc, 
—3ax —5b = lbdab. 


This rule for determining the sign of the product, 
viz. that like signs produce + and unlike —, may, be 
thus deduced. 

Let it be required to multiply a—b by c—d. 


- 


Here (a—b) (c—d) + (a—b)z, [writing zr for c—d]. 
) = ar—br 
= a(c—d)—b(c—d) 
= (ac—ad)—(be—bd) fg 
= ac—ad—be+bd: ' * * 





_ if: which result we see that the product of +a by +c 


; ac (i.e. + ac), that of +a by —d is —ad, that of 
bby +e is —bc, and that of —b by ~dis +bd. . 
| If several simple quantities are to be multiplied together, in- 
stead of multiplying them together successively by the above rule, 
thus 2ax —30 x —4ce= —Gab x —4e =24abc), it will be shorter 
io multiply them at once together, and then prefix to this product 
1e sign + or —, according as the number of negative factors is 
¢ven or odd, 
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20. The powers of a quantity are mnleipiied together 
by adding the indices. 


© 
Thus a xa?=a't?=a'; for a=a.a.a, a=a.a; 
. @Xa=a.a.a.a.a=a’; and so in other cases. 


Hence 
—3a*b x 4a3b? x — 2a? = 24a7b®, Qabe x 8a°b*c? x — ab?c = —6atdict, 


21. Ifthe multiplier or multiplicand consist of several 
terms, each term of the latter must be multiplied by 
each term of the former, and the sum of all the pro- 
ducts taken for bite complete product of the two quan- 
tities. 


This process is generally conducted as in the following Examples. 
Ex.1. 38277 -— 2Qry + 4? Ex.2. —2a°b*+ 5ab® — 7b* 








Qa*x —Aab 
6a2x? — dary + Barry? ~ 8a5b3 — 20a*b4 + 28ab5 
Ex. 3. a+b Ex. 4. a+b Ex. 5. a—b 
watb a—b a-—b 
a?+ab a’ 24 ab a?—ab 
+ab+b? —ab—b" —ab+bh? 
a?+2ab+b? a * —3? a® —2ab+b* 
Ex.6. r+a Ex. 7. 2?+(a+b)a+ab 
xr+b x +¢ 
x? +axr x34 (a+b)x*+abxr 
+br+ab + e x*+(ac+be)r+abe 


Ans. 22+(a+b)x+ab P+ (a+b+c)2*+(ab+ac+he)z+a 


Ex.8. a- ax*+ br - ¢ 
x? +- mr+ n 
y= au* + bx? -— ex? 
+m at—amar+bm x? -emear 
+ naz? — anx*+lnxr-—en 
Ans, x°—(a—m)a*+ (b-am-+n)z3 -(c—bm+an)2*—(em-bn)x- 


es 
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Ex. 10. 
«1, Multiply az%y3 by bry; mx? by —n2%; — acer by -2ary; 
abe by be; —abe by —ac; x*y by —a«ay’. 
x2. Multiply x°-ay+y* by 2, and a®-ar+.2* by —axr; 
x? —ax+b by —abr; 28—32%y4+32y?-y> by zy. 
3. Multiply 2a+b by a+30, and 2a-—b by c—3d. 
4. Multiply 87+2y by 22+38y, and 3ab+4b? by 2ab—35*. 
5. Multiply «?+32-2 by r+38, and 2?-—42+3 by r-2. 
6. Multiply a?4+2a-1 by a?—a+1, and by a?—3a-1. 
7. Multiply 272°+92°y+32y?+y5 by 3c—y. 
8. Multiply at - 2a°b+4a?b? — 8ab°+16b* by a+2b. 
-9, Multiply 2*+2a2z+3a? by x2?- 2ar+a’, 
- 10. Multiply 9a*—8ab+0?—6a-—2b+4 by 344642. 
11. Multiply 2?+4?+22+2y—-2z+yz by r-—y+z. 
12. Multiply a3+2a?+2a+1 by a*—2a*+2a-1. 
13. Multiply a?+45?+9c? + 2ab+3ae—Gbe by a+ 2b—3e. 
14, Multiply a*—2a5d+3a?b? —2ab8+b* by a?+2ab+6?. 


15. Multiply 2?-ar+b by x—c, and by 2?+ar-c. % 

16. Multiply 1 -—ar+bx? -ex® by 1+x-27. | 

17. Multiply a+mzr—-n2z? by a—2mxr+n2x*, and by a+2nx - mz’. 

18. Find the continued product of ar—by, avr+cy, and ar—dy. 

19, Find the continued product of 2v—m, 2r-+n, x+2m, and 
x— Qn. 

20. Find the continued product of 2*+ar-b*, 2?+bxr—a’, and 
x—(a+b). 





22. The student should notice some results in Mult", 
so as to be able to apply them when similar cases occur, 
and write down at once the corresponding products. 

Thus, (21 Ex. 3,5) the product of a+6 by a+4, or the square 
of a+b, is a?+2ab+b?, and the square of a—b is a®—2ab+0?: 
by remembering these results, we may write down at once the 
square of any other binomial; thus, 

(x+y)? =27+2ry+y*, (wx - 2)? =2°-424 4, 
(22 + y)? =42°+42y+y", (2axr—3by)? = Aatx? — 1abry +90%y?. 

Again, (Ex. 4) the product of a+b by a—b is a®?-2?: 
hence we have («+y)x(r—y) =a?-y?, (+2) (w@-2)=2?-4, 

(2axr+3by)(2ax — 3by) = 4a?x? — 9b7y*, 
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So also, (Ex. 6) the product of r+a by x+6 is 2*+(a+b)xr 
+ab, where the coeff. of a is the swm of the two latter terms of 
the factors, 2+a, x+6, and the last term, +-ad, is their product : 
in like manner, we shall have 

(r+5) (+2) =2?+ (542) x4+10=2?+72+10, 

(7-5) (+2) =2?+(2-5) x-10=2?-3r-10, 

(w+2) (v-2) (+8) (x- 8) = (2? — 4) (2? -9) 
=2*— (9+4)2?+ 36 =2t — 13.x?+ 36, 

(x+2) (4-3) (@—-4) (+5) = (a? -x—- 6) (22+ 2 - 20) 
=(by common Mult®) 2*—272?+147+ 120. 


23. Let then these three results, or formule, be 

noted : 

(i)ata+b)Y=a?+ 2ab+ b*; 
or, the square of any binominal = the sum of the squares 
of its two terms together with twice their product: 

(i) (a+b) (a—b)=a?—2’; 
or, the product of the sum and difference of any two 
quantities = the difference of their squares: 

Ww (2+ a) (c+ 8)=2?+(a+b)x+ab. 


24. By a little ing@@kity, however, the above formule may be 
still more extensively applied to lighten the labour of Mult®: thus 

Ex. 1. (a—b+0c)?={(a—b) + c}*= by (i) (a-6)?+ 2(a—-B)e 
+c? =a? —2ab+b?+2ac—2be+c?; or we might have written it 
fa—(b—c)}*, or {(a+c) —b}*, &c. and then have expanded either 
of these by (i), obtaining, of course, the same result as before: 
but we shall give a better method hereafter for squaring a tri- 
nomial; it will be sufficient to have noticed this. 

Ex, 2, (a? —ax-+.2*) (a* — ax — x?) = by (ii) (a?-ar)? - 24 

= at — Qa®ax 4+ a®x? — at. 

Ex. 3, (a?+ax—.2*) (a*—axv—2*) = { (a? - 27)+ ar} {(a*—27) - 
ax} = (a? — x)? — a?a? = a4 — 202? +24 — ax? = a — 3a2x? + 24. 

Note that the formula here employed, (a+) x (a—b) =a? —B?, 
may be always applied, whenever it is seen that the two quan- 
tities to be multiplied consist of terfis which differ only (some of 
them) in sign, by taking for a those terms which are found with 
their signs unaltered in each of the given quantities, and the others 
for b: thus, in Ex, 3, a? and —.2* appear in both the given 
quantities, whereas in one we have + az, in the other —ax; hence 
the product required is (a? — 2°)? — a*x*, as above. 


+ 
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Ex. 4. (a?+-ar+.2*) (a?-axv+.2") = (a?+27)?- art =a' +a? +21, 

Bx 5. (o-bar—2*) (0 ~ ar + 2°) =e — (an a8) = at = ate! 
+2azx5— x. 


Ex. 6. (a? — av -+ 2") (ax +2? -a@*) = at -(@ —-‘ar)? = at-—at 
+2a8zx — ax. 
Ex. 7. (a+b+c+d) (a+ b-—c—d) =(a+b)?— (e+d)? =a? + 2Qab 
+6? —c? —2cd~— d?. 
Ex. 8. (a+ 2b —3c—d) (a — 26+ 3c - d)=(a -—d)? - (2b - 8c)? 
= a? — 2ad+ d? — 4b? 4+ 12be — 9c’. 
Ex. 11. 
. Write down the squares of a—2, 1422", 2a?+-3, 32—4y,. 
. Write down the squares of 3422, 2xr-—3y, a? —3ax, bx? — ery. 
. Write down the product of (2a+1)x(2a-—1), (3ax+ 6) 
xX (Sax —b), (v—1) (w+1) (2?+1). 
4, Write down the product of (v+8) (x+1), (2?+4) (a?-1), 
(ab— 3) (ab+2), (2ax— 3b) (2ax — 5). 
5. Find the continued product of 2+a, 2-a, «+2a, and a —2a. 
6, Find the continued product of max+2ny, mx —2ny, mx —Sny, 
and mxr+dsny. 
7. Simplify 3(a- 2)? + 2(a- of +20) + (Be - a) (8a+a) 
— (2a - 3r)?. 
8. Multiply 2?+22y-+-2y? by a? — Day +2y*, and 2a?- 3ab+b? 
by 2a?+35ab+0?. 
9. Multiply a+4+c by a+b—c, by a- 64%, and by a—b—c. 
- 10. Multiply a—b+e by a—b—e, by b+e—a, and by e—b-da. 
11. Multiply 2a+6-3c by 2a—b+8e, and by b+38e—2a, Wy 
12. Multiply 2a-—b—38¢ by 2a+b+8e, and by b-—3c-2a 
13. Multiply a+b+ce+d by a—b+c-—d, by a—b-c+d, and 
by b+c-—d-a. 
14. Multiply a—26+8c+d by a+2b—3c+d, by 2b-—a+3c+d, 
and hy a+2b+3e— 


who — 


25. To divide one simple algebraical quantity by 
another, divide respectively the coefficient and letters 
of the dividend by those of the divisor ; and then, if the 
two quantities have the same sign, prefix to the quo- 
tient thus obtained the sign +, if different, the sign —. 
Thus 


l4ab _12a__ Ga a 
9 Ss = _ ° => = ad = ao 
l4ab + 2a 5 7b, -12a+10c = “a3 ES a~+-—-2ce +5. 
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The rule for the sign of the quotient is the same as 
that given in (19), viz. that like signs produce + and 
unlike —; and is clearly derived from it, for if +a 
multiplied by —b produces —ab, of course —ab divided 
by + a@ produces —0; and so in the other cases. 


26. One power of a quantity is divided by another 
by subtracting the index of the latter from that of the 
former. 


Thus = “3=a?; for > ao a =a’: 80 nye tyz. 
27. If the dividend contain several terms, while the 

divisor still consists of only one, each term of the former 

must be separately divided by the latter. 
Ex. 1. vy — 327° + Dy? _ ay — 8a°y® | Oy? 


—) oo ~ Sey ‘Bay +o-5 a tS. 


Ex. 2. arc? — — gh +8ac8 _ Qe: 4 2abe? oe Back _ a, 1_ 3e 


—4abc? 4abe?' dabe? 4abe® 4b ' 2 4B 


Sy. 


28. But if H@BRs0r be also a compound quantity, 


‘we must proceed as in common Arithmetic: viz. 


(i) Place the quantities, asin Division of Arithmetic, 
arranging the terms of each of them, so that the dif- 
ferent powers of some one letter, common to both of 
them, may follow in order of the magnitude of their 
indices (it matters not whether in ascending or descend- 
ing order, only the same order in each of them); 

(ii) Divide the first term of the dividend by that of 
the divisor, and set the result in the quotient ; 

(iii) Multiply the whole divisor by the first term of 
the quotient, and subtract the product from the divi- 
dend ; 

(iv) Bring down fresh terms (as may be required) 
from the dividend, and repeat the whole operation. 
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Ex, 1, Ex. 2. 
l-a)l-2274+2°(1-2 384-4y)62° - 17z*y+16y3(2a? — Bry - 4y3 
1-2 623 — 8x°y 
— £+24 — 92?y+16y3 
— st2* — 92°y+12ay? 
. — 122y? +16y3 
—122y?+ 16y° 
Ex.3. , Ex, 4. 
a— x)a>- 23(a*+ar+2%7 a+.c)a+23(a* -ar+2? 
a’ — ax @+arx 
ax — x°* —ar+25 
ax — ax? — atx — ay? 
at? = 23 ame 
az? — 28 ax?+ 73 
Ex. 5. : Ex. 6. 
at+z)a?+27(a-2+ bald a-2)a+u7(apa+ 2a 
a*+ax a+x a*—ar a—-wv 
=— ax+ x? ax+ a? 
—ar- 2a? e art — Fo 
2x? Oye 
In each of the last two examples a remainder 22°, 


which we place in the quotient, as in Anthnittic, over the divisor, 
in the form of a fraction, thus indicating that 2? remains still to 
be divided by a+x, a—«x respectively. 

In this and other cases, as in common Arithmetic, this fraction 
could not be avoided, since a?+-2? is not exactly divisible by a+z; 
but the student should be cautioned, that, unless attention is paid 
to the arrangement according to powers, alluded to above (28 i), 
and that, not only with the dividend and divisor at starting, but 
also throughout the sum, care being taken in all the remainders 
to preserve the order of the indices of the principal letter, or deter 
of reference, as it is called, there will always be a fractional term 
of this kind, instead of a clear and complete quotient. 


Ex. 12. 
1, Divide ab?c* by abe, —1652°y® by — 33ry8, — 70abasy by 
Qax*y. 
2, Divide 62°y -4272+62ryz by 22, 5ab3 — 35a*b?c?+ 20abc4 by 
—5ab, and a®z°y - 3a°b2°y + 3ab xy? — bry by abry, 
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Co 


. Divide 2m?n? - 3mn3+4m'n—n* by — 8mn3, and 
— 3a‘b +5ab? — Gab - ab*+4b> by -2a7b% 

4. Divide 2°+6r+5 by «+1, and m’—6m?+11m—6 by m-2. 

5. Divide 6a? — 16ab + 84? by 2a- 4d, and 62?+18ry+6y? by 
2r+3y. 

. Divide 6a*b? — ab? - 1264 by 3ab+ 407. 

. Divide at+4b* by a?+2ab+ 20’, and 4aty$4+1 by 227y? 
—2ry+1. 

. Divide 2° — 2aty+ 2x%y? — 42°y3 - Bry*+16y® by 22 — 2Qy?, 

. Divide 1+ 62° +52* by 1+2x+ 2%, and a®— 6a+5 by a?—-2a+1. 

10. Divide a*—42y°+3y* by 2?-2Qry+y?, and m*+4m+3 by 

m+2m+1. 

11. Divide a> —4a°b? — 8a7b3 - 17ab4—1265 by a® —2ab— 38°. 

12. Divide 2®—22°+1 by a?-2r+1, and a®+ 2a°b3+* by 

a?+2ab+ b?. 


“No 


ow 


29. In some of the following Examples, the div’ and div’ are 
not properly arranged according to powers: the student must attend 
to this before and in the course of division. In Ex. 1, for instance, 
where a is taken as the letter of reference, and its powers arranged 
in descending order, there iggfound in the first rem'™ the terms 
—a*h, -a*c. These terms must be set first, but since both involve 
«*, there is nothing as far as a is concerned to shew which is to 
be set first of the two. In such cases we take another letter, as }, 
to be, as it were, néXt’ in authority to a, and so, (arranging in de- 
scending powers of b,) we prefer -a*b to —a*e. 

Ex. 1. Divide a5+0+c -3abe by a+b-+e. 
a+b+c)a’ —3abe+ b3 + c3(a? — ab - act+b* -be+c? 
eO+ab+tare 
- a’b— ae — 3abe 
-a*b-—ab?—- abe 
— a’c+ab*? —2abe 
-—a°e—abe-— ac? 
+ab*—abe+acP +b 
-+ab?+ b +b? 
—abc+ac* — bec 
— abe —b*e— be? 
+ac?+bc?+c5 
+ac?+be?+e 


The above is the most easy method in such a case; but the 
following, in which the coeff* of the different powers of a are col- 
lected in brackets, is the most neat and compendious. 
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Ex. 2. a+(b+c)] a®—3abe+(b'+c*) (a? -(b+ce)a+(8? - be+c*) 
a’+(b+c)a’ 
- = (b+e)a?- Shea 
— (b+c)a? — (b?+ 2be+c*)a 
+ (8? - be+c*)a+ (+c?) 


Ex. 13. 
. Divide x23- la p)e-Plg- rap)e—ay by r-a. 
. Divide maz?+ (mb —na)z? - (me+nb)z+ne by mz-n. 
Divide ¥° — my*+ny> - ny?+my—1 by y—-1. 
Divide a? - b? -c? +d? —2ad+2be by a-b+c-d. 
Divide a?+ab+2ac—2b?--7be —3c? by a—b+3e. 
Divide a3 — l?+c°+3abe by a— b+e,yand a —b8 - 8 —3abe 
by a-—b-ce. 
, Divide 1+.25 —8y3+6ry. by 1+r—2y, and 1—23+8y°+6ry 
by l1-—x+2y. 
. Divide 23—8y5 — 2723 -18ryz by x -2Qy—3z. 
. Divide a*+y! = 244 2.x°y? — 227-1 by 2?+y?-2-1. 
. Divide a hy 1+ vi and 1+2r by 1-32, each to 4 terms in 


» 
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bad 


the quotient. 
11. Divide 1 by 1-$x+.2?, and 1 -ax*by 14432, each to 4 pig 


12.‘Find the rem’, when 2°— px?+gv—1 is divided by x- 


30. We have seen above (28 Ex. 3 and 4) that 
a—xz* is exactly divisible by a—x, and a?+ x3 by a+3, 
aiid that, in the quotient in each case, the powers of a 
decrease continually, while those of x increase. The 
following general facts should be well noticed, as they 
will enable us to write down at once the quotient, when 
similar cases occur, as they often do, in practice. It 
will be seen that the index 7 is here used to denote 
generally any index, as the case may be: the quantity 
a” is called the n“ power of a, and read a to the n'’. 
If the index be odd, a" +2" (like a + x)isdiv. by a+, 
a"—x"(likea—x)... bya—z; 
if the index be even, a” + x" (like a?+.2?). . . by neither, 
a” — x" (like a?—2z?), . . by both. 
The student will best remember these, by thinking, in each 
case, of the simplest form of the same kind. 
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Thus, far a*+24 (index even, sign +) let him think of a?+.?; 
this, he Lids, is div. by neither; then a*+2* is div. by neither: 
again, for a> -.2° (index odd, sign —) let him think of a—x; this 
is, of course, divisible by a—x; then a*—.2> is so divisible: for 
a®—2®, let him think of a*-.2?; this is divisible by both a+x 
and a—.x; then a®—.2® is divisible by both. 

Now, in every case, the quotient will consist (as may 
be seen by actual division) of terms, in which the powers 
of a decrease, and of x increase continually : but when 
the div’ is a—a, these terms are all +; when it is 
a+<«, they are alternately + and —. 


a 


at—a* 5.2 2173 U-: — 2 
Thus ——~=@+@r-+av?+2%, Bec =a — a’x+ax?— 24, 
ate 


CAE ows ax+ a2? — aas+at, 
a+r 4 
The above results may now be applied to many 


similar cases. 
Baka —1 49,99 ] 5 OST y cg 
Ex. 1. re 4q?97+2ar+1. Ex.2. Say = 27 -32y+9y?. 
ia Ex. 14. 





Write down the quotients 
. Of a?-2? by a+, a-2x* by a-.z, and a’—2* by a+z. 
. Of 927-1 by 32 —1, 252? -1 by 5x+1, and 427-9 by 22+8. 
. OF 9m*n? — 25 by 3mn+5, and 16m*—xn* by 4m?-+n?. 
. Of 14825 by 1422, 2723-1 by 38x-1, and 1- 162* by 14-2r. 
. Of xt - 81y* by x - By, a5+320° by a+28, and x8 - y” by 23+ y3, 
. Of 10°+5% by 4a4+4, and 24y*-2* by 2y+z., 
. Of (a+b)?-c? by a+b-c, and a*-(b—c)? by a—b+e. 
. OF (7+y)3 +2 by e+y+2, and 2°—(y-2)® by z-y+z, 
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31. The above results and those of (23) may also 
fe applied to resolve algebraical quantities into their 
elementary factors, a process which is often required. 
Ex. 1. 42% -y? =(22+y) (2r-y): 28+8=(7+2) (27-2744), 
Ex. 2. (2a — 6)? — (a — 2b)? = (2a -6+a - 26) (Qa—b-—a+ 2b) 

= 3(a—b) (a+b). 
Ex. 3, 26-a®=(a5+ a5) (23 - a®)=(a@+a) (#?-axv+a’) (—a) 
(a?+ar-+a’). 


Ex, 4, (a3 - 2°)? = {(a-2) (a?+ar+.27)}* = (a-2x)? x (@’+at+27)7, 


e” 
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Ex. 15. 
Resolve into elementary factors ( 
++1. 1-42, a?-927, 9m? — 4n?, 25022? — 427, 16.24y? -— 2527y'. 
i-2. a8+y8, 8 -y', 1+25y8, at-1, a®ry— xy, 2a5b?e — 8ab?c*.. 


4-8, 2525 - a2, a® — 90408, 8x3 - 27, a — 863, ada2y + 272%y/'. 


—4, 2° 482, ax? + 272%, 82° +y*, atb!? —c®, a®be+2a*be? + abc, . 
+ 5..'812*—1, 26 — 64, x24 — 2625 + b?x?, x°— 2a72*+ atz*. 
+6. (82-—2)?-(x-3)?, (a+b)? — 467, (4443y)? — (82+4y)?. 
7. (x?+y")?—427y?, c —(a—b)?, (2a+b)? —(2a—6)?. 
S38. 8+4y432y(x+y), m>— n> — m(m? —n?)+n(m—n)?, 
a*— ab+2(b? — ab)+3(a? — b?) — 4(a—b)?. 
9. 568 y)HG+y) Sat Aes 
(r+y)?+2(a?+.2y) — 3(2? — y2. 
%10. 2(a5+ a*?b+ab’) — (a? — 6°), a —b8- 3ab(a= 
— 6¢+-(a? —b?)? — Pie ry 
32. So too we may often apply (23 ii) 
trinomial into factors. 


Ex. 1. 2?+72+12 = (x+3) (+4). 

Ex. 2. 2?-92+14=(v-2) (4-7). 

Ex. 3. 2?-5r-14= (4-7) («+2). 
x. 4, 62?+2-12=(8r-4) (2443) 

The student may notice that, if the last term of the given 
trinomial be positive, (Ex. 1, 2,) then the last terms of the two 
factors will have the same sign as the middle term of the tri- 
nomial; but if negative, (Ex. 3, 4,) they will have one the sign 
+, the ‘other -. 

In Ex. 4, it is clear that the first terms of the two factors)" 
might be Gr and 2, or 3x and 2z, since the product of either of 
these pairs is 627; and so the last two terms might be 12 and 1, 
6 and 2, or 4 and 3: it is easily seen on trial which are to be 
taken, that is, which serve also to produce the middle term of a 
trinomial. : 






resolve a. 


Ex. 16. 
Resolve into elementary factors 

1. 2?+6r+5, 2°+92r+20, a? — 52+6, 2°-82+15, 27+ 8r+7, 
x*-10r+9. 

2. 229 +2-6, 2°-x-6, 2? - 22-3, x? 427-15, 27+7x-8, 27-8r- H 

3. A2?4+87r-48, 422413043, 4224 112-8, 422- -3, Ba2+4+47—4 
6x7 +52 --4. 

4, 122?-5x-2, 122?-14r+2, 122?-2-1, 2?+2-12, 329-2Qr-5. 

5. a?x? — Bate +2at, a’— a*x - Gax?, 8 55+ a°b?—2ab>, 12at-+ a2? x. 

6, Qasy + 5ax?y? + Qry’, Ya?y? - ~ 6y4, 6atz? + a®z — a’, 6672? 
—7bx3 —32+ 


CHAPTER III. 
SIMPLE EQUATIONS, 


33. WHEN two algebraical quantities are connected 
by the sign =, the whole expression is called, accord- 
ing to circumstances, an identity or an equation. 

An identity is merely the statement of the equivalence 
of two different forms of the same quantity, and is true 
for any values of any of the letters involved in it. 

Thus it is always true, whatever be the values of x and y, that 
(t+y) (x- y) =2? -y’, or that (r7+y)? =2°7+22y+y?: and so also 
it is always true that $(7+y)+3(r-y) =4$27+4y+42-4y= 2, and, 
in like manner, that $(x+y)-—3(a-y) =$r+4y- 4c+dy=y: 
each of these expressions is therefore an identity. 

And in this way we may see one of the principal 
advantages of Algebra, viz. that it enables us to prove 
once for all, and express by means of letters as general 
‘statements, results which by mere Arithmetic we could 
only shew to be true upon actual trial in each instancea. 


Of this we have seen examples in the three formule of (23); 
‘and so also the two last above given express the general facts, 
that the greater (7) of any two quantities is equal to the sum, and 
the lesser (y) is equal to the difference, of their semi-sum and 
semi-difference. 


34. An equation, however, is the statement of the 
equality of two different algebraical quantities ; in which 
case the equality does not exist for any, but only for 
some particular values of one or more of the letters 
contained in it. 

‘Thus the equation, x-—3=4, will be found true only when we 


‘give x the value 7, and 2? = 3x -2 only when we give x the 
value 1 or 2, 
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We are about to explain the method of finding these 
values which satisfy the simpler kinds of equations. 


35. The last letters of the alphabet, z, y, z, &c., are 
usually employed to denote those quantities for which 
particular values are to be found in order to satisfy the 
equation, and are said to be the unknown quantities. 

An equation is said to be satisfied by any value of 
the unknown quantity which makes the values of the 
two sides of the equation the same. 

This includes the case when all terms of an equation lie on one 


side and 0 on the other, as in 2?7—3xr+2=0, which is satisfied by 
1 or 2, either of which, being put for x, makes the first side =0. 


Those values of the unknown quantities by which 
the equation is satisfied, are called its roots. 
Thus 1 and 2 are the roots of the equation 2®—5r+2=0, 


7 is the root of x—3=4, 1, 2, and 3 are the roots of 23-6= 
62° -Ila, &e. 


36. An equation of one unknown quantity is said to 
be of as many dimensions as is denoted by the index of 
the highest power of the unknown necessarily involved 

in it. : 

Thus «—3=4 is an equation of one dimension, or a simple 
equation; z7=3r—2 is of two dimensions, or a quadratic equation ; 
v3 —6 = 62? is of three dimensions, or a cubie equation ; 24 —4r =13 
is of four dimensions, or a biquadratic equation; &c. &e. 

It may be noticed, in passing, that it can be proved 
that every equation of one unknown quantity has as 
many roots as it has dimensions, and no more. 


37. Every term of each side of an equation may be 
multiplied or divided by the same quantity, without de- 
stroying the equality expressed by it. 

Thus, if 82+8r=34, multiplying every term by 4, we have 

12x+5x = 136, or 17x =186; 
therefore also, dividing each term by 17, x= 13° =8. 
: Cc 
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Again, if 127+6r = 144, dividing every term by 6, 
2r+2u=24, or 3r=24; 
hence also, dividing each term by 8 eek 
We find, therefore, that 8 is the root of each of hace two 
equations. 


38. Hence an equation may be cleared of fractions, 
by multiplying every term by any common multiple of 
all the den™. Ifthe L.c.m. be employed, the equation 
will be expressed in most simple terms. 

Thus, if 37-+3r+12 =18, multiplying every term by 12, which 
is the L.c.M. of 2,3,4, we have 

2r+Var+Vr=156, or 6r+4r+3r = 156; 
hence 13x = 156, and x= 13° =12. 


39. A quantity may be transferred from one side of | 
an equation to the other by changing its sign, eoeefiout 
destroying the equality expressed by it. 


+; 


Thus if z—a=y +b, adding a to each side of the 
equation (which, of course, will not destroy the equality ) 
we have r=y+4 +a, and, subtracting b from each side, 
we have x—b=y-+a; where we see that the —a has 
been transferred to the other side with its sign changed 
to +, and so also the +4, with its sign changed to —. 

Hence if the signs of all the terms of both sides of 
an equation be changed, the equality expressed by it 
will not be destroyed. 


Simple Equations of One Unknown Quantity. 


40. To solve a simple equation of one unknown. 

(1) Clear it, when necessary, of fractions (38) ; 

(2) Collect all the terms involving the unknown 
quantity on one side of the equation, and the known 
quantities on the other, transposing them, when ne- 
cessary, with change of sign (39); 
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(3) Add together the terms of each side, and divide 
the sum of the known quantities by the sum of the 
coefficients of the unknown quantity ; and thus the root 
required will be found. 

. Ex.l. 4742=3r+4. 
There being no fractions here, we have only to collect the terms; 
..4v—-3r=4-2, or x=2, the root of the equation. 
Ex.2. 4r+5=10r—-16. 
Here 10r—47 =5+4+16; .°, 6c=21, and x=2? =33 =3}, 
 Ex.3. 5(¢+1)-2=38@-5). 

Here, removing the brackets, 5r+5—-—2=3r-15; 
.*. collecting terms, 52—3x= —15-—5+42, or 2xr= — 18, and 
t= —9. 

Ex. 4. b641+2xr-—a=37r+4+2e. 
Here br-+2xr—S0=(b—1)r=at2c; jen 





Ex. 17. 

1, 4r—2=327+3. 2. Sa+7=9r—5., 3. 4r+9=8r—3, 

4, 3422 =7-52. 5. v=7+1d-2. 46. mr+a=nzr+d. 
27. 3(7-—2)+4=4(8-2). 38. 5-3(4-27)+4(3 —22) =0. 
49. 13x-21(¢-3) =10-21(38-27). 510. 5(a+zx)—2x =3(a—5z), 
ll. 3(a@-3)-—2(4#-—2)4+- 47 =1=2438+42(7+2)+3(¢+1). 
12, 2r-—1-—2(82 —2)+3(4r—3) — 4(52 —4) =0. 
13. (2+.2r)(a—38) = —4—2ax. “14, (m+n)(m — 2) =m(n—2). 


Ex. 5. 2r—2r+2r=11+4+22. 

Here we first clear the equation of fractions, by multiplying 
every term by 24, the L.c.M. of the den", and (observing that in 
the first fraction **=12, in the second **=8, and so in the 
others) thus we get 127-8 x 2x+6 x 37 = 264+ 32, or 12x-— 16x 
+1827 = 264432; now collecting terms, 


1227 —16r+182r— 3x = 264; .°, 1lv=264, and «= 84 = 24, 


1 
Ex. 6. 3(4+1)+3(e+2) =16-—1(7+3). 
Multiplying by 12, we have 
6(7+1)+4(¢+2) =192-3(¢7+3), or 6r+6+4x7+8 = 192-327-909; 
collecting, 
6xr+4r+32 = 192 -9-—6—8; .°,137=169, and r= 189 = 13. 
c 2 
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Ex.7, }(822+ 2) — 122° + 2) 4404+ 2) -2R=2°+ 75 
+}(0? +2) ~ B(@? +52). 


Expressing the mixed number 2;4, as an improper fraction $3, 


we then multiply by 60, the u.c.m. of the den"; and, observing 
the remark at the end of (16), we thus obtain 


9022+ 802 — 402% — 202+4152?+ 15x — 129 = 602? + 8 + 102? + 10.r 
— 52? —25x ; 
collecting, we find that the terms involving 2? destroy one another 


(otherwise the equation would be a quadratic), and we have the 
result 


302 — 20x + 15x—10x425r = 12948; .*.40x =187, and r=313. 


Ex. 18. 
1. dv+hr=2-7, 9. lv—lr=1r-1l, 
3. dv—42r+1lr=2-1r+ Se. 4, 27+2(x—2) =2r—-7. 
5. 2x+i(a-1) =2-4. 6. 1(9-—2r) = 2—-3(7r—- 18). 
7. +114 -2x) =1(21—2). 8, 2c —1=2(38+2r)+34, 
9 


» #(2x+7) —1(9r -8) =}(e-11). 
‘10, }(«—a) —4Qx—36) —1(a-.x) =0. 

ll. 3(82r—1) —3(@@—-1) =}(a7—-3) —2(a— 5) +52. 
12. §v—13 = 834 2(2r-1)—2(v+8). 


- 


In some of the following examples the common multiple of all 
the den" is too large to be conveniently employed. In such a 
case, we may see whether two or three of the den™ have a simple 
common multiple, and get rid of their fractions first, observing to 
’ collect terms, and simplify as much as possible, after each step. 

Ex. 8. 3 (27+3)—}(x-12)+2(8r4+1) =53+5(47+). 

Here the L.c.m. of all the den"* would be 132: but as 12 will 
include three of them, multiplying by it, (having first changed 
52 to 1°), we get 

37(2x+8) — 4(v —12)4+3(87+1) =64+447r+43; 
*, (22438) — 4v4+484+9274+3=6444743; ° 
hence, collecting terms and simplifying, we have 
i#(22 + 3) — 42 + 92-47 =644 3-48-38, or 12(224+3)4+7=16; 
.. 12274+38)+11l7=176, or 242+4+11r7=176-36; 
»*. 807 = 140, and v=149 = 4, 
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Ex. 19. 
. 3 (2x—38) —2 (82 —2) =} (4r—3) — 35. 
. §(x—9)+2(e—5) =F(e@—7) +13. 
» £(2c-1) -4,(8r—-2) = 3 (e—-12) -E(e+12). 
_ U(Tx-+20) —$,(80-+4) = 38x41) —3,(20—82). 
‘ “Maes Magsaae L)+3(v—a) =B(a+2). 
7, (9xr—10) —3, (27-7) =§2—35(5+2)- 
: (de 1) —S(Q2r4+]) =5}—He. 
8. 2{a—(b—2)} —2{x— (b6—a)} —4{b—(a4+2)} =S{r+a—)}. 
9. 4(4e—21)+-78+2(a—-4) =24+33-—F(9-T2) +35 
10. 2(r—a) —3,{m—(a—x)} =3,(m+2x) —4(15a+16m). 
ll. 3(2¢4+7) -—3$(22—-7) =] -HC«r+4). 
12. 1{x-(2a—8c)} —S{7a—5(a —2c)} =3,{8(a4+10c)— (2e—z)}. 


Oo Wb 


wiht cele 


Problems producing Simple Equations. 


41. We shall now see the practical application of the 
above in the solution of many entertaining Arithmetical 
questions. In treating these, however, after having 
observed the methods used in the following examples, 
the student must be left very much to his own inge- 
nuity, as no general rule can be stated for their solution. 
The only advice that can be given is to read over care- 
fully and consider well the meaning of the question 
proposed; then it will always appear that some quan- 
tity, at present unknown, is required to be found from 
‘the data furnished by the question: put z to represent 
this quantity, and now set down in algebraical language 
the statements made in the question, using x whenever 
this unknown quantity is wanted in it. We shall thus 
(in the problems we are now considering) arrive at a 
simple equation, by means of which the value of x may 
be found. 


Ex. 1. What number is that to which if 8 be added, one fourth” 
of the sum is equal to 29? 
Let x represent the number required ; 
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adding 8 to it, we have x+8, one fourth of this is }(7+8), and 
this is equal to 29; 

we have, therefore, the equation 3(7+8) =29, whence x= 108. 

Ex. 2. What number is that, the double of which exceeds its 
half by 6? 

Let «=the number; 

then the double of x is 22, the half of x is 417; 
hence 22 — 42 =6, whence r=4. 


Ex. 3. A cask which held 270 gallons, was filled with a mix- 
ture of brandy, wine, and water. There were 30 gallons of wine 
‘in it more than of brandy, and 30 of water more than there were 
of wine and brandy together. How many were there of each? 

Let «=no. of gals. of brandy; 

*,2+30=—. . . . « wine, 
and 24+30=. . . . . wine and brandy together ; 
*, 2x+380+30 or 2x+ 60=gals. of water; 
but the whole number of gallons was 270; 
*, 2+ (c+30)+ (2x7+60) = 270, 
whence r= 45, the no. of gals. of brandy, 
etS0= %5,. 6 a & » © « Wind, 
2e+60=150,. . . . . « « water. 


Ex. 4. A sum of £50 is to be divided among A, B, and C, so 
that 4 may have 13 guineas more than B, and C £5 more than 
A: determine their shares. 

Let «= B’s share in shillings: 

.°, +273 =.A’s, and (x+273)+100 or 7+373 = c” 8; 
.* since £50 = 1000s., (v+273)+ 27+ («+373) = 3x + 646 = 1000 ; 
* ,3@ = 354, and v=118, r+273=3891, ++373 =491, 
and. the shares are 391s., 118s., 491s., or £19 11s., £5 18s., £24 11s., 
respectively. 

Ex. 5. A, B, C divide among themselves 620 cartridges, 4 
taking 4 to B’s 3, and 6 to C’s 5: how many did each take P 

Let +=.A’s share; then 2x = B's, 8r = C’s: 

*,7+3r+ cr =620, whence +=240, 37=180, 3x = 200. 
We might have avoided fractions by assuming 12x for A’s share, 
- when we should have had 97 = B’s, and 10x= C’s; 
*, 127+ 9241027 = 620, whence rx =20; 
and the shares are 240, 180, 200, as before. 
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Ex. 20. 

1. What number is that, to which if 7 be added, twice the 
sum will be equal to 32? 

2. A bookseller sold 10 books at a certain price, and afterwards 
15 more at the same rate, and at the latter time received 35s. 
more than at the former: what was the price per book ? 

3. What number is that which exceeds its sixth part by 10? 

4, Find a number such that if increased by 10, it will become 
five times as great as the third part of the original number. 

5. What two n° are those, whose sum is 48 and difference 2” ? 

6. The sum of the ages of two brothers is 49, and one of them 
is 13 years older than the other: find their ages. 

7. At an election where 979 votes were given, the successful 
candidate had a majority of 47; what were the numbers for each ? 

8. Find a number such that its half, third, and fourth parts 
shall be together greater than its fifth part by 106. 

9. What was the total amount of a person’s debts, who when 
he had paid a half, and then a third, and then a twelfth of them, 
had still 15 guineas to pay ? 

10. A post is a fourth of its length in the mud, a third of its 
length in the water, and 10 feet above the water: what is its 
length ? 

11. A market-woman being asked how many eggs she had, re- 
plied, If 1 had as many more, half as many more, and one eg¢ 
and a half, I should have 104 eggs; how many had she ? 

12. Divide 150 into two parts, so that one of them shall be two- 
thirds of the other. 

13. There is a number such that, if 8 be added to its double, 
the sum will be five times its half. Find it. 

14, Divide 87 into three parts, such that the first may exceed 
the second by 7, and the third by 17. 

15. Divide £64 among three persons, so that the first may have 
three times as much as the second, and the third, one-third as 
much as the first and second together. 

16. A person bought 4 horses for £230; the second cost him 
£12 more than the first, the third £6 more than the second, and 
the fourth £2 more than the third. How much did each cost? 

17. I bought 20 yards of cloth for 10 guineas, part at 11s. 6d. 
a yard, and the rest at 7s. 6d. How many yards of each did I 
buy? 

18. Sold 449 yards of cloth, part at 12s. a yard, and the re- 
mainder at 17s., and received for the former quantity 23s. more 
than for the latter. How many yards were sold at each rate ? 
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19. Two coaches start at the same time from York and London, 
a distance of 200 miles, travelling one at 93 miles an hour, the other 
at 93: where will they meet, and in what time from starting P 

20. A is twice as old as B ; twenty-two years ago he was three 
times as old. Required 4’s present age. 

21. A father’s age is 40 and his son’s 8: in how many years 
will the father’s age be triple of the son’s ? 

22. Kind a number such that, if 10 be taken from its double, 
and 20 from the double of the remainder, there may be 40 left. 

23. A spent 2s. 6d. in oranges, and says that 3 of them cost as 
much under 1s. as 9 of them cost over 1s.: how many did he buy? . 

24, A and B began to play with equal sums; won 30s., and 
then 7 times A’s money was = 13 times B’s: what had each at 
first P 

25. A and B play together for a stake of 5s.; if A win, he will 
have thrice as much as B; but if he lose, he will have only twice 
as much. What has each at first ? 

26. A workman is engaged for 28 days at 2s. 6d. a day, but 
instead of receiving anything, is to pay 1s. a day, on all days upon 
which he is idle: he receives altogether £2 12s. 6d. ; for how many 
idle days did he pay P 

27, A cistern is filled in 20 min. by 3 pipes, one of which con- 
veys 10 gallons more, and another 5 gallons less than the third 
per minute. The cistern holds 820 gallons. How much flows 
through each pipe in a minute ? 

28. 4 starts upon a walk at the rate of 4 miles an hour, and 
after 15’ B starts from the same place, and follows him at the rate 
of 42 miles an hour; when and where will he overtake A ? 

29, A garrison of 1000 men was victualled for 30 days; after 10 
days it was reinforced, and then the provisions were exhausted in 
5 days: find the number of men in the reinforcement. 

30. How much tea at 4s. 6d. must be mixed with 50 Ibs. at 6s. 
that the mixture may be sold at 5s. 6d. ? 

31. A and B have together 8s., 4 and C have 10s., Band C 
have 12s, What have they each? 
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CHAPTER IV. 


INVOLUTION AND EVOLUTION, 


42. INVOLUTION is the name given to the operation 
by which we find the powers of quantities. We 
have already (22) had occasion to notice the square of 
a binomial: but all cases of Involution are merely ex- 
amples of Mult", where the factors are all the same. 

It should be noticed, that any power of a power of a 
quantity is obtained by multiplying together the in- 
dices of the two powers. 

Thus the cube of 2°, that is (27)§=a°; for it =2? x 2? x2? 


9 


= y2t2+2 (20) =a°: and, similarly, (°)? =2* =(27)§, that is, the 
square of the cube is the same as the cube of the square of any 
quantity, &c. 


So also (a°)* = a!? = (a*)5, (2r3y*)? = 42% yt, (-2Qry?x)§ = —825y%2°, 
(=84°8))* 81a (a 1y9}2= (eS, (Cet) = (e+) Be. 

Hence, we may shorten the operation of finding the 
4th power of a quantity by squaring its square; and, 
similarly, to find the 6th, 8th, &c. powers, we may 
square the 3rd, 4th, &c. 

So also to find the cube, or 3rd power, we may take 
the product of the Ist and 2nd, that is, of the quantity 
itself and its square ; to find the 5th, we may take that 
of the square and cube; to find the 7th, of the cube 
and 4th; and so on. 


Thus we shall have 
(a+6)3 = (a+b) (a?+2ab+b?) = a5+3a*b+3ab?+ 05, by Mult". 
(a—b)3 = (a—b) (a? —2ab+ 6?) = a° —3a*b+3ab?— 28, 
(a+b)! = (a?+2ab+b") (a?+2ab+ b?) = at+-4a%b 4+ 6a°b? + 4abi + OF, 
(a-+b)5= (a?+2ab +0?) (a+38a%+3ab?+ 6°) | 
= a+ 5a'b+ 10a5b?+ Mee +5ab*+°. 
c 3 
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The above results should be remembered and applied 
in the followmg Examples. The expansions of higher 
powers are generally best obtained by the Binomial 
Theorem, which will be given hereafter. 

Ex. 1. (a}b+c) = {a+ (b+0)}3 =a? + 30°(b +6) +8a(6-+ 0)? 
+ (6+ c)§=a' + 80°) + 8a°c+3ab? + Gabe + 8ac? + b3 + 8b%e 
+8be? +8. 

Ex, 2. (a—b—c)®= {a—(b+¢)}§ =a’ - 8a7(b +c) + 8a(b+ c)? 
—(6+c)§=a' — 3a*b — 3a*c + 3ab? + Babe + 8ac? — b? — 8b%c 
—3bc*— c8, 

Or thus: 

(a—b—c)>= {(a—b) —c}$ = (a—b)§-3(a—b)?e + 3(a—b)c2— 3, 
which, of course, when expanded, would give the same result as 
before. 

Ex, 3. (2x — 3)* = (27)* — 4.3.(22) + 6.37, (22)? — 4,883.27) +34 

= 1644 — 9623+ 21627 — 2167+81. 


Ex. 21, 

a\9 (Snake Sal*\* ( _ x?y3zt\5 

1, Find the values of (2ab*)*, (—3a7bc*)3, (- we) ; ( ~i*) ‘ 
Write down the expansions of 

2. (@+2)%. =. 8. (e—-2). A. ($8). BE (14.225, 
6. (2m—-1)5. 7. (87+1)4. 8. (2r-a)4. 9. (82-+2a)5, 
10, (4a—30)% =  . 11. (ar—y’)3, 12. (av+27)4, 
13, (2am —m?*)5, 14, (a—b+c)°. 15. (l—x+2%), 
16. (a+br+cx")5, 17. (l+2+.2°)4. 18, (1+2—27)5, 
19, (1-27+27)8. 20. (a—2b+c)!. 21. (1422 322)5, 


43. The following result is worthy of notice, as it 
exhibits the form of the square of any Multinomial. 
(a+b+ce+d+&c.)? =a? + 2a(b+e+d+ &.) + (b+e+4+d+ &e.)? 

= a*+ 2ab4+ 2ac+2ad+ &c. 
+ U+42b(c-+d+&c.)+(c+d+&e.)? 
=a*+2ab+ 2ac+ 2ad+4+ &e. 
+ 42be+2bd+ &e. (i) 
+ c? +2cd+4+ &c. 
+@+4&c. 
= a?+(2a+b)b+ {2(a+b)+c}c+ {2(a+b+c¢)+d}d+&c. 
= a? (2Qa+b)b+(Qa’+-c)e+ (2a” +d)d+ ke, (ii) 
if we write a’ for a+b, a” for a+b+c, &c, 
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We see from (i) that the square of any multinomial 
may be formed by setting down the square of each term, 
and then the product of the double of each term by the 
sum of all the terms that follow it. 

Another form of this result is given in (ii), to which 
reference will be made hereafter. 

Ex. 1. (142043822)? =142(2v+382%) -+40?+442(32%) +924 
=1+4+47+1027 +1225 +9.r4, 
Ex. 2. (a+bxr+cx? + dr? + ex* + &e.)? 
= a? + Qabr + 2ac 27+ 2adx+2ae a*+ Ke. 
+6%x7?+2be 28+2bd x*+ &e. +c? 2*+ &Ke. 
= a?+2ab x+(2ac+b*) 2? +2(ad+be) 23+ {2(ae+bd)+c7}a*+ Ke. 
Ex. 3, (1—22)*=(1-6r+122?—823)? 
=1—12014247?— 162° 
» +568? — 144254 96.14 
+144a* —19275 46475 
=1-—12r+ 602? — 160.2°+ 24024 — 19225 + 64.25, 
Ex. 22. 
Find the expansions of 
1, (1+2-+27). 2. (1 —2+22")*. 3. (8—2x-+.r*)*, 
4, (a?— meeps 5. (Qe—By+4z)% 6. (Bar+2Qby+ez)*. 
7. (1-2axr—a?x*)?, © 8, (Qa? -a—-2)*. 9, (l—a+.2? —23)?, 


10. (142)*. 11. («3 -22743r+4)2. 
12. (1+22r—-32°+ 42°)’, 13. (a* —2a°b+4+ 2ab? = b3)?, 
14, (a—2)*. 15, (1— 274327 —2284.24)?, 


16. (a4 —2a8x+a?x? - 2ar>+2%)?. 


44, Let the student notice the following remarks : 

(i) Since any even number of like signs, whether 
all + or all —, will give + in mult", it follows that 
any even power of a quantity is the same, whether that 
quantity be taken positively or negatively ; thus, (+a)? 
and (—a)* are each = +a’, and (l—z+2?) is the 
same as { —(l—x+2’)}‘, or (—1+2—2)', 

(ii) No even power of any quantity can be negative ; 

(iii) Any odd power will have the same sign as the 
quantity itself. 
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45, EVOLUTION is the name given to the operation 
by which we find the roots of quantities. 

Since the cube power of a?=a*, therefore the cube 
root of a° is a2; so /at=a®, 4/16a%b'=2ab, &c.; and 
so we may often extract a required root of a simple 
quantity, by dividing its index by that of the root. 

If, however, the index of the quantity cannot be 
exactly divided by that of the root (as e.g. in the 5th 
root of a?, where the 2 cannot be divided by 5), then 
we cannot find the root of it; but can only indicate that 
the root zs to be extracted, by writing down the quantity, 
and the sign »/ before it, with the index of the root in 
question; as ~/a?, 2a‘. Such quantities are called 
surds, or irrational quantities. 


46. It follows from (44), that 


(i) Any even root of a positive quantity will have a 
double sign + ; 


(11) There can be no even root of a negative quantity ; 


(i) Any odd root of a quantity will have the same 
sign as the quantity itself. 


16a? _ 
‘O87 

Hence, when we have a surd expressing an odd root of a nega- 
tive quantity, we may write the quantity positive under the sign of 
evolution, and set the negative sign outside; thus </ —a>= — ¥/2 
n/a —X/ —V =a?+X/b%. But this cannot be done with an even 
root of a negative quantity, such as ,/—.r°, which must be left 
as it is, and is called an impossible or imaginary quantity; the 
difference between surd and impossible quantities being that the 
former have real values, though we cannot exactly find them, 
while there cannot be a quantity, positive or negative, an even 
power of which would produce a negative quantity. 

Imaginary quantities, however, are employed in some of the 
higher applications of Algebra; but for the present we shall leave 
the consideration both of these and of surd quantities. 


4 7625 a47/8 972 
Thus 625aly = +7 &e. 


4 a 
+n J = Bry = —2Qry?, Sig? ee 
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Ex. 23. 
1, Find the square roots of 4a*b‘c®, 49.rty°z?, 100a°b!%c!°, 
Da?aty® A9a°y* 252%y?° 


2. Find the square roots of me” it? “ee 
a 


ataty? 645%? 8 7 21Ga3h3c15 
ss Find //" a ae ore 125a"” ~~ gag oe 


16aty8 8la*h§e!? 5 32a5h)° 6 647124 
4 Bind /po5an a/-a56ne? a/— ae? / Tame 


47. To find the square root of a compound quantity. 
We know that the square of a+ is a?+2ab+06?; 
let us see then how from a?+2ab+ 0b? we might deduce 
its square root a+ b.. 
a*+2ab+b?(a+6 Let us write down then the quantity 
a? a’+2ab+b*. Now a, the first term of the 
2a+b)2ab+0% root, may be found immediately by taking 
“Qab+l? the square root of its first term: set a 
ys then on the right, and then subtract a?; 
we have now remaining 2ab+*, and if we divide 2ab by 2a, we 
cet +6, the other term in the root: lastly, if we add this } to 
~ the 2a, multiply the 2a+, thus formed, by 8, and subtract the 
product, there is no remainder. 
Now we may follow this plan in any other case, and 
if we find no remainder, the root will be exactly 





obtained. 
Ex. 1. Ex, 2 
927+ Bry + y72(Br+y 16a? - 56ab+4967(4a— 76 
9x? 16a? 
6r+y)6ry+y? 8a — 76) —56ab+ 490? 
Cryt+y’ — 56ab +496? 
Ex. 3. 4a? —4ab - b?(2a—6 
Aq? 
4a —b)—4ab—b? 
— 4ab+b? 
— 257? 


Here we find a remainder — 207; we conclude, therefore, that 
2a—6 is not the exact root of 4a?—4ub—b*, which is a surd, and 


can only be written /4a? - 4ab — 0%, 
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Ix, 24. 
Find the square roots of 
1. 4a?+4.ry+y?, 25a*-—80ab+90?, 2524+-3025y + 9.27y?. 
2, 49a2b?—-14a°b+ at, 16.27y?+- 40.ry*2z + 25y?2?, 25a1b?c? + 10a*be* +c’. 
48. If the root consist of more than two terms, a 
similar process will enable us to find it, as in the fol- 
lowing Example; where it will be seen that the divisor 
at any step is obtained by doubling the quantity 
already found in the root, or (which amounts to the 
same thing and is more convenient in practice) by 
doubling the last term of the preceding divisor, and then 
annexing the new term of the root. 
Ex. 162° 242° + 2524— 2023+ 102? - 42+1(42 -3z?+ 2x -1 
16.26 
&r3 — Bx") - 24x54 25.4 
— 242°+ O24 
8x3 — 6x? +22) 16.rt — 202341022 
1624 - 1223+ 42? 
83 — Get+4r— 1)- 822+ 62? -4r+1 
— 879+ 627-4741 





49. The reason of the above method may be thus 
exhibited by considering the square of a+b+e. 
a? +2ab+-b?+42ac+2be+c?(at+tb+e 
a 
Qa+b) Qab+? 
2Qab+b? 
2Qa’+c= 2a +2b+¢)2ac+2Qbe+ Cc? 
2ac+2be+ ¢ 


Ilere we find, as before, the first two terms in the root, a+, 
subtracting first a?, and then 2ab+ 67, that is, in all, a?+2ab+ 8? 
or (a+b). Now denote a+0 by a’, so that (a+6+c)? =(a’+c)? 
=a%+2a’c+c*?; then we see that, at this stage of our progress, 
we have found a’ in the root, and have subtracted a”, and there- 
fore our remainder will be no other than 2a’c+c?. [We see, in 
fact, that 2ac + 2be+ c? =2(a+ b)e+c? =2a’c+c*.] Just in the 
same way then as when, having found @ and subtracted a*, we 
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took 2a for our trial-divisor in order to find 6, dividing by it the 
first term of the jist remainder 2ab+6?, so now we take 2a’ for 
our trial-divisor, in order to find ec, dividing by it the first term of 
the second remainder, 2a’c+c*?. We may get 2a’, or 2a+2b, by 
merely doubling the last term of the preceding divisor; and now 
subtracting 2a’c+c?, we shall have subtracted in all a’?+2a’e+c’*, 
that is, the square of a+b-+-ce. 

In like manner, if the root were a+b+c+d, we may find 
a+b+c as before, and put it =a”: then (a+b+c+d)?=(a"+d) 
=a’ +4 2a"d+d?, and, as we shall have already subtracted 
(a+b+c)? or a’”?, the third remainder will be 2a’’d+d?; and, 
therefore, taking 2a” as trial-divisor (obtained as before by 
doubling the last term of the preceding divisor 2a+2b+c), we 
may get d, Xe. 

It will be seen that the successive subtrahends in the above 
operation are a’, (2a+b)b, (2a’+c)c, (2a”+d)d, &e., and, of 
course, the sum of them all, that is, the whole quantity sub- 
tracted, is (43 ii) (a+b+c+d-+ &c.)*. 


50. As the 4th power of a quantity is the square of 
its square (42), so the 4th root of a quantity is the 
square root of its square root, and may therefore be 
found by the preceding rule. 

Thus, if it be required to find the 4th root of a*+4a’x+6a?2 
+4az3+.2, the square root will be found to be a?+2ar+.2°, and 
the square root of this to be a+.7, which is therefore the 4th root 
of the given quantity. 

It should be noticed as in (46) that all even roots 
have double signs. 

Thus the square root of a?+2ab+b? may be —(a+b), that is, 
—a-—b, as well as a+b: and, in fact, the first term in the root, 
which we found by taking the square root of a?, might have been 
—aaswell as a, and by using this we should have obtained also — 6. 

So in 47, Ex. 1, the root may also be —3r—y; in 48, 


— 423+ 327 -2x+1; and in all these cases we should get the two 
roots by giving a double sign to the first term in the root. 


Ex. 25. 
Find the square root 


J. OF 14+4r+102?+1227°+4 9.1. 
2. Of 9A +12273+222774 12749. 
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3. Of 9a?+ 12ab+- 4b?+ 6ac+4be+c?, 
4, Of a4 - 82%y4+2427y? — 322y3+16y4, 
5, Of 4a* — 12u8+ 25a? - 24a+ 16, 
G. Of 162* - 16abx? + 1662.22 + 4a7b? — 8ab3-+ 454, 
7. Of 2° —425+1024 — 2023+ 252? - 2424-16. 
8. Of 9a? —6ab+30ac+ Bad + b? — 10be — 2d + 25c? + 100d + d?, 
9. Of 2° - 4a5y+82ty? — 1025y3+ 8a2y! — 4.ry® +, 
10. Of 1-624 152? — 202? +1524 — G25 +24, 
11. Of 4—12a+5a?+14a' — 1lat — 4054+ 4a. 
12, Of p? + 2pga + (2pr + q*)a? + 2( ps + gr)a3 + (28 + 7?)24 
+ 2rs2° +8778, 
Extract the 4th root 
13. Of 1—47+ 62? -42°+ 21, and of at — 8a5-+24a? - 32a+16. 
14. Of 16a*— 96a°b+216a2b? — 216ab5 +8104. 
Extract the 8th root 
15. Of a3 -— 1627 + 1122° - 44825 + 112024 - 179223 + 17922? 
~ 102424256. 
16. Of a8 — 8a7b + 28a%l? — 56a°D$ + 70atl* — 56a5b® + 28a°h® 
— 8ab7?+b%. 





51. The method of finding the square root of a 
numerical quantity is derived from the foregoing. 

Since 1=1?, 100=10?, 10000=100?, &c., it follows 
that the square root of any number between 1 and 100 
lies between 1 and 10, that is, the square root of any 
number having one or two figures is a number of one 
figure; so also the square root of any number between 
100 and 10000, that is, having three or four figures, 
lies between 10 and 100, that is, is a number of two 
figures, &c. Hence, if we set a dot over every other 
figure of any given square number, beginning with the 
units-figure, the number of dots will exactly indicate 
the number of figures in its square root. 


a b ¢ 
Ex. 186624 (400+ 30+2 
160000. ... @ 
(2a+b) .... 8004 30=830) 26624 
24900... . (2a+d)d 
(2a +c)... . 800+6042=862) 1724 


1724. .,. (2a +¢°e 
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Here the number of dots is three, and therefore the number 
of figures in the root will be three. Now the greatest square- 
number contained in 18, the first period (as it is called), is 16, 
and the number evidently lies between 160000 and 250000, that 
is, between the squares of 400 and 500. We take therefore 400 
for the first term in the root, and proceeding just as before, we ob- 
tain the whole root, 400+30+2=432. The letters annexed will 
indicate how the different steps of the above correspond with those 
of the algebraical process in (49), from which it is derived. 

Ex. 1. The ciphers are usually omitted in prac- 
186624 (432 tice, and it will be seen that we need only, at 
16 any step, take down the next period, instead 


83)266 of the whole remainder. 
ch In Ex. 2, notice (i), that the second re- 
AO mainder 49 is greater than the divisor 47; 


— this may sometimes happen, but no difficulty 
can arise from it, as it would be found that 


yee (G79 if instead of 7 we took 8 for the second 
4 figure, the subtrahend would be 384, which 
47) 378 is too large: And (ii), that the last figure 7 
329 | of the first divisor, being doubled in order to 
549) 4941 make the second divisor, and thus becoming 
pat 14, causes 1 to be added to the preceding 
Ex.3 figure, 4, which now becomes 5. In fact 
9659664 (3108 the first divisor is 400+70, which, when its 
9 second term is doubled, becomes 400+140 
61 ) 65 or 540. 

61 In Ex. 3, we have an instance of a cipher 

6208) 49664 occurring in the root. 

49664 


52. If the root have any number of decimal places, 
it is plain (by the rule for the mult" of decimals) that 
the square will have twice as many, and therefore the 
number of decimal places in every square decimal will 
be necessarily even, and the number of decimal places 
in the root will be half that number. Hence, if the 
given square number be a decimal, and therefore one 
of an even number of places, if we set, as before, the dot 
upon the units-figure, and then over every other figure 
on oth sides of it, the number of dots to the left will 


42 EVOLUTION, 


still indicate the number of integral figures in the root, 
and the number of dots to the right the number of 
decimal places. 

Thus 9.659664 would be dotted 9.659664, the dot being first 
placed on the units-figure 9; and the root will have one integral 
and three decimal places, that is, would be (Ex. 3 above) 3.108. 

If, however, the given number be a decimal of an 
odd number of places, or if there be arem" in any case, 
then there is no exact square root, but we may ap- 
proximate to it as far as we please by dotting as before, 
(remembering to set the dot first upon the units-figure,) 
and then annexing ciphers (which by the nature of 
decimals will not alter the value of the number itself) 
and taking them down as they are wanted, until we 
have got as many decimal places in the root as we 
desire. 


Ex. Find the square roots of 2 and 259.351, to three decimal © 
places. 





Ex. 1. 2 (1.414 &e. Ex. 2. 259.3510 (16.104 &c. 
1 i 
24)100 26)159 
96 | D6. 
281) 400 321) 335 
281 821 
2824)11900 32204)141000 
11296 128816 
Ex. 26. 


Find the square roots 

. Of 177241, 120409, 4816.36, 543169, 1094116, 18671041. 

. Of 4334724, 437.6464, 1022121, 408.8484, 16803.9369. 

. Of 14356521, 5742.6084, 229.704336, 74684164, 4888521. 

. Of 17.338896, 69355584, 6595651.24, 129208689, 975312900. 
. Of 16.353936, 65415744, 25553025, 43996689, 229977225, 


. Extract to five figures the square roots of 2.5, 2000, .3, .03, 
11], .00111, .004, .005. 


aor © NW 
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53. To find the cube root of a compound quantity. 


Let us consider the quantity a? + 3a7b + 3ab?+ 83, 
which we know to be the cube of a+, and see how we 
may get the root from it. 


a®+3a*b+3ab?+b%(a+b We may get a, as before, by merely 


ae taking the cube root of the first term 
8a?) 8a%b+3ab?+° a’; then, subtracting a®, we have a re- 
3a2b-+ 3ab?-+ 53 mainder 3a*b + 3ab?+ b3: by dividing 


the first term of this remainder by 3a’, 
we shall get }, the other term in the root, and then, if we sub- 
tract the quantity 3a7b+3ab?+ 63, there will be no remainder. 


Pursuing the same course in any other case, if there 
be no remainder, we conclude that we have obtained 
the exact cube root. 


Here the quantity corresponding 
8x + 122°y+6ry?+y(Qr+y to the trial-divisor 3a? is _3(2x)? 
8x5 = 1227, that to 3a7b is 122%y, that 


1222) 1227y + 6ry?+ 93 to Bab? is Gry, and that to 0° is 
122%y + 6ry?+ y3 y®; so that the whole subtrahend is 
We 122?7+6ry?+y3. 


By attending however to the following hint, the subtrahend 
may be more easily constructed. 


a’ + 3a7b+3ab?+b5(a+b 
a3 
3at+b 3a? | 8a2b+3ab?+ 53 
(3a+b)b 


Bal} Sab-+ | BB} Sad +P 


Set down first 3a, some little way to the left of the first re- 
mainder, and then, multiplying this by a, obtain 3a? as before; 
by means of this trial-divisor find 5, and annex it to the 3a, so 
making 3a+6; multiply this by }, and set the product (3a+b)b 
or 3a6+6? under the 3a?, and add them up, making 3a?+3ab+ 0? ; 
then, multiplying this by b, we have 3a*b+3ab?+6°, the quan- 
tity required. 

The value of the above method, in saving labour, will be more 
fully seen when the root has more than two terms, or, if nume- 
rical, more than two figures. 
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Ex. 823 4-122°y+ Gry? +3 (Qr+y 
= 
6r+ty 122° 122°y+ Gry? +y° 
+62y+y? 





122° + Gryt+y?| 122%y+6ry?+y 


Ex. 29. 

Find the cube roots 
» OF 22 +462°y4 1224? + 8y'. 2, Of a’— 9a?+ 27a— 27. 
. Of aF+12274+ 487+ 64. 4. Of 8a° - 36a7b+54ab*? — 2717. 
. OF a? +24a07b4+ 192ab* +-5126'. 
. OF 82° — 84277 + 294.ry? — 34373. 
. OF 23 —12m®nx+48mn?2? — 642325, 
Of av? — 15a%ba3 4+ Tiab2v3 — 125632°, 


GO 51 > OT Go 


54. If the root consist of more than two terms, as a+b+c, we 
may (just as in the case of the square root) first find a+b as 
above, and put this =a’: then, at this point of the operation, we 
shall have subtracted first a* and then 3a7b+3ab?+-b°, that is, al- 
together (a+b)* or a’*; and therefore, since the whole quantity 
(a+b+c)§=(a’+c)*> =a 34 3a’%e+3a'c?+c', the remainder will be 
no other than 3a’*c+3a’c?+c', [In fact, as was done in the case of 
the square root, it may be easily shewn to be identical with this. ] 
If, therefore, we take now as trial-divisor 3a’, just as before we 
took 3a?, we shall get c the third term in the root, and subtracting 
the quantity 3a’c+3a’c?+c*, we shall have no more remainder. 

Now the process of finding 3a” is much simplified by observing 
that it =3(a+b)* =3a?+6ab+30?; but, if we add b*, the square 
of the last term in the root, to the two lines 84 Ja by the sum 
will be exactly 3a? + 6ab-+ 30?, the quantity required. By this 
means then we get 3a”, and then have only to set to the left of 
it 3a’ or 3a+30, (which may be found by tripling the last term 
of the preceding divisor 3a+b) and proceed just as we did before 
when we had set down 3a and 3a*—that is, first finding ¢, and then 
forming, as before, 3a’c+3a'c?+c*, which we subtract, making, 
with a5 already subtracted, (a’+c)® or (a+b+c)' subtracted alto- 
gether. And so on, if the root were a+b+c+d, &c. 

The student should study carefully the first of the two follow- 
ing Examples, as it is the type to which all others are referred. 


Ex: }. a 430° 4 3ab? +84 8a%e+Gabet 3b%e+ 3ac? + 3bc?+ 3 (a+b+e 








a 
3a+b Ba? | Ba + Bad?-+08 
_+(Gatb)o 
8a?+Sab+ 0? | 3a%+8ab?+08 
Ba’ $e=8a+30+e/ Sq? = 3a?-+ Gab-+30* | Sa%e-+ Gabe + 30%-+ Bac? + Bde? +0 


(3a’+c)e = +(8a+3b+e)c | 


3a"?+3a’e+c? = 3a’ + 6ab+ 3b? + 3ac+3be+c | 8a%e+babe+ 3b c+ Sac? + 3be? + a 





Ex, 2. v8 — 32 -— 3a4+112°4+ 62? - 127-8 (2? -7=-2 
a 
82? ~ax 824 “| =895 —32'+1125 
_= 3+ 2? 
ee Ee ee ee Se 
82-37-22 bx - 6034322 — 624+ 1223+ 6a? -—127r-—8 


- 627 +6r+4 _ 


8x4 — 623 - 322460 +4 +4 





— 6r'+ 1227462? -127r-8 


In Ex. 2 the student should be required to mention to what parts in Ex, 1 the different quantities cor- 
respond: thus, 327 to 3a, 3x7-2 to 38a+d, 324 to 3a*, —8r3+.27 to 8ab+0?, 8at- 325+.27 to 3a?+3ab+b?, 
-—3a°+3v!-2% to 3a7b+3ab?+ 6%; so also 327-3r to 3a’, 32? - 3r-—2 to 8a’+e, 3824 - 625+327 to 3a”, Ke. 


*NOILO'TOAL 
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Ex. 2S. 


Extract the cube roots 
1. Of a&+6a>+15at+20a'+4+ 15a?+6a-+1. 

. Of 26—1225+ 5424 - 112234 10827-- 48r+8, 

. OF a&—3a°b+ Gail? — 7a°b3 + 6a2bt — 3ab> + B°. 

Of 2° —12aa> + 60a22* — 160a5x3 + 240 a42? — 192a52+ B4atS 

» OF 82° + 482%y + 6024y? — 8025y8 — 90.2774 + 108ry> — 27y%. 

Of 29— 3275+ 627 — 1026+ 1225 — 1224+ 1023 — 62x? +32 —1. 

. Of &—b+ —3(a°b — a®e — ab? — ac? — b*e+ bc*) — Babe. 

. Of 1— Gr + 2la? — 5623 + 111let — 174.25 + 2197 — 20477 
+ 14475 — 647°, 


ONO om oo bo 


55. Since 1= 1%, 1000= 10%, 1000000 = 1003, &c., it 
follows that the cube root of any number between 1 
and 1000, that is, having one, two, or three figures, is a 
number of one figure; so also the cube root of any 
number between 1000 and 1000000, that is, having 
four, five, or six figures, is a number of two figures, &c. 
Hence, if we set a dot over every third figure of any 
given cube number, beginning with the units-figure, 
the number of dots will exactly indicate the number of 
figures in its cube root. 

If the root have any number of decimal places, the 
cube will have thrice as many ; and therefore the num- 
ber of decimal places in every cube decimal will be 
necessarily a multiple of three, and the number of 
decimal places in the root will be a third of that num- 
ber. Hence, if the given cube number be a decimal, 
and consequently have its number of decimal places a 
multiple of three, by setting as before the dot upon 
the units-figure, and then over every third figure on 
both sides of it, the number of dots to the left will still 
indicate the number of integral figures in the root, and 
the number to the right the number of decimal places. 

If the given number be not a perfect cube, we may. 
dot as before (always setting the dot first upon the units- 
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Jigure), and annex ciphers as in the case of the square 
root, so as to approximate to the cube root required, to 
as many decimal places as we please. 


It will be seen, by the following example, how the numerical 
process corresponds to the algebraical. The ciphers are omitted, 
except that in the numbers corresponding to 3a?, 3a”, &c, it is 
necessary to express two at the end: thus a is really 4000, an: 
therefore 3a? is 48000000 ; but as in the first remainder we only 
need the figures of the first and second periods, corresponding to 
43 in the root, we may treat the « as 40, and thus 3a? will be 
4800, and 3a will be 120, so that 2a+6 will become 123, 








Ex. 80677568161 (4321 
64 
123 4800 16677 
369 ; 
5169 | 15507 
1292 554700 | 1170568 
2584 | 
557284 ° 1114568 
12961 55987200 , 66000161 
12961 : 
56000161 | 56000161 
Ex. 29. 


Find the cube roots of 
. 9261, 12167, 15625, 32768, 103.825, 110592, 262144, 884.736 
. 1481544, 1601.613, 1953125, 1259712, 2.803221, 7077888, 
, 12.812904, 8741816, 56.623104, 33076.161, 22425768. 
. 102503.232, 820025856, 264.609288, 1076890625, 2.11 6874304. 
Extract to 4 figures the cube roots of 2.5, .2, .01, 4. 


Om oot 
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CHAPTER V. 


GREATEST COMMON MEASURE: LEAST COMMON 
MULTIPLE. 


56. WHEN one quantity divides another without 
remainder, it is said to measure it, and is called a 
measure of it. 

Thus, 3, a, 6, 3a, ab, a*, &c. are all measures of 3a’, 

A common measure of two quantities is one which 
divides each of them without remainder. 

Thus, a, b, 3a, 3b, ab, 3ab, are all common measures of 3a?b and 
l5abe; and their greatest common measure, that is, the largest 
common factor they contain, is 3ab. 

57. It is commonly easy to detect by inspection, i.e. 
by looking at the two quantities, their largest common 
measure, if it is a simple factor, that is, if it consists of 
only one term; because then it will be found as a 
factor in every term of each of them. 

Thus, 3ry will divide every term of 3x°y—6ry° and also of 
Sry —92x7y*; it is therefore a common measure of them: and since, 
when these are divided by 3ry, the quotients 2? —2y? and 1 —3.ry 
have no common factor, 3zy is their greatest common measure 

G.C.M. 
: So a is the greatest divisor of 6a*b? —8a‘b, and ae of 
2a*c? — 5a*be; and a®, which is the G.c.M. of 2a%b and ae, is 
plainly therefore the ¢.c.m. of 6a*b?—8a‘h and 2a*c?—5a*be, 

Ex. 30. 

Find the e.c.M. of 
1, 325 and 122°y; 4a7b? and —6ab?; —12.2°y3z and 8y5z5, 

2. 3ax?—2ax and a?x*—3abr; 3a°+2a*b — 5ab? and 2a*b+ 2Qab?; 
/6a5y —122°y?+32y*> and Sax? + 4axy +4a°x, 


58. In like manner we may sometimes find by in- 
spection the G.c.M. of two quantities, when not a simple 
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factor, if it happens to be easy to separate them into 
_ their component factors. 

Ex.1. The a.c.M. of 6a%2* (a? — 2*) and 4a°r(a+ x)? is 
2a*x(a+2). 

Ex. 2. The G.c.m. of a?(a?2?—3aa5+422*) and 2?(at—4a%x"), 
that is, of ax? (a? — 3av+ 22") or a’a*(a—- 27) (a- 2) and 
a*x? (a? — 427), is a*2x? (a—22). 


Ex. 31. 


Find by inspection the ¢.c.m. of 
1. 425(a+2)? and 10(a?x—.2x°)*. 2. 2?(q? — 2*)? and (a’#+ax")5, 
3. (a°b—ab?)? and ab(a*—b?)?. 4, 6(a@?—-1) and 8(a?— 3x+2). 
5. (a?+.2r)? and 25(a2?- «—2). 6. 4(a3+ a°) and 6(2?-2axr-3a?). 
7. a(x? +12x+11) and a2? — 1la’x— 12a", 
8. 9 (a%x?-4) and 12 (a*2?+4ar+4). 


59. But if the greatest common measure of two 
quantities be a compound quantity, it cannot generally 
be thus easily found by inspection, but may always be 
obtained by a method we are now about to explain, 
the proof of which will be given hereafter. 


Der. An algebraical quantity is said to be of so 
many dimensions, as is indicated by the highest index 
of its letter of reference. 

* Thus z?—7xr+10 is of two dimensions, 2°+1 of three. 


If it also involve other letters, it is said to be of so 
many dimensions in each of them, according to the 
highest indices of each. 

Thus a4y+32%y?+.27y% is of four dimensions in x, and three in y. 

If the dimensions of each term are the same, the 
quantity is said to be homogeneous, and of so many 
dimensions as is indicated by the sum of the indices 1 in 
each term. 


Thus the last quantity is homogeneous, and of five dimensions. 
D 
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The word dimensions has been adopted from the language of 
Geometry ;—such quantities as a, b, &c. being compared to dines 
(which have only one dimension, viz. length), and called neal 
quantities; such quantities as a*, ab, &c. to areas (which have éwo 
dimensions, length and breadth); and such as a®, ab, abc, &c. to 
solids (which have three dimensions, length, breadth, and thick- 
ness): beyond this we have no corresponding quantities in Geo- 
metry; but the term dimensions, having been once employed in 
Algebra, has been retained in all other cases. 


60. Let there be given, then, two algebraical quan- 
tities, of which it is required to find the c.c.M. Ar- 
range them according to powers of some common letter, 
and divide the one of higher dimensions by the other ; 
or if the highest index happen to be the same in each, 
take either of them for dividend. Take now, as in 
Arithmetic, the remainder after this division for divisor, 
and the preceding divisor for dividend, and so on until 
there is no remainder: then the last divisor will be the 
G. Cc. M. of the two given quantities. 


Ex. Find the e.c.m. of 2?-—7r7+10 and 473 —2522+202-+4-25. 
a?—Tx+10) 403—2527+20r+25 (4448 
4x73 -28274+407 
32*— 20x +25 
32? — 214+30 
v= 5) 2% 72410 (v-2 
a? —5x 
~ =2r+10 
Ans, «—5. —27+10 








We may as well observe, that the expression Greatest C.M., 
which has been adopted from Arithmetic, must be understood in 
Algebra as applying not to the numerical magnitude, positive or 
negative, of the quantity, but to its dimensions only, on which ac- 
count it is sometimes called the Highest c.m. Thus it would be 
quite immaterial, whether, in the above example, we consider the 
G.c.m. to be x—5 or 5—2: and either of these, in fact, might 
be made numerically greater than the other, by giving different 
values to 2. 
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Ex. 32. 
Find the G.c. mM. 


1, Of 32°+2-2 and 32°+47—-4., 

. Of 62?+7xr-3 and 122?+162-—3. 

. Of 9x? —25 and 922+ 3x - 20, 

. Of 82?+ 1427-15 and 823+ 3022+ 132 - 30, 

. Of 427+3r—-10 and 423+ 727 -3r—15. 

. Of 2a*+ x8 —202?— 7x+4+24 and 2244823 —1822-7r+15. 


co Ot wm SO hb 


61. If the given quantities have both or either of 
them, in any case, simple factors, as in (57), these must 
be struck out, and the Rule applied to the resulting 
quantities. Then the c.c.M. of these, being found as 
ahove, will be the same as that of the given ones; 
except it should happen that we have to strike factors 
out of both of them, and that these factors themselves 
have a common factor. In this case the G. c. m. found, 
as above, of the resulting quantities, must be multiplied 
by this common factor, in order to produce that of the 
given ones. 

So also, whenever we convert a remainder, according 
to the Rule, into a divisor, we may strike out of it any 
simple factor it may contain. Here, however, there is 
no restriction, as in the former case; because no part 
of such a simple factor can be common also to the new 
dividend, which, being the same as the former divisor, 
will be already clear of simple factors. It is only with 
the first pair, or given quantities, that we shall have to 
attend to this. 

And if, moreover, the first term of any such re- 
mainder is negative, we may, for the sake of neatness, 
before taking it as a new divisor, change the signs of 
all its terms, which is equivalent to dividing it by—1. 
This can only affect the signs of the G. C. M. 

Ex. Find the a.c.m. of 

225 — 82441225 —87742r and 325- 623+ 8z, 


D2 
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Here, striking out of the first the factor 22 (which is common 
to all its terms) and of the second the factor 3x, we reduce the 
quantities to 24 — 4275+ 627- 4r+1 and 2+ - 22°41; but as 2.r and 


have themselves a common factor z, it is plain that the original 


uantities have a common factor, x, which these latter quantities 
X fhave not; hence the a.c.M. of these, when found, must be multi- 
ied by x to produce that of the given quantities. 


by 


at —Qa*41) a4 — 4034 622-4241 (1 
a —Qa24-1 
—4r| — 403+ 829-4 
zw —2Qr+1 


xv? —22+1) a*- 22°41 (2742741 
a*— 2234-2? 
225 —322+1 
225 —4a°+27r 
a? —27r+1 
w?-27r+1 
In this Example, the first remainder is reduced by dividing it 
—4zx; and, the a.c.M. of these two quantities being 2?—22+], 








that of the two given quantities will be 2(2?-2x+ 1) or 
x — 22? +2. 


( CID OP OO 


Ex. 33. 
Find the 4.c.™. 


. Of a+a5 and a?+2ar+27. 2. Of 2?+ 27-2 and 2?-— 3r+2. 
. Of 2279+ 62?+ 6242 and 6273+ 62x? — 6x -6. 
. Of 2y3—10y?+12y and 3y4— 15y3+ 24y?— 24, 


Of 2° — 6ax?+ 12a2x —8a5 and a*— 4a%2”. 


. Of 223 +102°+147+6 and 23+2?+77r4+39, 

. Of 3294327 -15r+9 and 32t+325 — 212? -—9z. 

. OF a+2?2y+ay?+y> and 2*+25y+2y3- y4. 

. Of 2at+a5b— 407b? — 3ab® and 4a*+ 5b —2a*b? + ab . 
10. 
11. 
12. 


Of 3a°+15a°b — 3a°b? — 15a7b5 and 10a>— 30a*b—- 10a7b? +. 30ab5, 
Of xt -—225y+2ry3—y* and at— Qr5y+277y? —2ry>+y4. 
Of «*+6234+11]a?+4a—4 and 2442275 —527?—12r- 4. 


62. If now, having first attended to the directions 


of (61), we find, at any step of our process, that the 
first term of the dividend is not ezactly divisible by the 


first of the divisor, then, in order to avoid fractions in - 


| 
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the quotient, we may multiply the whole dividend .by 
such a simple factor, as will make its first term so 
divisible. 
Ex. Find the 6.c.M. of 62°y+4ay?—2y° and 823+ 42°y—42y?. 
Stripping them of their simple factors, 2y and 4.x, (and noting 
that these contain the common factor, 2), we have 327+2ry—y? 
and 227+.y—y?, and proceed with these quantities as follows: 
Su*+ Qry —y? 
2 
227+ xy — y*) 627+ 4ry — 2y7(3 
627 ++32ry —3y? 
veut 
u+y) 222+ ry-y? Qr-y 
227+ 2ory 
= ayy? 
— 2-7" 





The G.c.M. then will be 2(7+-y), it being plain that the G.o.m. 
of 2(82?+2ry—y?) and 22°-+.ry—y? will be the same as that of 
327+ 2ry—y* and 227+ .ry—y*, because the 2 introduced into the 
first is no factor of the second quantity. 


Ex. 34. 
Find the ¢.c.M. 
. Of 62? +132+6 and 82°+6r -9. 
Of 152?-—2—6G and 927 -—3.xr—-2. 
Of 62? —x—2 and 2123 — 2627+ 82. 
Of 623 — 627 +2xr-—2 and 1227—15a+3. 
Of 3x73—22r—15 and 5x*+a3 —5427+182. 
Of 323 —32?y+ ry? —y and 423 — xy - 3xry?. 
Of 23 —87r+3 and x+°4+325+2+3. 
Of 523+22?-157-6 and —723+42?4+ 217-12. 
Of 20x4+ 27-1 and 25x4+5273-— 2-1. 
» Of Grt-aSy—32°%y? + 32y3- y* and 9at- 3ay—227y? + 3.2y3- y4, 
- Of 122° — 12zr5y? + 12a°y3 — Bay* and 122° + 82ty — 1875y? 
— 6x77? -+ Ary. 
. Of x4-223427—87r+8 and 4273—-1222+9r-1, 


FP OOMN AAR WN 
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63. In order to prove the Rule above given, it will 
be necessary to shew first the truth of the following 
statement. 
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If a quantity c be a common measure of a and b, 
it will also measure the sum or difference of any mul- 
tiples of a and b, as ma + nb. 


For let c be contained p times in a, and q times 
in b; then a= pce, b=qe, and ma + nub=mpc + nge 
=(mp+nq)c; hence ¢ is contained mp+nq times in 
ma-+nb, and therefore c measures ma+nb. 

Thus, since 6 will divide 12 and 18 without remainder, it will 
also divide any number such as 7X12+5x18, 11x12-—3x 18, 


12 (or 1X12)+7x18, 5x12—18, &c. te. any number found by 
adding or subtracting any multiples of 12 and 18. 


64. To prove the Rule for finding the Greatest 
Common Measure of Two Quantities. 


First, let the two given quantities, denoted by a and 
b, have neither of them any simple factor. 


Let a be that which is not of lower dimensions than 
the other ; and suppose a divided by 4, with quotient p 
and remainder c, b by c, with quotient g and remainder 
d, &c. 


b) Je 546) cb (1 
fs sani 
c) b(q 126) a (4 
ss a 
d)c(r 42) 126 (3 
rd 126 


Then, by (63), all the common measures of a and & 
are also measures of a—pbd or c, and are therefore 
common measures of 5 and c; and, conversely, all the 
common measures of 4 and c are also measures of 
po+c or a, and are therefore common measures of a 
and 6: hence it is plain that 6 and c have precisely the , 
same common measures as a and 8, 
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In like manner, it may be shewn that ¢ and d have 
the same common measures as 6 and c, and therefore 
the same as a and Bb. 

And so we might proceed if there were more re- 
mainders, the quantities a, b,c, d, &c. getting lower 
and lower, yet still being such that a and J, d and e¢, 
e and d, &c. have the same common measures. 

But, if d divides ec without remainder, then d is itself 
the greatest quantity that divides both e and d, thatis, 
d isthe greatest of the common measures of c and d, and 
therefore is the Greatest Common Measure of a and b. 

Thus, in the numerical example, the common divisors of 546 
and 672 are precisely the same as those of 126 and 546, and these 
again are the same as those of 42 and 126: but 42 is the a.c.m. 


of 42 and 126, and is therefore the a.c.m. of 126 and 546, and 
also of 546 and 672. 


65. Next, let a and 0 have simple factors, and let 
a=aa’', b=£b’, where a denotes the product of all the 
simple factors in a, and 8 of those in 3, and a’, b’ are 
the resulting quantities, when these simple factors are 
struck out: then a’, b’, having neither of them any 
simple factor, will have no factor in common with a or Bf. 
Now a or aa’ is made up only of the factors in a 
and a’, and b or 8d’ only of those in 8 and 6’. Hence, if 
a be prime to B (that is, 7f a have no factor in common 
with 8), the only factors which a can have in common 
with 6 must be those which a’ may have in common 
with 0’, that is, the G. c. M. of a and J will be the same 
as that of a’ and b’. Butif a and @ have any common 
factor, then this will also be common to a and 3, besides 
what may be common to a’ and J’, that is, the G. C. M. 
of a and b will be obtained by multiplying the G. c. mM. 
of a’ and b’ by the common factor of a and £. 

Hence this case also is reduced to finding the a. c. M. 
of two quantities a’ and b’, which have no simple factors. 
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And, of course, the above reasoning holds if either 
a or B be unity, that is, if one only of the given quan- 
tities have a simple factor to be struck out. 


66. Having shewn that we may strike any simple 
factors out of the original quantities, we shall now 
shew that we may strike them also out of any of the 
remainders. 

Let then a’, b’ represent quantities having no simple 
factors (either the original quantities a, b, if they have 
no simple factor, or else a, b, reduced, as above); 
and let us apply the Rule to a’, b’, dividing a’ by 0’, 
and obtain the first remainder c: then we know that 
the G.c. M. of a’ and 0’ is the same as that of b’ and c. 
Suppose now that c=yc’, where y is a simple factor, 
and c’ a compound quantity, having no simple factor. 
Then c is made up of the factors in y and c’; and B’ 
(having no simple factor) can have no factor in common 
with y, and therefore can have none in common with ¢ 
but such as it may have in common with c’; that is, 
the c. c. M. of b’ and c is the same as that.of b’ and ce’. 
And, of course, the same reasoning holds with the other 
remainders. 


67. Lastly, if, at any step (supposing simple factors 
struck out), the first term of the dividend should not be 
exactly divisible by the first of the divisor, as, for in- 
stance, in the case of a’ and b’, we may multiply the 
dividend a’ by any simple factor a’, which will make it . 
so divisible: for, since the divisor b’ has no simple 
factor, it can have no factor in common with a’, nor 
therefore any in common with the dividend a’a’, but 
what it may have in common with a’; that is, the G. C. M. 
of a’ and 0’ will be the same as that of a’a’ and J’. 


68. When one quantity contains another, as a divisor 
without remainder, it is said to be a multiple of it; 
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and a common multiple of two or more quantities is 
one that contains each of them without remainder. 


Thus, 6x%y is a common multiple of 227, 3xy, 6x5, &c., and any 
quantity is a multiple of any of its measures. 


Of course, the /east common multiple (L. Cc. M.) of 
two or more quantities is the least quantity that can 
be formed, so as thus to contain each of them. 


69. To jfind the Least Common Multiple of two 


| quantities. 


Let a and & represent the two quantities, d their 
G.c.M.; and let a=pd, b= qd, so that p.and q will have 
no common factor. Then the least quantity which 
contains p and gq will be pq, and therefore the least 
quantity which contains pd and qd will be pqd, which 
is consequently the L.c.M. required of a and b. 


Since pgd= pense = : it appears that the L.c.M. 


of a and 4 may be found by dividing their product by 
their G.C.M.; or, which is more simple in practice, 
by dividing either of them by their a. c. M., and mul- 
tiplying the quotient by the other. 


The 1.c.M., however, of two or more quantities is generally 
formed by inspection, and, with a little practice, there is no diffi- 
culty in this, as we have only to set down the factors which com- 
pose them, omitting any that may occur more than once, and the 
product of these will be the L.c.m. required. 


Kx. 1. Find the L.c.m. of 2x, 6abzry, 3ace. 
Here the factors are 262, 3ay,c; and the L.c.M. is Babery. 
Kix, 2, Find the L.c.m. of 2a7(a+<2), 4ar(a- x), 627(a+ 2). 


Here the t.c.m. of the simple factors is 12a°z*, that of the 
compound factors is a*—.2?; therefore the L.c.M. required is 
12a*x*(a*® — x*). 

D3 
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Ex. 35. 
Find the 1.c.M. 

1. Of 4a*be and Gab'c; of Dry and 12xy3; of ary and a(ry—y?); 
of ab--ad and ab—ad. 

. Of 8a*, 10a°b, and 12a°b?; of a>, 5a‘b, 10a°b*, 10a7b>, 5ab', and 
b°; of 927, Gar, 8a*, 362°, 3a27, 50a*x, and 24a5. 

3, Of 2(a+ b) and 3(a? —b*); of 4(a*-a) and 6(a+ a); of 
6(2?+2y), 8(xy —y*), and 10(2?-y?). 

. Of 4(a3— ab’), 12(ab? + 0°), 8(a%-—a*b); and of 6(a*y + ry’), 
92> - ay"), 4(y? +2y’). 


Lo 


i 


70. Every common multiple of a and b is a multiple 
of their L. C. M. 


For let M be any common multiple of a and b, and 
m their L. c.M.; and let JZ contain m (if possible) r 
times with remainder s, which will of course be less 
than the divisor m; hence we should have 


M=rm+s, and, therefore, s= M—rm: 


but since a and J measure both J and m, they would 
also (63) measure M—rm, or s; i.e. s, which is less, 
than m, would be a common multiple of a and 8, 
contrary to our supposition that m was their least 
common multiple. Hence M will contain m with zo 
remainder, and will therefore be a multiple of m. 
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CHAPTER VI. 
FRACTIONS. 


ALGEBRAICAL Fractions are for the most part pre- 
cisely similar both in their nature and treatment to 
common Arithmetical Fractions. We _ shall have, 
therefore, to repeat much of what has been said in 
Arithmetic; but the Rules which were there shewn 
to be true only in the particular examples given, will 
here, by the use of letters, which stand for any quan- 
tities, be proved to be true in all cases. 


71. A Fraction is a quantity which represents a part 
or parts of a unit or whole. 

It consists of two members, the numerator and de- 
nominator, the former placed over the latter with a line 
between them. Now we have already agreed (8) that 
such an expression shall denote that the upper quantity 
is divided by the lower ; and, in accordance with this, it 
will be seen presently that a fraction does also express 
the quotient of the num’ divided by the den’. 

The den’ shews into how many equal parts the unit is 
divided, and the num’ the number taken of such parts. 


Thus ; means that the unit is divided into 6 equal parts, a of 
which are taken. 
Every integral quantity may be considered as a 


fraction whose den™ is 1; thus a is Fe 


72. To multiply a fraction by an integer, we may 
either multiply the num or divide the den" by it; and, 
conversely, to divide a fraction by any integer, we may 
either divide the num’ or multiply the den” by it. 
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Thus, 7? xz=% ti 
hus, 4x 2= a3 ; for in each of the fractions * 3, “ps 


the unit is divided into 5 equal parts, and zx times 
as many of them are taken in the latter as in the 
former ; hence the latter fraction is z times the former, 


thatis@ ="% xz: and, by similar reasoning, pater tel 
& 6B b b 

Again, “~2—= “, for in each of the fractions 7, % 
aide Miia b’ be 


the same number of parts is taken ; but each of the parts 


in the latter is L th of each in the former, since the unit 
ba 


in the latter case is divided into x times as many parts 


as in the former; hence the latter fraction is “th of the 


former, that is, “=? 2: and, similarly, 5, %2= o: 
fa b b 


73. If any quantity be both sniibgptiod +a divided 
by the same quantity, its’ value will, of course, remain 
unaltered. Hence if the num” and den” of a fraction 
be doth multiplied or divided by the same quantity, 
its value will remain unaltered. 


Pine Se OS Se a _ a _ ac = & 
ai b bx ab fend a*be c ood m 


74. Since a=: (71), and, therefore, a divided by b 


“ins = (72), it follows, as stated in (71), that a 
fraction represents the quotient of the num’ by the den’. 


In fact, we may get th of a units, (or a+b,) by taking jth 
part of each of the a units, and this is the same as a such parts 
of one unit, which (71) is expressed by ° 


Hence it is that, in Arithmetic, 1 of £3 is the same as $ of 
£1, &e. 
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75. To reduce an integer to a fraction with a given 
denominator, multiply it by the given denominator, 
and the product will be the numerator of the required 
fraction. 

Thus a, expressed as a fraction with den" z, is 5 or, with 


b -— 
den? b—c, is oe <. 
The truth of this is evident from (73). 


76. The signs of all the terms in both the num? and 
den” of a fraction may be changed without altering its 
value: thus * — "2 —*" ig identical with @ 1 27—*" 

3ax— x? x*—3axr * 

This follows also from (73), as the process is equiva- 

lent to that of multiplying both num" and den™ by —1. 





77. To reduce a fraction to its lowest terms, divide 
the numerator and denominator by their Gc. c. M 
Bx, TO a, 
aaytary? ary(aty) aty 
Ex.2 a@+a5 _ (a+a) (@—axrtc*) _ a —ar+ x? 
Qn a (a+z) (a-2) a-r 
beg, t4et3 _ +8) (eH) _ etl 
"4 6be+6  (x+8) (74+2) $2’ 
Bx, 4 P+243r-5 _ (*—1) (a?+2r+5) _ 2 CF 2045, 
4243 © (x-1) (x-8) 2-8 
Of course, the student should consider for a moment whether 
he cannot obtain the G.c.M. as in (58) by mere inspection. 








Ex. 36. 
Reduce to their lowest terms 
y, Byte? cota! Wmi+22mr 142°—Tay ba*b — 150%? 
"ary ? @e+a*x’ 33(m?— 427) 10ax — Bay’ 20ab5+10a2b* 
9 Gr—18ry® Amn? | 3a*b?c? 927y3 — l5ay* 
 6a%y — 122y” 2m *n+2mn” abe+ab*e+abe” 12x7y?-2lay* 
abe+ 9be — 5c? ac+by+ay+be acx*+ (ad— be). — bd 


” Qabdf+18 18bdf —10cdf" af+2br+2ax+bfP at? —}? 
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4 oe | awt_at QB — 8 a3 — Br a®—ab+axr—bxr 
“. ———— tS A Sa re at ee ee 
acta? x —ate® @—b” 2274 2bv+h? a®+ab+ar+b2 





5, 2 2_ Ag+ G r+2r-—8 e— ab—* 26? 
Fes " 2#+4+624+6 " @—3ab-- 26 
8 6a’ -13ar+' 62° 9 6a? —Tax — 32? 1 ar+ t— 12 

* 10a?-9az — 927 6a? + llaxr+327 * 2 —h2° + Tr —3° 


5a + 10atx+5a32? 








11 7x? —232y+6y? PR. -10 sat 
" B23 — 1827y + 11ry?— 6y* “ @Bx+42a*x?+2a25 + x4 
234327 —4 a3 —B3x+2 
13. si 14. p48 
+5 a*+a*r*+at 16 Salat —2ar?-1 





at+az* — ax — at 4a3v% — 2724 — 8an?+1 


78. If the num" be of lower dimensions than the 
den’, the fraction may be considered in the hght of 
a proper fraction in Arithmetic ; if greater, in that of an 
improper fraction, which may be reduced to a mixed 
fraction, by dividing the num’ by the den’, as far as the 
division is possible, and annexing to the quotient the 
remainder and divisor in the form of a fraction. 

Conversely, a mixed fraction may be reduced to an 
improper fraction, by a process similar to that em- 
ployed in Arithmetic. 


‘iy 3. 32°+2¢+1 








ah ae ee 
= 37 pee So 


x+4 
Ex. 2, 2?+2+1 rik ior 
z-l1 xr—l 
Ex. 37. 


1. Reduce to mixed fractions 
3a2+6r+5 @—arv+a? 22°+5 10a?-17ax+102? 16(322+1) 
r+4 ’ Gea 7 £23? 5a—x * <“aeen 
2. Reduce to improper fractions 


32(3 —r) 62° a? ‘ 
a 2_ Dqy+4?2 —. r sila et 
x? — 30 g 9 4 v+4a 9,9 © atyt 
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Shew that § 


és a+b? - (a+b+c) (a+b—c) 
3. 1421" -< - aoe coma and 
ee (a-—b+c) (b- a+c) 
2ab 2ab 
os ae (a+b+c) (a+b—c) (ate—b) (b+e-a) 
2b ns. i a 


79. To reduce fractions to a common den", multiply 
the num’ of each fraction by all the den™ except its 
own, for the new num’ corresponding to that fraction, 
_and all the den’ together for the common den’. 

The truth of this rule is evident; since, the nume- 
rator and denominator of each fraction being doth mul- 
tiplied by the same quantities, viz. the denominators 
of the other fractions, -its value will not be altered, 
though all the fractions will now appear with the same 
denominator. 


ae ee ‘ 
Ex. Reduce ey oF to a common denominator, 
Cc 


d 
For the num" axexd=acd 
bxbxd=b'd and the required fractions are 
exbxc=be? acd bd be? 
For the den?’ 6xcxd=bed bed’ bed’ bed’ 


80. If, however, the original den™ of the fractions 
have, any of them, common factors, this process will 
not give them with their /east common den’, which, as 
in Arithmetic, will be found by forming the L.c.M. of 
the given den™: and the num" corresponding to any 
one of the given fractions will be obtained, by multi- 
plying its numerator by that factor, which is obtained 
by dividing the L.c.M. by its denominator. 

c b 
ey SEU SS ba! Gabry’ 3acx 

Here the t.c.a. of the denominators being 6abcay, the fractions 


Baroy e 2b?y_ 
Pete BPP er Cabery’ Gabery’ Babcry’ 


to 2 common denominator. 


FRACTIONS. 


ND. a 38. 
» common denominators, 


1602 4% =, “ ¥ 2 Oty 82 fy? BaF 


‘a’ 0’ c’ Qab) Bac’ 4be’ 8a’ 4a%b’ Sab?’ “6b5" 








6. 22 eo eee ee ee 
“ @ +b” @—8? a-x atu’ 38(a+b) 6(@-BY 
3 1 1 1 


Eats) Waa) aia 24) 


81. To add or subtract fractions, reduce them to 
common den", and add or subtract the num™ for a new 
num’, retaining the common dent. 

Ye. 1, t4U 45 = _ bex-pacy+abz 


abe 


l+z l-zr 
9 ps ETE ng 2 



































ibe. G+r) d-2+ 41-2 —2) i+2+2*) _ oe 
(+4 a+a%) -2+22) 0 ~ [422474 
1+2 l-z 
Ex. 3, From itece take foe 
yg, (A+2) | (l—2+<*) — 1-2) 1+2+2*) _ 2x% 
(1+2+2?) (1-2+2°) — 14a? +2% 
a+b? a—b 
ae 4, Find the value of 2+—, ip aoe 
Ans, AP ~ PDE +H) - (a- 0) (@-8) _ 2a*-+2ab — 25? 
‘a ee ee re Ss eee, eS 
Ex, 39. 
Find the value of 
Le Bi EY & ge NOE). OG Ah Mea) Se 
" 2b 2(a+b) 2b 3(a—by 2 3 12° 
a a b a b a-b ab 
* ab? apo ta-v a-b atl ath) aw 
g 2 _ (ad- be) ae a—b 22°-Qry+y? «x 
""e ce¢dr)’ &-P — at’ xv? — ay oo 
1 1 a a—b 
Pm 2(a— <x) + 2(a+.r) * a+tr2” ab We a e+! 
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Boe p.* EE ‘ - . weet * sis > ro ‘ Lb 
9, ote - =, +o 10, 1- tty sat ae 
UM. taepsy 12 2- ae + Sate 13. a esp 
2 3 
e 7 ae ¥ = = rae ay + Waa" 
16. 3 1 l—-x 


8(i—a) * 84a) 4072) 


82. To multiply one fraction by another, multiply 
the numerators together for a new numerator, and the 
denominators for a new denominator. 


Suppose that we have to multiply ; by “3 


let p= G29; . a=br, c=dy, and ac=bdzy; 


hence, (dividing each of these equals by bd), 5 = = ry; 


ie. ac _axc _ product of aie 
nee ns le aa bd bxd_ product of den’ 
whence the truth of the rule is manifest. 
Sunilarly we may nace for any number of fractions. 
Tix. a+b ey Ses b we. _ 8(a+b) (a—b) _ 3(a® — b7) 


e+d “ c-d 2 ed) (e—d) 2 =a?) 


83. To divide one fraction by another, invert the - 
divisor and proceed as in Multiplication. 


Suppose that we have to divide i by “3 


let i=” 7293 i. @= bz, c= ay 5 


hence ad=bdz, be=bdy, and = = ia = 5 
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but 2=e+y=o=", and $@ = a ge 
y be c 


b 
whence the truth of the aes is Bate 


i 2a+3b | e-d _ (2a+3b) (2a- 3d) _ ie 9b? 
“ “ord  Qa—-8b (e+d) (e—d) —dq? 

In mult® and div" of fractions it is always adv cite, before 
multiplying out the factors of the new num" and den’, to see if 
some of them do not exist in beth the num® and dent, in which 
case they may be struck out, and the result will be more simple. 





Ne ae 
br db bd 
Ex. 2 Sax ryt+y? _ 5a(rt+y) _ dax-+bay 
+ Sey  g—ay 3e(r-y) ~ Be(a= y) 
Ex. 3 Aax s a? — 2° es ” Av(a+2) °, 4ar+ 4a? 
a By | 2axr By(e-2) B8y(e-2y 
PREY: atay _ By y (=P. 
v-y @-y? t-y w-y tty 
The student should leave the denominators of fractions with 
their factors unmultiplied, as in Ex. 2 and 3; unless they happen 
to combine very simply, as (a+) (a+)? into (a+.r)*, or 
(a+x) (a—2x) into a- 2", The convenience of this will be found 
in practice. 


Hey: 1. 


alo 











oe, 4 


Ex. 40. 
Find the value of 


2x _ 8ab _, 3ac ax a? —-x* 
Se eS Sh. Soke ck A eens in ee 
et ee (a-x)?” ab ’ S x (0+ ) (1 ee): 


9. (a-*) ( “4 @—ax> (a+2)? 2a(x? Sy x 














al] \x @+25 (a-x)” or (v-y)(et+y)* 
a’+2ab = 2p? P+ay ) (w=3 -y)? , (at a a pe °+ abu? ax 

“a+4b? —4b? w- f Paes al a ac+1 a2? 
e+h? a-b +y* P— cyty” 1\2 
eat ah ee? ge ga) 
Wy b —3a°b+3ab?—-b3  2ab — 2b? _ a®+ab 
at a(gg, SME ome eee 

P ae a? -+br 5 xv — brxS - at — Qbxr8 + ber? 

"2 —-Qbr+h? = =x—b P+8 22 —br +0? 
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84. A complex fraction, t.e. one which has a fraction in 
the num’, or den’, or both, may be simplified as follows: 





1% 2-2 
, 8 Be 1. Bae 
‘ = — = > at ee - 
FE; ote Ar Ar 2 4dr 8a 
es 
Hence observe that, when a complex fraction is put into the 


fraction 
fraction 

taking the product of the upper and lower quantities, or extremes, 
for the num", and that of the two middle ones, or means, for the 
den'; and that any factor may be struck out from either of the 
extremes, if it be struck out also from one or other of the means. 





form of a , the simple expression for it will be found by 





























Ex. 2, Ex. 3. 
2 20-2 
Qa 5 ae = a 60 — 3x 
ees 1 3r-1 Br] t+1i = 3r+4 4(32 + 4) 
3 3 3 
Ex. 4 
t+2 Fe r+2 
] bs 
l-av+-—— a a 
9-242 Top— +3 
x 
(v+2)(2r— 2°43) 64-72-23 
~ (1-2) (22°- 2248)+2_ 3-322 +25 
(xX. 41, 
Simplify 
1 a —50 ; v a i 3+ 24 21 -ix r—3s 
OB BF wf ey ay? yelp 2F-9 





9 
r-Her—2) Or—i(8+6r) 23-i(r—-2) 14-2(2 +2) 
a eee 200? A@@+1)-4’ “Ze+l) ° 
ek. ae G+ — 20? — G42 4 G— v 
1l+2 l+r 1l-2x 2d +5? a-x ater 
eS ay, 7 @+h2 7. 2a? C+r a—-x 

Iter l-r l+e 26? a+b? a—-x ater 
mdi J 
1+2y l x 
1p aes) path 1 é 
vay I+; 1444 


4-x =r. 


lo 
: 


— 
—_ 
2 











a 














> 
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85. The following results should be noticed. 
a c 
If 7 =o then 


a c Bet a. hk. @..'é a 6 
1+ >=1+4, or ae 5 el eee Cite 
a c a+b ct+d 
grlegrthL or Ae OF dad (iii) ; 
a c a—b ec-d 


- a eee t, or —- =~ 7— (iv). 
Hence ate x! = Se is OE (v), 
a 





and. = as 








c+d d =i as see © (vi): 


and any of cig faa may be inverted by -_ or alternated by (ii) ; 
iii lO eo a 6t8 a+b _ a-—b 

a+b c+d’ c c+d’ e+d ~ e=a 
So that, If any two fractions are equal, we may combine 
by Addition or Subtraction, in any way, the num’ and den" 
of the one, provided that we do the same with the other. 


86. The above results may be yet further generalized. 
Por, if 2% =f lt a ed RON i oe 
mS haga as nd nb nd? 
and, therefore, by what has been above shewn, 


TW MOTO cco MALMO MOTI 5g OTB met ne 








ma ~ me a a pa pe 
so also 
ma+nb_me+nd matne_mb+nd ma+ne_mb-+nd 
"ph pd’ pa po’ pe pa 


ma+nb _ me+nd ma-+nb _ma—nb 
ma—nb me—nd’ me+tnd me—nd’ 











- aie. _ morng 

“patgb = pe+qd’ 
Hence we see that the statement of (85) is true of any multiples 
whatever of the numerators and denominators of the fractions. 
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ee ee a ¢é&§ & é at" qn 
87, Further, ifs = Fi then Bp ry iB = ry &e. in = > 


Hence the previous results hold with a”, b",c",d", instead of a,b,c,d. 


me bi fe th a@_a+e+e _ ma +ne+ pe 
88 i a sae * b+d+f mb+nd+pf 
For let ro x -<- ~oi then a=bz, c=dzr,e= fx; 


; be - i 3 o ., Teh. 

-a+ce+e=br+drt+fr=(b+d+f)r; .°.2 or = bd+f' 

again, ma=mbx, nc=ndx, pe=pfx; 

° ed ; a _ ma-+ne-+ pe 

-°. ma-+ne+ pe = (mb+nd+ pf)x, and x or 5 Rao 
So also aN _ PHO _ mart net per 

0 ae ae caine bb +d*+f" = mb"+nd"+pf” 

N.B. The above method of proof will evidently serve, what- 

ever be the number of equal fractions. 


89. We know by Division that the fraction 
= =l+ata*+2°+ &.+2 

so that — will be the difference between — and the first 
nm terms of the series: and this difference, if x be <1, becomes 
less and less by increasing n, that is, by taking more terms of the 
series ; whereas, if x be >1, it becomes greater and greater. 





Hence, when x <1, the fraction —- expresses approximately, and 
—wx 


with more and more of accuracy, according as we take more terms, 
the value of the series 1+2+.2?+&c.: whereas, when x>1, it 
does not at all express the value of the series, unless we take ac- 


count also of the remainder 
= 2 


Thus, if «=1, we have 4 or 2=1+3+3+i+&c., the sum 
of which series approaches more and more nearly to 2 as its 
Limit, without ever actually reaching it. But if r=2, we have 
= or —1=1+4+2+44+8-+ &c., the sum of which series departs 
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more and more from —1: the error, however, will be corrected, 
if we introduce the remainder at any step; thus 


142444, 5, =7-8- 2g 


In all such cases we may consider the sign = as expressing, 
not the actual equality of the two quantities, but merely that the 
fraction can be made to assume the form of the series, and there- 
fore may be used as an abridgment for it. 

90. If r=1 in the above, then payaititse, that is, : - 
an infinite number of units, which is, of course, an infinitely 
great quantity, and is denoted by ©, (read ijinity). 

The meaning of this result may be thus explained. If x=1 


very nearly, so that 1—wx is very small, then mae will be, of 


course, very great, and may be made as great as we please by still 
farther diminishing 1— 2, that is, by taking 2 still more nearly 


=1, When, therefore, we write < = o, we are not to suppose 


the denominator actually zero (in which case the division by 
which we obtained the series would be absurd), but only a very 
small quantity; and by using the sign ©, we mean that there is 
no Limit to the magnitude which the fraction gees may be made 
to attain, by sufficiently diminishing the denominator. 


In the same sense, we may say that = =0, where a represents 


any finite quantity whatever. 
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CHAPTER VII. 
SIMPLE EQUATIONS CONTINUED. 


91. The following equations, involving algebraical 
fractions, may now easily be solved, by help of the 
preceding chapter, after the methods in Ex. 18, 19. 





Ex. 42. 
Leet ae. g Se Say, ae coe. 
a c 2” & 8 ab 
ar+b a _ cx+d a(d?+2*) _ ax 
4 ee a ee 5. ie” =ae+—. 
6, 6 - 2 mat b*. 1 Ea get 5 (fh-c.). 
8. if4a (1+2) -$(¢-2)} = }{3a(1 - x) - 18(a+2)}. 
2 ‘ 
( SEE G Be, Bg ee a 


: le 5a a 
10. 1-F(1 Se is) x(3 re 5) +58 








92. Complex fractions in an equation should first be reduced 
by (84); and if, in any case, the denominators contain both simple 
and compound factors, it is best to get rid of the stmple factors 
first, and then of each compound factor in turn, observing to sim- 
plify as much as possible after a multiplication. 

25—Fr , 16r-+45 _ 
Ex. 5 
SLL sy 3r+2 ise rat 
Here, first simplifying the complex fractions, we get 
75-2 , 80r4+21 _ 23 
B(e+1) 1 e+ a ae r+1- 
ee yx 375—5er_, 240x+63 
then, |: penta ad = 76+ 2 

eu, multiplying by 15, rr +——__— S742 7549 an 

4 mult. by +1, 375— 5 ee 75r+75+345; 





-"., simplifying, 
240.22 " os 63 _ hr + Be + 75 + 345-375 = seu: 45; 
WA 
*, 2402? + 3032 + 63 = 2402?+ 2952 +90, and 8r=27, or x=33. 


we 
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Observe, however, the superiority of the following method, 
which may often be applied with great advantage to. equations 
like the preceding. 

75-—x ,° 80r+21 23 
B(@tl) + B@rt od) tal 
75-—x 69 80r+21 

h BA = a sec Bader 
WouaYe wel) Gal Bera 
—z+6 , 2407+63 ,,. 
eel T Teepi0 
dividing numerators by denominators, 


7 
-14+—,,+16- 


ae 
**a+1  15r+10 


Resuming 


97 ‘ 
15r+10 — ca 


; or, 1052+70=972+97; &e. 








Ex. 43. 
vy tte_e_ 4 be 9 2c_l-je_t-l,oz 
a oe ae a Fy "8 4x a eS. 
4 2(Ar+3 
Bee Ce LA ig a SPS), 8 
im “Gao 7.0 ° eae tL” ss 
ax bx zr-3 1 
=l, PNG hg ee eee 
u b(a+e) Tee) ' r+2 _o= i 
- 6r+a_3x—-—b J/g. e~3(@-1)_, 31 _ 3 —i(x-2) 
' 47+656 Qr—a ‘ 3 36 a" 
fo, 3-42 1 {oy Ti ee gt 
ve 3(3— 33-2) 20-2) ae ab— ax bone ac — ar 
11. (Q2+3)r, 1 aad =p) Qr+a 32-—a + on 


Qr+1 | 3r " 3(@e—a) 9@Fay 
18. HBe— 30 +2)} +45 = Bet taye=s >) 
x _atr 2a-b | eid ie 38r+8 
a ae ge et | eae ae 
16. 3(11¢7— 13) +7(19r438) — }(5a—25§) = 28% —- 4(17a+-4), 
17 Wr+-i7 122742 _br— 4 
ae ~ 137-16 — 9 
18 r+14_ 10-2 4-27 1 


=o 3 —i a, 


3 i 11 11 
19. }(w—128)— 4.(2—6x) =2-2{52—-3(10—32)}. 
90. 6r+13 _ Br+5 _2ar 91. r-T_ 2-15 1 
15 5r-25 5 t+7 27-6 2(2+ 7) 
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oo 192r+1 Br+5 pp ec oe es Fe 
ne “S441 5 ; “a ad xr-l1 9 regs 
sf, a = 2 Nee AS ie 
6417 38x10 1-2 1r+1l" 6x46 447 
9 _ 2-38) -78r—-1) _ 3 2°-3r+2 
a ene <A ee 
27. 3(7¢ + 6§) A{llx - i(«@-1})} = 287 4+ 1) + 
21432 — “a 8z)}. 
6x—72 1+16. 123 -8r 
28. ws Je+ 20 4h — 


29. 4v—1(r—2) - [2x - (10 — 4 {16 - (e+ 4)})] =32(0 + 2). 
30 G6-5x_ 7-22? _i+3r we 





et meek E 5 
15 ~ 14(x- i OE. +105 
9 8-52 4xr+3 = 1} 9 6r-1 18 48 l—zx 
BM grey 2+38 = 3ya + greet? 7+12r 
2 w=). DP e311 4%+182 37462 ,1 
it * casa ———- So 9 4, ——— a —e 
is 3 2r7+1 2 a+l1 6 e 4xr+5 4e—$4 2 


93. The following are additional Problems in Simple 
Equations, presenting somewhat more of eee than 
those given under (41). 


Ex. 1. <A fish was caught whose tail weighed 9 lbs. ; his head 
weighed as much as his tail and half his body, and his body weighed 
as much as his head and tail. What did the fish weigh ? 

It is sometimes convenient to take x to represent, not the 
quantity actually demanded in the question, but some other un- 
known quantity on which this one depends. It is only experience, 
however, and practice which can suggest these cases; but this 
example is one of them. 


Let x = weight of head ; 
*, head and tail = «+9 = weight of body; 
.*. head, body, and tail = 2 x + 18 = the whole fish ; 
but the head = the tail + 3 the body, 
that is, 7 = 9+2 (2+ 9); whence x = 27; 
and 22 +18 = 54+ 18 = 72 lbs., the whole weight. 
E 
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Ex.2. A gamester at one sitting lost 3 of his money, and then 
won 10s.; at a second he lost 3 of the remainder, and then won 
3s.; and now he has 3 guineas left. How much money had he 
at first P . 

Let « = number of shillings he had at first ; 
having lost 1 of it, he had # of it, or $v remaining ; 
he then won 10s., and had, therefore, #2 -+10 in hand ; 
losing 1 of this, he had 2 of it remaining, that is, 3($¢ +10); 
and he then wins 3s., and so has 2(47+10)+3 shillings, 
which, by the question, is equal to 3 guineas, or 63s. ; 
hence 2(42+10)+3 = 63, whence r=100s. = £5. 


Ex. 3. Find a number such that if 3 of it be subtracted from 
20, and & of the remainder from } of the original number, 12 
times the second remainder shall be half the original number. 

Let 2 = the number; — 
.°. 20-8 = 1st remainder, and }—5(20- 3x) = 2nd remainder; 
.°. 12{47— (20 - 3r)} =32, by the question; whence x= 24. 


Ex. 4. A certain number consists of two digits whose differ- 
ence is 3; and, if the digits be inverted, the number so formed 
will be 4 of the former: find the original number. 


The latter part of the question implies that the Ist digit is the 
greater: Let « = the Ist digit, ...~e-—3= the 2nd. The 1st 
denotes so many ¢ens, .*, its value is 10.7; the 2nd so many units, 
.°. its value is e—8. Hence, the n° is = 10x + (x — 3); 
and the n° formed by inverting the digits is = 10(x-—3)+z2; 
..10 (w-—3)+2 = $ Q0r+z-38); whence r=6, xr—3 = 3, 
and the n° required is 63. 


Ex. 5. A can do a piece of work in 10 days; but after he has 
been upon it 4 days, B is sent to help him, and they finish it to- 
gether in 2days. In what time would B have done the whole ? 


Let «=n? of days B would have taken, and W denote the work: 

_ WwW 

ae 

one day; hence in 4 days, A does aa and in 2 days, 4 and B 

2W,2W. . 4AW ,2W awh _ ae. ss 

It is plain that, in the above, we might have omitted W7 alto- 
gether, or taken wntty to represent the work, as follows: 


a are the portions of the work which A, B would do in 





together do 
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A, B do = 3 of the work respectively in one day, and therefore, 
x 
2 2 
reasoning just as before, “+3 i0 Tra — = the whole work =1. 


Lin all such questions the student anes oe that, if a person 
1 
does ~ths of any work in 1 day, he will do “th of it in > th of a 


day, and therefore the whole work in i ” days. 


Thus if he does 2 in one day, he will do } in 3 of a day, and 
.°. 7 or the whole in 3 = 2 days. | 


Ex. 6. A cistern can be filled in half-an-hour by a pipe 4, 
and emptied in 20’ by another pipe B: after A has been opened 
20’, B is also opened for 12’, when 4 is closed, and B remains 
open for 5’ more, and now there are 13 gallons in the cistern: how 
much would it contain when full ? 


Let x = ae of gallons that would fill the cistern: then, in 
l', A brings in 37 gals., and B carries out +7 gals.; but A is 
opened altogether for 32’, and B for 17’; .°. 35x -177=13, whence 
x =60 gals. 


Ex. 7. Find the time between two and three o’clock, at which 
the hour and minute hands of a watch are exactly opposite each 
other. 


Let x = number of minutes advanced by the hour-hand since 
two o’clock: then 12x = number of minutes advanced by the 
minute-hand, since it travels 60’ while the other travels 5’; but, by 
question, the ‘minute-hand will have aay anced (10 +2)+30= 2+-40 
TiN § 5673 127 =2+40, whence x=3;5, and the time is 2h. 43,4’. 


Ex. 8. There are two bars of metal, the first containing 14 oz. 
of silver and 6 of tin, the second containing 8 of silver and 12 of 
tin; how much must be taken from each to form a bar of 20 oz. 
containing equal weights of silver and tin? 


Let x=n° of oz. to be taken from first bar, 20—.2 from second ; 
now 24 of the first bar, and therefore of every oz. of it, is silver; 
and, similarly, £; of every oz. of the second bar is silver; 
and there are to be altogether 10 oz. of silver in the compound, 

.. r+3,(20—2x) =10, whence «=63, and 20—7=131. 
Ex. 9. <A father was 24 years old when his eldest son was 
born; and if both live till the father is twice as old as he is now, 
E2 
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the son will be then 8 times as old as nuw. Find the father's 
present age. 
Let x = the father’s present age: if he attain to 2x years, his 
son's age will be then 27-24; 
but the son’s present age is 7—24; 
*, 8(v—24) =2x—24; whence x =28. 


Ex. 10, Divide £40 into two parts, such that the true present 
worth of one of them for 3 years, at 34 per cent., shall exceed 
that of the other for 1 year, at 4 per cent., by £25. 

Let x« pounds = one part: 40—z2, the other; 

in one instance 100 is the present worth of 100+33 x3; 
in the other 100 is the il worth of 100+4; 


100 a 
110)” — 7910-2) = 3 
8 16 _9 
a1 ~ 5g(40- 2)=1.3 of, 77 40+ = 26 ; 


whence += £34; and 40-—r=£6, 


Ex. 11. A invested £480 in the 3 per cents, and B £405 in 
the 4; per cents., at such prices that B had ,5 per cent. per an- 
num for his money more than 4 had, and their i incomes together 
amounted to £38, Find the price of each stock. 


Suppose 4 has x per cent. for his money ; 
5 of 100, or = is the price of 3 per cent. stock ; 


and 480 + “or = " is A’s no. of cents.; which x 8 gives 


A’s aps income = ot hence B’s income = 38-— sd 


24x J 
nee 205 05 (38- e) p.c. for his money, per quest. = + — 73 P c. 
20/. Q4x 

9 \38- 


and B has 44+ 5 or 4§ per cent. for his money ; 


gee of 100=72, the price of 3 per cent. stock; 


5) = =9r+2; whence «= 4), 


eB 


2 of 100= 1013, the price of 4} per cent, stock. 


chi 
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Ex, 44. 

1. A person bought a chaise, horse, and harness for £60; the 
horse cost twice as much as the harness, and the chaise half as 
much again as the horse and harness: what did he give for 
each P 

2. In a garrison of 2744 men, there are two cavalry soldiers to 
twenty-five infantry, and half as many artillery as cavalry: find 
the numbers of each. 

3. A person dies worth £13000: some of this he leaves to a 
Charity, and twelve times as much to his eldest son, whose share 
is half as much again as that of each of his two brothers, and 
two-thirds as much again as that of each of his five sisters: find 
the amount of the bequest to the Charity. 

4, A farm of 270 acres is divided among 4,B,C: A has 7 acres 
to 11 of B, and C has half as much again as A and B together: 
find the shares. 

5. A person has travelled altogether 3036 miles, of which he 
has gone seven miles by water to four on foot, and five by water 
to two on horseback: how many did he travel each way ? 

6. The stones which pave a square court would just cover a 
rectangular area, whose length is six yards longer, and breadth 
four yards shorter, than the side of the square: find the area of 
the court. 

7. The length of a floor exceeds the breadth by 4 ft.; if each 
had been increased by a foot, the area of the room would have 
been increased by 27 sq. ft.: find its dimensions. 

8. A number of troops being formed into a solid square, it was 
found there were 60 over; but, when formed into a column with 
5 men more in front than before and 3 less in depth, there was 
just one man wanting to complete it. Find the number. 

9. Divide 150 into two parts, such that if one be divided by 23 
and the other by 27, the sum of the two quotients may be'6. 

10. The value of 140 coins, consisting of florins and half-crowns, 
is £16 5s.: how many are there of each? 

11. A grocer bought tea at 3s. 10d. per lb., and a third as many 
Ibs. again of coffee at 1s. 4d. per lb.: he sold the tea at 4s. 2d, 
and the coffee at 1s. 6d., and so gained 50s. by the bargain: how 
many lbs. of each did he buy ? 

12. Out of a cask of wine, of which } part had leaked away, 10 
gallons were drawn, and then it was § full: how much did it hold? 
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13. A met two beggars, B and C, and, having a certain sum in 
his pocket, gave = of it to B, and 2 of the remainder to C: A 
had now 20d. left; what had he at first ? 

14, A, after spending £10 less than 3 of his yearly income, found 


that he had £45 more than 3 of it remaining: find his income. 


15. A boy, selling oranges, sells half his stock and one more to 
A, half of what remains and two more to B, and three that still 
remain to C: how many had he at first ? 


16. A had 18s. in his purse, and B, when he had paid A two- 
thirds of his money, found that he had now remaining two-fifths 
of the sum which A now had: what had B at first ? 


17. A and B began to pay their debts: A’s money was at first 
2 of B’s; but after A had paid £1 less than § of his money, and 
B had paid £1 more than i of his, it was found that B had only 
half as much as 4 had left: what sum had each at first P 


18. In a mixture of copper, lead, and tin, the copper was 
5 Ib. less than half the whole quantity, and the lead and tin each 
5 Ib. more than a third of the remainder: find the respective 
quantities. 

19. A horse was sold at a loss for 40 guineas; but, if it had 
been sold for 50 guineas, the gain would have been three-fourths 
of the former loss: find its real value. 


20. A person played twenty games at chess for a wager of 3s. 
to 2s., and upon the whole he gained 5s.: how many games did 
he win? i 

21. A and B have the same income: 4 lays by a fifth of his; 
but B, by spending annually £80 more than 4, at the end of 4 
years finds himself £220 in debt. "What was their income ? 


22. A and B were employed together for 50 days, each at 5s. a 
day, during which time A, by spending 6d. a day less than B, 
had saved three times as much as B, and 24 days’ pay besides: 
what did each spend per day? 

23. There are two silver cups and one cover for both. The first 
weighs 12 oz., and, with the cover, weighs twice as much as the 
other cup without it; but the second with the cover weighs a 
third as much again as the first without it. Find the weight of 
the cover. 

24, A person wishing to sell a watch by lottery, charges 6s. each 
for the tickets, by which he gains £4; whereas, if he had made a 
third as many tickets again and charged 5s. each, he would haye 
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gained as many shillings as he had sold tickets: what was the 
value of the watch? 


25. Divide £149 among A, B, C, D, so that A may have half 
as much again as B, and a third as much again as B and C to- 
gether; and D a fourth as much again as A and C together. 

26. A horsekeeper, not having room in his stables for 8 of his 
horses, built so as to increase his accommodation by one-half, and 


now has room for 8 more than his whole number: how many 
horses had he ? 


27. A sum of money was left for the poor widows of a parish, 
and it was found that, if each should receive 4s. 6d., there would 
be 1s. over; whereas, if each should receive 5s. there would be 
10s. short: how many widows were there? and what was the sum 
left ? 

28. I wish to enclose a piece of ground with palisades; and find 
that, if I set them a foot asunder, I shall have too few by 150, 
whereas, if I set them a yard asunder, I shall have too many by 
70: what is the circuit of the piece of ground ? 


29. The first digit of a certain number exceeds the second by 
A, and when the number is divided by the sum of the digits, the 
quotient is 7: find it. 

30. There is a number of two digits, whose difference is 2, 
and, if it be diminished by half as.much again as the sum of the 
digits, the digits will be inverted: find it. 

31. Find a number of three digits, each greater by 1 than that 
which follows it, so that its excess above } of the number formed 
by inverting the digits shall be 36 times the sum of the digits, 

32. A can doa piece of -work in 10 days, which B can do in 
8: after A has been at work upon it 3 days, B comes to help him; 
in what time will they finish it ? 

33. A and B can reap a field together in 7 days, which A alone 
could reap in 10 days: in what time could B alone reap it? 

34. A man could reap a field by himself in 20 hrs., but, with 
his son’s help for 6 hrs., he could do it in 16 hrs.: how long 
would the son be in reaping the field by himself? 

35. A can build a wall in 8 days, which A and B can do to- 
gether in 5 days: how long would B take to do it alone? and 
how long after B has begun should A begin, so that, finishing it 
together, they may each have built half the wall ? 

36. A does § of a piece of work in 10 days, when B comes to 
help him, and they take 3 days more to finish it; in what time 
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would they have done the whole, each separately, or both to- 
gether ? 

37. A cistern can be filled by two pipes, A and B, in 24’ and 
30’ respectively, and emptied by a third, C, if 20’: in what time 
would it be filled if all three were running together ? 

38. Two packages, together weighing 2 cwt., are charged as 
200 Ibs. net; the deductions allowed on them being respectively 
9 lbs. and 13 lbs. per cwt., gross. What is the gross weight of 
each P 


39, A cistern can be filled in 15’ by two pipes, A and B, run- 
ning together: after 4 has been running by itself for 5’, B is 
also turned on, and the cistern is filled in 13’ more: in what time 
would it be filled by each pipe separately ? 


40. The sum of £330 is laid out in two investments, by one of 
which 15 per cent. is gained, and by the other 8 per cent. is lost; 
and the amount of the returns is £345: find each investment. 


41. A man and his wife could drink a cask of beer in 20 days, 
the man drinking half as much again as his wife; but, 28 of a 
gallon having leaked away, they found that it only lasted them 
together for 18 days, and the wife herself for two days longer: 


how much did it contain when full P 


42. Divide £607 1s. 8d. into two sums, such that the simple in- 
terest of the greater sum for 2 years, at 3} per cent., shall exceed 
that of the less for 2} years, at 34 per cent., by £18 16s. 


43. A man, woman, and child could reap a field in 30 hrs., the 
man doing half as much again as the woman, and the woman 
two-thirds as much again as the child: how many hours would 
they each take to do it separately ? 


44, The difference of two sums of money is £203 10s.; the 
greater is payable at the end of 8 months, and the less at the end 
of 7 months; and if the use of money were valued at 3} per 
cent. per annum for the greater sum, and at 43 for the less, 
the joint amount of their discounts would be £24 10s.: required 
each sum. 


45, A and B can reap a field together in 12 hrs., A and C in 
16 hrs., and A by himself in 20 hrs.: in what time could (i) B 
and C together, (ii) A, B, and C together, reap it P 

46. What is the first hour after 6 o’clock, at which the two 


hands of a watch are (i) directly opposite, and (ii) at right angles, 
to each other ? 
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47, A and B have each a sum of money given them, which will 
support their families for 10 and 12 days respectively; but A’s 
money would support B’s family for 15 days, and B's money 
would support 4’s family for 7 days, with 2s. 6d. over: what 
were the sums ? 


48. A person being asked how many ducks and geese he had in 
his yard, said, If I had 8 more of each, I should have 8 ducks 
for 7 geese, and if I had 8 less of each, I should have 7 ducks 
for 6 geese: how many had he of each ? 


49, A mass of copper and tin weighs 80 lbs., and for every 
7 lbs. of copper there are 3 Ibs. of tin: how much copper must be 
added to the mass, that for every 11 lbs. of copper there may be 
4 lbs. of tin? 

50. If 19 lbs. of gold weigh 18 lbs. in water, and 10 lbs. of 
silver weigh 9 Ibs. in water, find the quantities of gold and silver 
in a mass of gold and silver, weighing 106 lbs. in air, and 99 lbs. 
in water. 

51. From each of a number of foreign gold coins a person filed 
a fifth part, and had passed 2 of them, gaining thereby 52s. 6d., 
when the rest were seized as light coin, except one with which 
the man decamped, having lost upon the whole 4 as much as he 
had gained before: how many coins were there at first P 

52. Fifteen sovereigns ‘should weigh 77 dwt.; but a parcel of 
light sovereigns, having been weighed and counted, was found to 
contain 9 more than was supposed from the weight, and it ap- 
peared that 21 of these coins weighed the same as 20 true sove- 
reigns: how many were there altogether P 

53. A and B start to run a race: at the end of 5’, when A has 
run 900 yards and has outstripped B by 75 yards, he falls; but, 
though he loses ground by the accident, and for the rest of the 
course makes 20 yards a minute less than before, he comes in only 
half-a-minute behind B. How long did the race last ? 

54. A, B, C travel from the same place at the rate of 4, 5, and 
6 miles an hour respectively, and B starts two hours after 4: how 
long after B must C start, in order that they may both overtake 
A at the same moment ? 

55, A person invested a certain sum in 3} per cent. stock, at 85, 
and another sum £200 greater than the former, in 43 per cent. 
stock, at 108; and by the whole income thus obtained he had 43 
per cent. for his money: what sum did he invest in the 3} per 
cents. P 


E3 
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Simultaneous Equations of one Dimension. 


94, If one equation contain éwo unknown quantities, 
there are an infinite number of pairs of values of these 
by which it may be satisfied. 

Thus in r=10-2y, if we give any value to y, we shall get a 
corresponding value for 2, by which pair of values the equation 
will of course be satisfied; if, for example, we take y=], we 
shall get e=10-—2=8; if y=2, r=6; if y=8, r=4; Ke. 

One equation then between éwo unknown quantities 
admits of an infinite number of solutions; but if we 
have as many different equations, as there are quan- 
tities, the number of solutions will be limited. 

Thus, while each of the equations «= 10 —2y, 4r+4=3y, sepa- 
rately considered, is satisfied by an infinite number of pairs of 
values of x and y, there will only be found one pair common t6 
both, viz. =2, y=4, which are therefore the roots of the pair 
of equations, r= 10—2y, and 47+4+4=3y. 

Equations of this kind, which are to be satisfied by 
the same pair or pairs of values of x and y, are called 
simultaneous equations. 

If there be three unknowns, there must be three equa- 
tions, and so on: and moreover, these equations must 
all be different from one another; 7.e. must all express 
different relations between the unknown quantities. 

Thus, if we had the equation x =10—2y, it would be of no use 
to join with it the equation 2x =20-4y (which is obtained by 
merely doubling it), or any other, derived, like this, immediately 
from the former ; since this expresses no new relation between x 
and y, but repeats in another form the same as before. 

It may be observed, that if any two or more equa- 
tions be given, any equations formed by adding or 
subtracting any multiples of these equations, will be 
also true, though expressing, in reality, no new relations 
between the quantities. 

Thus if r+8y+42=9, and 3x—2y+17z=25; then, subtract- 
ing the second from three times the first, we have lly—5z=2. 
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95. There are generally given three methods for 
solving simultaneous equations of two unknowns; but 
the object aimed at is the same in each, viz. to combine 
the two equations in such a manner as to expel, or, as 
the phrase is, eliminate from the result one quantity, 
and so get an equation of one unknown only. 

First method.—Multiply, when possible, one equa- 
tion by some number, that may make the coefficient of 
z or y in it the same as in the other; then, adding or 
subtracting the two equations, according as these equal 
quantities have different or same signs, these terms 
will destroy each other, and the elimination will be 
effected. 


Ex. 1. nate (i) 
4y+r=16) (ii) 
Here mult. (ii) by 4, 16y+ 42x = 64, 
but y+4xr=34; (i) 
.*. subtracting, ldy = 380, and .*.y=2; 
and (ii) r=16—4y=16-8=8. 





Ex. 2. 4e— y= 4 (i) 
Here oat 4y = 29, 
and, mult. (i) by 4, 16x- 4y=28; 
ems adding, 192 =57, and ads 


and (i) y=4e—7=12-7=5. 


Sometimes we cannot make the coefficients equal by 
multiplying only one of the equations; but shall have 
to multiply both by some numbers, which it will be 
easy to perceive im any case. 


Ex, 3. Qv+3y= 4) (i) 
eer (ii) 
Mult. (i) by 3, 62+9y= 12 
» (ii) by 2, 6r—-4y=—-14 
subtracting, 13y= 26, and .*.y=2; 
and (i) 2r=4-3y=4-6=—-2; ..v%=-l1. 
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Sometimes the solution may be simplified by first adding or 
subtracting the given equations. 
kx. 4. 132+ 17y=99) (i) 
l2r- lly= = 38} (ii) 
subtracting, .~+ 28y=61 
mult. by 12, 127+ 336y = 732 
subtracting (ii) . 347y=694; 
..y=2, and v=61—28y =61—56=5. 
96. Second method.—Express one of the unknown 
quantities in terms of the other by means of one of the 
-@quations, and put this value for it in the other equation. 
Ex. 5. re 2y+4) = ‘sl or reducing, 35r+2y=76) (i) 
sy-—i(w«+2)= 8 12y- ae (ii) 
Here from (ii) #=12y — 34, and from (i) 35(12y —34)+ 2y = 76, 
whence y=3, and .*, 7=2. 





97. Third method.— Express the same quantity in 
terms of the other in both equations, and put these 
values equal. 

Ex. 6. 52—1(5y+2) = "4 or reducing, 207 —5y = aed (i) 

sytHa+2)= 9 9y+ r= 25) (ii) 

Here in, (i), y=1(20x2—130), in (ii) y=}(25-2z); 

.°. £(20x — 180) =4(26 - x), whence x=7, y= 

The first of these methods is generally to be preferred; but the 
second may be used with advantage, whenever either x or y has 
u coefficient wrty in one of the equations. 


Ex. 45. 
=]. rected *2. a+ ee 3. 2r-y=8 
-~4¢+ y= 5 ax+ by = b? Seca 
4, ar+ y=b ~-5. Qe-— 9y=11) 6. bertay=b 
A, -3x-12y=15) eta 
-7, 2x+3y—8=0 & ataby “9, 5r+4y =58) 
(x — ae hi 3.c+7y = 67 | 


10, er | ll. 3t+3y= 8) 12, 3v-+1y=43) 
2x+20 = 3y+1 Anti, ly= 5} lr+ly = 42 | , 

- 13. ea -14, 1774 30y = | 15. 167+11y = 86) 
252—-338y= 2) 19.4 28y =77 7ly— 14x = 86) 


oe 
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7 e ee t aia) ee aD = " z is j 
a6, . =< am hi ee 5 4} 18 et : 1 
ae By +23? = oe 
ia a cr c 648 ° 
19. ax+by=c?) 920, ar a | Cle er ae De 
. b a 6b ab c 
b+y ate a ae A eel 
Pe Sse b a : ab at 
92. 1(2v+3y)4+1r= *} 23, 1(Qa—y)+1=M7+2) }: 
U7y—B82)— y=11 1(3—4r)+3=1(5y—7) / 


24, 2(15x+418y) =7(7—2y41) = 12{y—3+2(y+7))}. 
25, #x—-Hy-2)=5 26, 1%y4+1(7—6y+1) = Ke 9) 
4y — 3(7+10) = =a} o(@-5y +8) = 7(82— 13y) +55 
27. 1,(8a+4y+8) —3(38r—y) = 5+5( v®) 
sor 8-3(r+y) = (r+ 6) 














aed 2Qy-—x 59 - 2a 
Dy — xf __. #93 7 
28. 27 —= ci =7+ 29. 2 oe 0 3 
a are) Y-— 3_a)_738-3y 
cia.) eos eee eel 


98. Simultaneous equations of three unknown quan- 
tities are solved by eliminating one of them by means 
of any pair of the equations, and then the same one by 
means of another pair: we shall thus have two equa- 
tions invol¢ing the same two unknown quantities, 
which may “now be solved by the preceding rules. 


Similarly for those of more than three unknowns.. 


Ex, 1. ee (i) 





Qu —B8y+ = (ii) Again (i) 3x-6y+ 92=6 
3L— y+2z2=9/ (ili) (iii) 3r— y+ 22= 
From (i) 2¢—4y+6z=4 2 —dy+ 7T2= -3(B} 
(ii) 2r-3y+ z=1 but —5y+25z= 15 (a) 








— yt+5z=3 (a) .°. ~18=-18, and z=1: 
hence (2) y=5z-3=2, and (i) #=2+42y—382=3. 
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Ex. 2. LI ad 2 From (ii) and (iii) a: a 
xy | Y @ Pp 

a .@ <2 m _ ee 

Sos at and (i)- Py 

; io ll 

be} (iii) , ae ih 1d OER) _ 

y es -—P ct q  #- pPqr 

2 nor 9 b 9 C! 
and es. ee 0 4 + WPETe =, ea ps Oe 
@trp-@ pena (p+9)7r—pq 


which latter values may be written down at once from the Sym- 
metry of the equations, since it is obvious that the values of y 
and z will be of the same form as that of 2, only interchanging 
(far y) a with b, and p with g, and (for z) a with ec, and p with r. 


Ix. 46. 

~l. Bt} Sy +-48= 20) 2, ig ee 3. 38x+2y—-— =z = 20) 
8a+4y4-52 = 26+ Qy- s=11t 2r+3y+ 6z=70; 
8v45y+62=31) Sr-+-4e = 57) v- y+6z=41! 

4, x+y+z= 4" 5. x4+2y=7 6. a=yt+z2 
wty=2-7 yt+2z= bart! 
v-3= cet! 3e+2y=2-1 e=aty 

7. ty=x+y 8. WAr—y)=82-2) 9. v+iy=12-—1: 
eb EC | © #¢+1=3(y+2) j 29 tae = Bh 
yz =3(y+s) 2¢+3s =4(1-y) su +is = 


10. y+is=t0+5 ) 
ae as Aaah eR 
v—\(Qy—5) =13— 1s 
99. Weshall now proceed to problems which lead to 
equations involving more than one unknown quantity. 
Ex. 1. If 17 ducks and 20 chickens are worth 59s. 9d., and, at 


_ the same average prices, 15 chickens and 31 ducks ans worth 
76s. 9d.: how many ducks are worth 14 chickens ? 


Let x pence = the price of a chicken; y pence = that of a a duck; 


202+1l7y= 717 (a) 

1l5x+3ly= 921 (ai) 
subtracting, 5xr—l4y= —204 
mult. by 3, 15a—42y= —612 





subtracting from (ii) 73y = 1533; whence y=2ld. 
.°.%=18d.; and 18d. x 14+ 21d. =12 ‘dinte worth 14 chickens. 
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Ex. 2. Find a proper fraction, the sum of whose numerator 
and denominator shall be 24 times their difference, and which 
when its numerator is increased by 1, and its denominator lessened 
by 1, shall become = 4. 


Let xz = the numerator, and y = the denominator. 


tt+y=2h(y-z) (@) 
zt+1_l 


y-1 3 (4) 
(i) gives 7r-3y= 0, or y the value of the fraction, =2; 


(ii) gives 27— y= -3 
whence x=9, y=21; and the fraction is 2. 


Ex. 3. A work is published in 8vo. and also in 12mo., form. If 
24 copies of the 8vo. edition with 9 of the 12mo. would exactly 
fill a box, and 27 of the 8vo. with 33 of the 12mo. would exactly 
fill another box that is half as large again as the fofmer, how 
many 12mo. copies could the smaller box contain ? 


Let the size of an 8vo. copy = x measures, and that of a 12mo, 
= y measures. 

27x+33y is the capacity of the larger box; and 247+9y is 
that of the smaller. 


272+33y =143(24r+9y) ; whence 6x = 13y ; 


.°. 24” =52y, and 24x%+9y, or the capacity of the smaller box, 
= 52y+9y=6ly, or 61 of the smaller books. 


Ex. 47. 


x  l. If 7 casks of ale with 17 of stout cost £18 7s., and 12 casks 
of ale with 7 of stout cost £9 12s., what are the prices per cask? 


% 2. A farmer parting with his stock sells to one person 9 horses . 
and 7 cows for £300; and to another, at the same prices,.6 horses 
and 13 cows for the same sum: what was the price of each ? 


, 8 A draper bought two pieces of cloth for £12 13s., one being 
8s. and the other 9s. per yard. He sold them each at an advanced 
price of 2s. per yard, and gained by the whole £3. What were 
the lengths of the pieces ? 


x 4, A grocer bought tea at 3s. 9d. per lb., and coffee at 1s. 2d. 
per lb., to the amount altogether of £12°15s,: he sold the tea at 
3s. 6d., and the coffee at 1s. 6d., and gained 20s. by the bargain: 
how many lbs. of each did he buy? 
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x 5. Having 45s, to give away among a certain number of per- 
sons, I find that for a distribution of 3s, to each man and 1s. to 
each woman, I shall have ls. too little, but that, by giving 2s. 6d. 
to each man and Is, 6d. to each woman, I may distribute the sum 
exactly. How many were there of men and women ? 


G. A sum of £12 18s, might be distributed to the poor of a 
parish by giving 3 a crown to each man and ls. to each woman 
and each child, or 3 a crown to each woman and 1s. to each man 
and each child, or + a crown to each child and 1s, to each man 
and each woman: how many were there in all ? 


7. What fraction is that, to the numerator of which if 7 be 
added, its value is $; but if 7 be taken from the denominator its 
value is 3? 

8, A bill of 25 guineas was paid with crowns and half guineas; 
and twice the number of half guineas exceeded three times that of 
the crowns by 17: how many were there of each ? 


9. A and B received £5 17s, for their wages, A having been 
employed 15, and B 14 days; and 4 received for working four 
days 11s. more than B did for three days: what were their daily 
wages P 

10. A girl is sent with a half sovereign to buy 3 Ibs. of cofiee 
and 5 of sugar, and the change she brings home is 23d. more than 
the price of 1 lb. of coffee ; but had her errand been for 24 Ibs. of 
coffee and 8 of sugar, the change out would have been 23d. more 
than the price of a lb. of sugar. Find the prices per lb. 


11, Find three numbers, A, B, C, such that A with half of B, 
B with a third of C, and C with a fourth of A, may each be 1000. 


12. A person sends 2s, 6d. in apples and pears, buying the apples 
at four, and the pears at five a penny: and afterwards accom- 
modates a neighbour with half his apples and a third of his pears 
for 13d. How many of each did he buy P 


13. A rectangular bowling-green having been measured, it was 
observed that, if it were 5 feet broader and 4 feet longer, it would 
contain 116 feet more; but, if it were 4 feet: broader and 5 feet 
longer, it would contain 113 feet more. Find its present area. 


14, A person having invested £2000 in the 3 per cents., and 
£3300 in the 34 per cents., derives therefrom an income of £211 5s. 
If his investments had been £550 more in the former stock and 
£550 less in the latter, his income would have been just 2s, 6d. 
more. What were the respective prices of stock ? 


. 
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15. A party was composed of a certain number of men and 
women, and, when four of the women were gone, it was observed 
that there were left just half as many men again as women: they 
came back, however, with their husbands, and now there were 
only a third as many men again as women. What were the ori- 
ginal numbers of each ? 


16. The sum of the two digits of a certain number is six times 
their difference, and the number itself exceeds six times their sum 
by 5: find it. 


17. There is a number of two digits, which, when divided by 
their sum, gives the quotient 4; but if the digits be inverted, and 
the number thus formed be increased by 12, and then divided by 
their sum, the quotient is 8. Find the number. 


18. Find a number of three digits, the last two alike, such that 
the number formed by the digits inverted may exceed twice the 
original number by 42, and also the number formed by putting the 
single figure in the midst by 27. 


19. A party at a tavern, having to pay their reckoning, and 
being a third as many men again as women, agree that each man 
shall pay half as much again as each woman ; but, a man and his 
wife having gone off without paying their joint share, 7s ld, 
each man and woman remaining had to pay, respectively, 3d and 
2d more. What was the reckoning P 


20. Divide the numbers 80 and 90, each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 30, 


21. A and B play at bowls, and A bets B 3s to 28 on every 
game: after a certain number of games, it appears that has 
won 3s; but had he ventured to bet 5s to 2s, and lost one game 
more out of the same number, he would have lost 30s. How 
many games did they play ? 


22. There is a number of three digits, the last of which is 
double of the first: when the number is divided by the sum of 
the digits, the quotient is 22; and when by the product of the last 
two, 11. Find the number. 


23. An express train left Cambridge for London with a certain 
number of passengers, 40 more second-class than first-class; and 
5 of the former would pay together 3s less than 4 of the latter. 
The fare of the whole was £44 5s. But they took up, half-way, 
26 more second-class and 10 first-class passengers, and the whole 
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fare now received was } as much again as before. What was the 
first-class fare, and the whole number of passengers at first ? 


24, Some smugglers found a cave, which would just exactly 
hold the cargo of their boat, viz. 13 bales of silk and 33 casks of 
rum. While unloading, a revenue cutter came in sight, and they 
were obliged to sail away, having landed only 9 casks and 5 bales, 
and filled one-third of the cave. How many bales separately, or 
how many casks, would it hold ? 


25. A and B can do a piece of work together in 12 days, which 
B working for 15 days and C for 30 would together complete: 
in 10 days they would finish it, working all three together; in 
what time could they separately do it? 


26. A person rows from Cambridge to Ely, a distance of 20 
miles, and back again, in 10 hours, the stream flowing uniformly 
in the same direction all the time; and he finds that he can row 
2 miles against the stream in the same time that he rows 3 miles 
with it. Find the time of his going and returning. 


27. If I give 26 barrels of flour in exchange for 18 quarters of 
wheat I shall gain 4 per cent; but if I give 16 barrels for 11 
quarters, I shall lose 4s, Find the prices of wheat and flour. 


28. A certain number consists of two digits, and if the sum of 
the digits be added to 3; of the number, the digits will have 
exchanged places. By what fraction of the number must the 
difference of the digits be multiplied that the result may be their 
product P 


29. A person invested a certain sum of money in the 4 per cents 
at 863, and on the stock rising to 90 he sold out, and reserving 
£40 of the proceeds, invested the remainder in 43 per cent stock 
at 972, from which he derived the same income as he had at first. 
Required his original investment. 


30. A, B,C, sit down to play: in the first game, 4 loses to 
each of B and C as much as each of them has, in the second B 
loses similarly to each of A and C, and in the third C loses simi- 
larly to each of A and 2B: and now they have each 24s. What 
had they each at first ? 
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CHAPTER VIII. 


INDICES, AND SURDS. 


100. It was stated in (45), that, when any root of a 
quantity cannot be exactly obtained, it is expressed by 
the use of the sign of Evolution, as /3, / 2ac, /a? + c?, 
and called an Irratibnal or Surd quantity. 

It was also stated in (46) that there cannot be any 
even root of a negative quantity; but that such roots may 
be expressed in the form of surds, as ./ —3, 4/—a?, 
£/ —(a?+ 67), and are then called impossible or imaginary 
quantities, 

These we shall consider moré at length in this chapter. 

It was seen in (20), that powers of the same quantity were 
multiplied by adding their indices; we shall now prove this rule 


to be generally true, which was there only shown to be true in 
particular instances. 


101. To prove that a" x a*=a"™"", when m and n are 
any positive integers. ras 
Since by (9) a"=ax ax &c. (m factors) 
and a"=axax &c. (n factors), 
it follows that 
a™ x a"=axax &c.(m factors) x ax ax &c. (n factors) 
=axax &c.(m+n factors)=a"*", by (9). 
102. Hence (a”)"=a™=(a")”; 
for (a”)"=a"™.a".a”™. &c. n factors = a™*mtm* Se nterms— qm, 
and (a”")"=a".a".a”. &c. m factors = a™*n*"* Se-mterms — gums 
.°. since a™"=a™", we have (a”)"=a™=(a")"; 
that is, the nu power of the m™ power of a=the m® 
power of the n power of a, and either of them is found 
by multiplying the two indices. 
103. Hence also */a™=(%/ a)”: 
for let */ a"=2”, then a”=(x”)"=(2")” by (102); 
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hence a=z", and .°.4/ a=z2, and (*/a)"=2"; 

but also, by our first assumption, */a"=2"; 

hence we have %/a"=(%/a)"; 
that is, the n root of them power of a =them™ pezer 
of the n™ root of a. 

104, These results refer as yet only to positive in- 
tegral indices, which.(9) were first used to express 
briefly the repetition of the same factor in any product. 

But now, suppose we write down a quantity, with a 


P 
positive fraction for an index, such as a’, and agree that 
such a symbol shall be treated by the same law of Mul- 
tiplication as if the index were an integer, viz. a".a = 
a"*” :—what would such a symbol, so treated, denote? 
Since it follows from this law, in the case of positive 
integers, that (a”)"=a"", we should have here also 


P Pg Pp 
(a’)'=a’=a?; and hence it appears, that a? would 
denote such a quantity as, when raised to the g*® power, 
becomes equal to a”. But that quantity, whose g* 
power =a”, is (10) the q™ root of a’; and, therefore, 

Pp 


al=1/ a, or=(%/a)’ by (103). 

Hence, when a fractional index is employed with 
any quantity, the numerator denotes a power, and the 
denominator a root to be taken of it. 

Thus a =2"4 yoot of 1st power of a= /a, ai = 0/ a, a =AJ/a, &e. 

a3 = cube root of square of a=/ a’, 
or =square of cube root of a= (/a)?; 
80 at = /a or (\/a)§; a? = ai =a = &e,, or /a=/0C=h/ a3 = Ke. 

105. Again, if we write down a quantity with a 
negative index, as a? (where p may now be integral 
or fractional), and agree that this symbol shall be 
treated by the same law of Mult” as if the index were 
positive, what would such a symbol, so treated, denote? 
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By this law we should have a”? x a? =a"? =a"; 


+ 
a"? ag" .a? ‘ 
-=a"; 





but we have also QmtP__ a? = eee 
a? a’ 


so that, to multiply by a~’, is the same as to divide by a’; 
and, therefore, 1 x a~?=!-~-a’, or a? = a 
a 
Hence, any quantity with a negative index denotes 
the reciprocal of the same with the same positive index. 


if 1 1 ii 
Thus aaa. Ae —3 — met at ssa or = /a—'= AL 
a> ‘ 
a fh 1 a | 
a-3 = =-—, or =/a7= =" 
aa Va a 


Hence also any power in the numerator of a quantity 
may be removed into the denominator, and vice versd, 
by merely changing the sign of its index. 

Thus a—%b?c— ECLA ane = ke, 

106. Lastly, if we write down a quantity with zero 
for an index, as a°, and agree that this symbol shall be 
treated as if the index were an actual number,— what 
then would it denote ? 

Since, by this law, a9 x a"=a"*™ =a", it follows that 
a is only equivalent to 1, whatever be the value of a. 


In actual practice, such a quantity as a° would ouly occur in 
certain cases, where we wish to keep in mind from what a cer- 
tain number may have arisen: thus (a$+ 2a?+ 3a+ &c.)+ a? 
=a+2+3a—'+&c., where the 2 has lost all sign of its having 
been originally a coeff. of some power of a; if, however, we write 
the quotient a+2a°+3a—'+ &c., we preserve an indication of this, 
and have, as it were, a connecting link between the positive and 
negative powers of a. 

p 
The quantity a% is still called a to the power of 2 ru and simi- 


larly in the case of a~™, a°; but the word power has here lost its 

original meaning, and denotes merely a quantity with an index, 

whatever that index may be, subject, in all cases, to the Law, 
~an = qmtn, 
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Ex. 48. 
Express, with fractional indices, 
XD, Se 4S att (JSP +(x); SAP OLY abo 47/05. 
x2. avd/b? + (a) +V ad + VY arbt; Yah? + a(d/b)® + Yar 
+V/ abt. 
Express, with negative indices, so as to remove all powers, 
© into the numerators, and @) into the aa: 
4a , 5b, a 


Ratatat eta BATT et te 
a 4 4c? | 2be ab , 2b*c? 3 5e 
MS: gaat at ye Sane saga DWet Bfa 47 age an 
Express, with the sign of Evolution, 
i 2 2 hk oe 


bt 202 862 4a’ Bat 
Express, with positive indices, and with the sign of Evolution, 


<6. abe -ab-2e-- ae 4 e120; a5 Ea eit ee 


1 


— 





a2, 2a , 8b-te? 1 
at ig test eipnagass aoe eo 


107. It follows, then, that, whatever be the indices, 

a™ x a"=a™*”, ct —a" x _ a"xa"*= ne, (e" t= ans 
a 

so that (i) to multiply any powers of the same quantity, 
we must add the indices, (11) to divide any one power 
of a quantity by another, we must subtract the index of 
the divisor from that of the dividend, and (111) to obtain 
any powerligéa power of a quantity, we must multiply 
together the two indices. 


Thus 


ake AE oe a oe 
exa =a" =a, a+-a- =a 2=@?2, a 2+a 5=a 2? 5=qlo 
; te oe { =) ae r 
(a?) =a, (a~*) 2#= a", ((a@ *)8 ors 
4 3 


{ Jab’ ab}* = {ato ato? }" = (at) = 058-3, 
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Ex. 1. Multiplication. 
5 1 32 L<. 8 
a® +a7b3 + a2b3+ ab+a2b3 + 53 
d-# 
el a ae. He eS 
a + a2b3 + a°b8 + a2b-+-ab3 + 0263 


51 2 3 4 15 
— a2bh3 — a*b? —a2b — ab —a?b3 — bh? 


ae * * s * . = : 
Ex. 2. Dtvision. 
3 1 ey 2B. 3 3 1 it 
a? —4axr?+ 2a?) x2 — atx? — 4ax?+6a2x — 2a2x? (x-a? x 
a Aan? +2a22 
atx 4-4atr — Qa%x® 
- atx? +dgic - Qatx? 


It is well to observe that no algebraic operation with homo- 
geneous quantities can destroy the homogeneity (59), which will 
be found existing throughout in all the products, remainders, quo- 
tients, &c. Moreover, in all such products and quotients, the 
Law of Dimensions will be observed, as indicated by the formule, 
am X a® = qmtn, qm + qn = qm”; thus, in Ex. 2, the quotient is 
of §-3=1 dimension, and all the products of 3+1 = dimensions. 
This observation will often help us to detect errors in Mult,. 
Div", &c., especially in dealing with fractional indices. 


Ex. 49. 
x1, Simplify 


(a-992)2}-3, Vea, Sa WV Ja, (VET eae, 
x 2. Simplify 
s 1 2 zt 2 1 4 1 
{a-2y . (ry *)*« (AY), {Py a (9Y? A/S. 
x 3. Simplify 
n/ {8y?V xyz! g—ly—tz 5}: 2, R/ a2m—nppmt 1 3p X m/ qnjm—Vem—35 
1 1 1 L 
» 4. Multiply ebay 323 iy = 8 oe : 
. 5. Multiply at atl + ab +b} by at — 
¥ 6. Multiply a 2a°B+ datb’ — a 1Ga*08 32h} by a? 203, 
x 7. Multiply at a+ «4 a by a+ a — - 
«8. Multiply a + By-# bs x yt +a ty-§ + ty? +y8 
by P a aty-# ++ aty-t — y-*. 


“< 


CSR, 
* 165. 
X 16, 


. Divide 16x — y? by aut y!, and 2—!- y—! by ie 
. Divide a*— 645" by a* +20, and a 2841 by 2320941, 
. Divide Ba?-+ 2 _ + 6ab~*e3 by 2a! + a 3 

A1?2. 
i13. 
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3! ip 


—y-3, 


S19 


Find the cubes of at o-% = 243 y—3 - 9y—By3, 
Find the cube of a3 — 2aibi-+ 3b. 


Write down the square of ai — 203 ae 2a-* 


> 
= 


Find the fourth and fifth powers of if _ y2, and ce . Perey 
Find the square root of a*b—*+2ab—'+-3+42a—'b+ a—20?, 


X17. Find the square root of 
5 —3a+%a3 — Q1a3-+45 — 68a-3 + 904-3 — 108a—! +. Bla, 
#18, Find the cube root of 
3 3 11 1 1 3 863 
a2? — 38a—"'4#+- Ga-2. x? — 7 + 6a? z—2 — 8ar—!+4 a2 a2. 
 [9. Find the fourth root of 
a 5 _1 2 wh 5 8 
uty §-—422y 3+ Bry —4u 2y3+ 2—*y3, 
X20. Find the fourth root of y 
162° — 9622y4 + 216x3y2 —21622y*+8ly’. 


o 


108. Since every fractional index indicates by its 
denominator a root to be extracted, all quantitie 
having such indices are expressed as surds. 


When a negative quantity has the denominator of 


its index (reduced to its lowest terms) even (46), the 
expression will be ep 
‘Thus /-38 P= 3)2, /-9 or (- 9), are imaginary quan- 


‘tities; but (- 48 is not so, since it is the same as (— 4)3, wher 
the root to be taken is odd. 


109. In the case of a numerical surd, expressed with 
a fractional index, should the numerator be any other 
than unity, we may take at once the required power, 
and so have unity only for the numerator, and a simple 
root to be extracted. 


2 1 1 _3 1 1 
"Thus 25 = (2%)8 =45 or S/d, 375 =(3-9)5=(2)5 or YA, 


4; - 


AND SURDS. 97 


110. Quantities are often expressed in the form of 
surds, which are not really so, z.e. when’ we can, if we 
please, extract the roots indicated. 

Thus 4/a, 8/7, (a?+ab-+%)! are actually surds, whose roots we 
cannot obtain; but 4/a?, 0/27, (4a? + dab + b2)3 are only appa- 
rently so, and are respectively equivalent to a, 3, 2a+4. 

Conversely, any rational quantity may be expressed 
in the form of a surd, by raising it to the power in- 
dicated by the denominator of the surd-index. 

Thus 
9-47 — V8=ke., a=v/a, 3e= (2028, a+r= (a?-+ 2ax + 22), | 

111. In like manner a mired surd, i.e. a product: 
partly rational and partly surd, may be expressed as an|\ 
entire surd, by raising the rational factor to the power 
indicated by.the denominator of the surd-index, and 
placing beneath the sign of Evolution the prices of 
this power and the surd-factor. 


Thus 24/3 = V/4X /3= 4/12, 8.25=3.5/4= 0/97 x 8/4 = 8/108, 
——— 3 - 3 ———— 
2a/b= 140%, day / = i wa! © = /B2are. 


Conversely, a surd may often be reduced to a mixed 
form, by separating the quantity beneath the sign of 
Evolution into factors, of one of which the root re- 
quired may be obtained, and set outside the sign. 

Thus /20= /4x5=2,/5, V24=V78x3=2/3, 
| a/48q3h =4aW/3ab, VW 2a5bic’ = 2ab VV 2ac’, 

112! A surd is reduced to its simplest form when 
the quantity beneath the root, or surd- factor, i is made 
as small as possible, but so as still to remain integral. 

Hence, if the surd-factor be a fraction; its num® and 
den™ should both be multiplied by such a.number, as 
will allow us me aa the latter ston: under the rodt.. 


2 O4 3 3 73.52 
Thus ao = ais 5=5 sey 





}0 
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These latter forms allow of our calculating more easily the 
numerical values of the surd quantities. Thus to find that of 4/2, 
we should have had to extract both ./2 and 4/3, and then to 
divide one by the other, a tedious process, since each would be 
expressed by decimals that do not terminate ; whereas in },/6, we 
have only to find ./6, and divide this by the integer, 3. 


Similar surds are those which have, or may be made 
to have, the same surd-factors. 
Thus, 3./a and /a, 2a8/c and 3b¥/c, are pairs of similar 


surds; and 4/8, \/50, \/18 are also similar, because they may be 
written 2,/2, 5/2, 3/2. 


Ex. 50. 
S 2) tk ne | — eee 
\/1, Express 44, 95, 3°3,2°4, (2) 4, (4) 5 with indices, whose 
numerator is unity. 
¥ 2. Express 5, 2}, 2a, 3a, 3(a+), as surds, with indices } and }. 
xX 3. Express 3-*, (31)—1, a—*, ab—'c—*, with indices 3 and —3. 
Reduce to entire surds 
yA, BB, 2/8, 2.8%, B18, HG), 2501). 
5. 32, 827%, 494, 3.34, 36)-#, 1(8)-4. 
x6, Q/a, Tar 2x, a(ab)—, fae (a? — 8%)—4, (a—b) (a —83)—1, 


x7, ag/ =, 302, / =, aN gs ; Ds a ce (0 +2),/ a. 


Reduce to their simplest form 
KB, 4/45, ./125, 3./ 482, 8/135, Paap, 










9. at, sof, fay, eon, cops avy, ME, ES/3- 
X10. Shew that 4/12, 34/75, 34/147, 274, 4/3, 144) 


are similar surds, 


113. To compare surds with one another in mag- 
nitude, express them as entire surds, and then reduce 
their indices, if necessary, to a common denominator, 
simplifying as in (109): their relative values will be 
now apparent. 
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Thus 3,/2 and 2,/3, expressed as entire surds, are 18 and 
W/12, and it is at once plain which is greatest: but 34/2 and 24/3, 
or their equivalents 4/18 and 4/24, in which different roots are to 


be taken, cannot be at once:compared; here then 18? = 188 = £/ 5832, 


and 243 — 248 = 4/576, and now their comparative values are 
evident. 

114. To add or subtract surds, reduce them, when 
similar, to the same surd-factor, and add or subtract 
their rational factors. 

Thus 4/8+ 4/50 — 4/18 = 24/24+5,/2 —3,/2 =4,/2, 
4an/ abt + bx/8a% — 1 125a%b* = 407b3/b + 2a°b8/b — 5a°d2/b 
= a°be/b. 

Dissimilar surds can only be connected by their signs. 


115. To multiply surds, reduce them (113) to the 
same surd-index, and multiply separately the rational 
and surd factors, retaining the same surd-index for the 
product of the latter. 

Thus 4/8 x 34/2 =3,/16=12, 2,/3 x 3,/10 x 44/6 = 24/180) 
=144,/5, 2/3 X 34/2 = 208/27 X 30/4 = 60/108. 

Compound surd quantities are multiplied according 
to the method of rational quantities. 

Ex. 1. (244/38)? =444/343=7+4,/3. 

Ex. 2. (244/38) (2-4/3) =4-8=1. 

Ex. 3. (2+4/8) (8—»/2)=64381/3—24/2- /6. 

Ex. 4. (1+4/2)*=144/24124+8./244=17+12,//2. 

116. Division of surds is performed, when the divisor 
is a simple quantity, by a process similar to that for 
multiplication. 

2 


Thus (8/2 -12o/3+8/6—4)+2/6=4y/2-6/343— 7p 
=3V3-3,/2+3-35V6, 
(2/3 — 68/2) + 6 = 2a/2 — 64) go'= 4/2 — 8/864, 
117. But, if the divisor be compound, the division is 


not so easily performed. The form, however, in which 
F2 
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compound surds usually occur, is that of a binomial 
quadratic surd, i.e. a binomial, one or both of whose 
terms are surds, in which the square root is to be taken, 
such as 3 X25, 2./3—3 /5, or, generally, /a+ /b, 
where one or both terms may be irrational; and it will 
be easy in such a case, to convert the operation of 
division into one of multiplication, by putting the divi- 
dend and divisor in the form of a fraction, and multi- 
plying both num” and den" by that quantity which is 
obtained by changing the sign between the two terms 
of the den". By this means the den” will be made 
rational: thus, if it be originally of the form /a+ V4, 
it will become a rational quantity, a—b, when both 
num and den’ are multiplied by /a+ V5. 

Ex 1 2tv3_C+v3) (8-73) _6+373-2V73-3 


8+V73 (8++/8) (8- V3) 9-3 
_38+73 
— 
Lo -2f2+/3 _ 2/24/83 
Ex. 2. sy-e" 6-3 OS 


Fractions thus modified are considered to be reduced 
to their simplest form, for the reason mentioned in 
(112). 

Ikx. 51. 
<1, Compare 64/3 and 44/7, 30/3 and 2x/10; 24/15, 44/2, 
and 38/5; 5 and x/11; 14/2 and 14/27; 45, 28/3, and 
8 (4)-t 
x2. Simplify /128—2,/50-+ 4/72 — /18, 3/40 —18/320+.8/ 136. 
< 8, Simplify 84/2 —2/124-44/27 —2«/ 3,/8/72 - 88/24 6R/ 212. 
/ 4, Multiply 3/8 by 2/6, 34/15 by 44/20, and 28/4 by 3x/54. 

5. Find the continued product of 3,/8, 24/6, and 3x/54; and 

of 24/24, 34/18, and 48/24, 
*6. Multiply 3,./3+2/2 by /3—//2, and 2,/15—.4/6 by 
/5+24/2. | 
%7, Find the continued product of 4+2,/2, 1—»/3, 4—2,/2, 
V/ 2+ /3, 144/83, and /2—- 4/3. 


8. Div. 24/34+3./24+ /30 by 3/6, and 21/34+38Y/2+4/30 
by 3/2. 
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x 9. Rationalize the denominators of 
1 4 3 8-5/2 84075 4/74+3,/2 
QVS2—V/38" VfB—1? JB+/2? 3-2/2? 8—4/5" 5/2497" 
10. Divide 2+4/7 by 2./7—1, -342,/5 by 2./5—1, and 
5-2/6 by 6-2/6. 
Simplify 
ii, Mabetvene tT - l e+ VF—1 
(eee zt a—Va—a atVe—2 ¢—-Ve-1 
g—Ve—1 














VBE 

yo, Va?+14Ve2=1 Ve? 41-—V2*—1 1 
aa UG Sa ies ae, SNE. 2 
V924+1— ore Ve+14V2—1 4(1+ Vr) 
1 

+—__—____ 


4(1- 4/2) Sita) 1 +2) 


118. The following facts should be noticed. 

(i) The product of two dissimilar surds cannot be 
rational. — 

Let /2x /y=m, a rational quantity: .:.cy=m?; 


2 
m2? m 
hence y=—_ =x, and /y= </2, 
PY Ps zr 


or /y may be made to have the same Surd-factor as 
/a; that is, /x and y must be similar surds (112). 
(11) A surd cannot equal the sum or difference of a 
rational quantity and a surd, or of two dissimilar surds. 
For let /a=rt Vy, .a=2?4+2rV/yty; 
a—x—y 





’ 


whence +22¢./y=a—2?—y, and + V/y= 
or a surd=a rational quantity, which is absurd. 
Again, let /a= Vat /y, “.a=xt2 Vv ry + Ys 
whence +2 Vey=a—zr—y, and + V2y=+(a—x—y), 
or the product of two dissimilar surds = a rational 
quantity, which is impossible. 
(iii) [fa+ vb=x+ vy, then a=x, and Vb= vy. 


For since a+ /b=2z/y,we have ./b=(x#—a) + Vy, 
so that, if z be not equal to a, we shall have “d=sum 
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of a rational quantity and a surd, which is impossible; 
hence r=a, and .:. /b= Vy. 

Hencealso,ifa+ /b=x+ Vy, thena— /b=2— Vy; 
and, if a+ /b=0, we must have separately a=0, and 
b=0; otherwise we should have /“b=—a, or a surd 
= a rational quantity. 


(iv) If Vat vb J/b=x+t+ vy, then Va— /b=x— vy. 

For since Va+ /b=2+4+ V3 Y> we have, squaring, 
at J/b=2?4+2rVyty;..a=x 2+y,and /b=22V/y; 
whencea— /b=2?—22 /y+y,and Va— J/b=x— VY. 

So also, if Jat Jb= Jat SY; then Stem, hb 
= /r— VY. 

119. To extract the square root of a binomial surd, 
one of whose terms is rational, the other a quadratic surd. 

Let a+ ./b represent the given surd ; 
assume Vat J/b= Vtt Vy. Va— Vb= Vt— VY; 
hence, multiplying these equations, ~“a?—b=zx—y; 
but, since a+ Vb=2+y42Vzy, .*.also (118, iii) 
a=r+y:. -,, adding and subtracting, a+ V a?—b=2z, 
a— Va—b=2y; 

-2=hk(at Va—b), y=} (a- V/a?—b), 

and dled /b)=Vvrt Vy¥= Vv {l(a + Va?—b)} 
+ /{}(a— Va?—5)}. 

Ex. Find the square root of 7+24/10. 








Let /7+2,/10= /t+vy, ° V7—-2./10 = /a—Vy 3 
and /49—40=7—y, whence 3=2-y; 
but, since 7+-2/10= aty+ov zy, *, also T=at+y; 
*,10=22, 4=2y, or v=5, y=2; and V7$2,/10 = J5+ 4/2. 
Ex. 52. 


Find the square roots of 
1, 442,/3. 2, 1146/2. 3 8—2,/15. 4, 38—12.,/10. 
5. 41—24,/2. 6. 21—/5. 7. 44-£,/3, 8, 137-7 ,/2. 
Find the fourth roots of 
9. 174+12,/2. 10, 56-24,/5, 11. 8,/5+4+31, 12, 4835;+ 23.6/15, 
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QUADRATIC EQUATIONS. 
120. SoME equations involving surds are reducible 
to simple equations, as in the following examples. 
Ex.1l. /12+27=2+/2. 


Squaring, we have 12+7=4+4./r+2; .°.4/x=8,and /2x=2, 
or vz=4. 


Ex, 2. 84+2-W2*+9=2, 3 
a 9} 

Here VW2?+9=1+2: [observe in other similar cases to take 
this step, when possible, by which we get the surd by «self on 
one side, and so it will disappear upon squaring : ] 

hence 2?4+9=1+2r+.2°, and x=4. 

Ex. 53. 
x1, 542) = V 542. 5. /a-Vata=,/5- 
V/5(x+2) = V5a+ J 5. Sx a+x J. 


¥8. Vrb+ V b(a+2) =2%. 4X4. Wbr+a2%=1+2. 


%5, IV 172-2648 =13. 6. ata—Va+x7=b, 
7. V2—a= Vert Jb42. 8. ~JSr4 24 acta = / a. 
9. ata—V Qax+27 = b. 10. ata+V@+br+22 =). 


121. Quadratic Equations are these in which the 
square of the unknown quantity is found. Of these 
there are two species: 

(i) Pure Quadratics, in which the square only is 
found, without the first power, as z2?7—9=0, &c.; 

(ii) Adfected Quadratics, where the first power enters 
as well as the square, as z7—3xr+4+2=0, &c. 


122. Pure Quadratics are solved, as in simple equa- 
tion, by collecting the unknown quantities on one side, 
and the known quantities on the other. Weshall thus 
find the value of x?, and thence the value of x, to which 
we must prefix the double sign (+ ). 
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Such equations therefore will have two equal roots, 
with contrary signs. 

Ix. 1. 2?-9=0. Here 2?=9, and r=+3. 

If we had put +xc=+3, we should still have had only these 
two different values of 2, viz. c=+3, e=—3; since —rv=+3 
gives x= —3, and —r= —3 gives r= +3. 

Ex. 2. 32(32°+5) —2(2?+21) =39—52". 

Reducing, 12127 = 1089; .°.2?=9, and x= +3. 








Vei+e+er b J at+a _ae b+e 

Ex. 3. Jeigaoe 6 Here (85. vi) ————— ot ae 
. @+2?_ (b+c\? xv (b-c)? : pile) 
a” (=) | Oe eae OO BE 


The above method of reduction from (85. vi) may always be ap- 
plied with advantage to an equation of the above form, when the 
unknown quantity does not enter in both sides of it. 





Ex. 64. 
wl, dv? =14-32%, X2. 2?4+5= Yx?-16. *3. (742)? =42+5. 
3 3 3 | Ag 3 xe i . br 
3 eB, AD, ae, a 6. 8 ee 
Ag ae ee OP ge 
wy St? _157°+8 5.0 9 a 27-10 _ 50+ 
et See ig ae 
327-27 , 90+4a7 _ 4a°4+5 227-5 _ 72°-25 
eis ge a 
wv 102?+17 _122°+2 _62°—4 “19, 147°+16_ 22°+8 _ 22° 
~~ 48. She “ee G+ a 68-15 3° 
’ D) 
S48. — 5 = 2. 
r+V2—2 x—-V2—2% 
1 1 a 
14, ——__—_——_—. - —__—_-—= = —: 
a—V@—-xe atVva—-v 2 
15, Vat—2? - SR+22 © ‘ eS na* 


ireahee =—, 16. 24 8 = —————, 
J at — ave B42? d Paes J at§+22 





123. An adfected quadratic may always be reduced 
to the form, 2*-+-px+q=0, where the coeff. of x is +1, 
and 7, 9, represent numbers or known quantities. 

Now, in this equation, we have a+ pa = —gq, and, 


adding (4p)* to each side, we get 2*+pe+ip'=jp*-q: 
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by this step, the first side becomes a complete square ; | | 
and taking the square root of each side, prefixing, as | 
before, the double sign to that of the latter, we have 


xtip=+ Vip—q, and z= —4p+ V4p"—q; 
which expression gives us, according as we take the 
upper or lower sign, two roots of the quadratic. | 


| 
| 
124. From the preceding we derive the following } 
Rule for the solution of an adfected quadratic : | 
Reduce it to its simplest form ; set the terms involving | 
x* and x on one side (the coeff. af 2 being +1), and the | | 
known quantity on the other ; then, if we “add the square 
of half the coeff. of x to each side, the first will become | 
a complete square; and taking the square root of each, | 
prefixing the double sign to the second, we shall obtain, | 
as above, the two roots of the equation. 
Ex.1. w2*?-6r=7. Here «?-6r4+9=7+9=16; 
whence x-3=+4, and r=3+44=7, or r=3-4=-1; 
so that 7 and—1 are the two roots of the equation. 
Ex. 2. 2?+14r=95. Here x?+147+49=95449=144; 
whence r+7=+12, and x= —7+12=5, or r= —7-12= -19, 


Ix. 55. 


V1. 22-2028, V2, v+10r= —9. 3. 2-142 = 120, 
V/4. 22-127 = —35. V 5. 274322 = 320. 6. x*+100x = 1100. 


125. If the coefficient of x be odd, its half will be a 
fraction. In adding its square to the jirst side, we may 
express the squaring, without effecting it, by means of 
a bracket. 


Ex. 1. 2?- an —6, Here 2?-5xr+ (3)?= -64% 


=1}(— 24425) = 
whence tied and #=8+41=8=3, or r=§-1=4=2, 
Ex.2. 2z?—2x=3. Here hh aga! 1=1; 
whence x-3=+1 and r=}+1=1], or v=}-1=-1, 


= F3 
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Ex. 56. 


W1. 2?+4+72=8. x2. 2? - 132 =68. X38. 274252 = — 100. 
«x4, 22+18r=-12, «5. 2?+4+197=20. ¥6. 2?+ 1112 = 3400. 


126. If the coefficient of z be a fraction, its half will, 
of course, be found by halving the numerator, if pos- 
sible—if not, by doubling the denominator. 

Ex. 1. 2%+227=19, Here 22+ 222+(§)?= 19428 =1%; 


whence c+5=+-+4, and r= —54 44 =3, orz= —§—14 — —61, 
Ex. 2. 2?+-82=74. Here 2°+42-2-+ (3§)? =74+ 65 = “t00-3 
whence 2-18=-+8%, and c= —1-+$5=7%, or @= —3§—%5 = — 10. 
Ex. 57. 
x1. 2 —p= 34. X2, x? —82r =27. “3, 2-472 = 86. 


v4, t- Beeldd, x5. +he= 145, <6. 2? -Br=147. 


127. In the following Examples the equations will 
first require reduction; and since the Rule requires 
that the coeff. of x? shall be +1, if it have any other 
coeff., we must first divide each term of the equation 
by it. 

Ex. 1. 322 -20r=5. Here 2? — 9r=5, and 2? — Px+499=— 4S 5 
whence z=1 (10+ 4/115), the roots being here surd quantities. 

3r—6 , 11-22 


Ee 2. Soa to-do 
ste 62-12 , 2r-11_ 
Multiplying by 2, we have —e55+ ee tees 
Dividing numerators by denominators, 
18 ee 3 oe 
Ag tie gt Bae ee 


whence 422 —237= — 80, or 2? -32=—2; 
g2— y+ 52949 5 .*,w=2 or 35. 
Ex. 58. 
Ll. r=S4i0% © 2, Or=t+S. x3, La?—20=4, (1 +18) 


x4, Ie®—9¢=114. 5. 87r—7a°= 47}. «6. 2274+1=11 (e+2). 
w7. 50x - 21a°=16. {8. 124 117—3l, 9. 2 (a?-38)=5(e-3), 
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2-8 1 1 
10, f= — ee, VJ SNe) ee | Dee ee 
ae x It 30 Sag Votes 
yg, TH22_ 4_ 92-6 yg t+2_4-27_o1 
3 x 2 ¥ i z-l QF ae 
12 4 32 x z+1_ 13 
4, 12, 4 _ 82° ban 
§22T 4— x” x“2+2 ae eit ss = Er 
i 12th a2 9 v7, 84 2(@+8)_82+10 
Ix+1 2-2 a Pat i r+4 r+1 
_224+8— 7-x _7-382 a gq 
18. = PO 
Fae—1) Repl) dar gtie=_. 
a _ x m'—4a? J97 t+38_2-3 
” Snot Bete Ss ae 
22, mat -MO™ p= 1, 98, Gr — 2545 (gp) — CGF)”, 
mn “6x x 


24, 8§2?+a(a+b) }+}br=17(20a+7)). 

128. An equation of the form az?+br+c=0, or ax?+bxr= ~c, 
(where a, b, c, are any quantities whatever) may, however, be 
solved as follows, without dividing by the coefficient of 2”. 

Multiply every term by 4a, and add 4? to each side ; 
then 4a*x?+4abxr+b? = b? —4ac, whence x= oe 

Ex. 1. 227—7x+3=0, or 2x*-7x= —3. Here, mult. by 4x2 
=8, ond add 7?=49 to each side; then 162°—567+49 =49—24 
—=25;.°,.40-7=+5, and r=} (7-46) = =3 or 3. 

The advanced student will find it well to accustom himself to 
apply at once (by memory) the formula above obtained for 2. 

Ex, 2, (82-2) (1—x) =4 or 82? -—5r+6=0. 

Here x=1(5+ 725 - 72) =1{5+ / —47}, theroots being impossible. 








Ex. 59. 

l ee Sey 9. 48 _ 165 
““g-l “+8 85 x+3 x+10 — 
3. r+4 7- e_4Art+7 _ 1. 4, 3t- 7, 4¢- 10 _ oy 

$ 2£-3 9 rs r r+5 : 

Or , 92-5 _ oy 2r+9 47-8 _4 8x-16 
pi ea 6. 9 “9 aes + 75 
7 5r 88r-2 =e 8 4r+7 ,5—z2 —4r 
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129. The roots of 27+ pr+q=0 are (123) —Lp+ 
Vi p?—q: See, oe if }p?>q, we shall have }p?—g 
positive, and .-, /4?—q a possible quantity : and since, 
in one root, it is taken with +, and in the other with — 
the two roots will be real and different in value ; 

(ii) if 4p?=g, we shall have 4p?—q=0, and, there- 
fore, the two roots will be real and equal in value ; 

(ii) if }p?<q, we shall have }p?—q negative, and 
/14n?—q impossible, and so the two roots will be 
impossible. 

Hence, if any equation be expressed in the form 
x’? + px+q=0, its roots will be real and different, real 
and equal, or impossible, according as p?>, =, or < 4g. 

So also in the more general equation, ax? + br + c=0, 
the roots will be real and different, real and equal, or 
impossible, according as b?>, =, or <4ac. 


130. If a, 8 represent the two roots of z?+ px + q=0, 
then —p=a+8, and g=a8. 


Boras —$pt ip! —9, B= = tp vp —9; 
‘.at+fp=—p, and a8=4p*—(ip’—q)=q. 
Hence, when any quadratic is reduced to the form 
x? + pz+q=0, we have 
coeff. of 2" term, with sign changed,=swm of roots, 
and 3° term = product of roots. 
Thus, in (124), the equation, when expressed in this form, i: 
x? —6x—-7=0, and the roots are there found, 7 and —1; and her 
+6 =7+(-1) =sum of roots, and —7 =7 x (—1) =product of roots. 
So also ax? + bx + c=0, expressed in thisform, become: 
47s += =0; er —' = sum of roots, “= produc 
131. Ifa, ee be the roots of x? +px+q=0, then 
2? +px+q=(x—a) (2). 
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For, (130) zr’ +prt+q=x2—(a+B)r+aB 
= 2? —ar—PBxr+aB=(r—a) (x—B). 
So also if a, 8 be the roots of ax?+ bx +¢c=0, we have 
az’? +br+c= a(2’ + 2 + *) =a(r—a) (x—f). 
132. Hence we may form an equation with any 
given roots. 

Thus, with roots 2 and 3, we have (x - 2) (v—3) =2?-5r+6=0; 
with roots —2 and }, we have (7+2) (a-}) =2°+ir-3=0, or, 
clearing it of fractions, 47?+ 7x2 —2 =0. 

This law is not confined to quadratics, but may be 
shewn to be true for equations of all dimensions. 


Thus the biquadratic whose roots are —1, 2, —2, 3, is 
(x+1) (@—2) (w+2) (4-3) =2t-—223 — 727 +8xr+4+12 = 0. 


133. If one of the roots be 0, the corresponding 
factor will be x—O or z. 


Thus, with roots 0, 1,3, wehavea(«—1)(«- 3) =25 —42°+ 32 =0. 


In such a case then zx will occur in every term of the 
equation, and may therefore be struck out of each; but 
let it be noticed that, whenever we thus strike an x out 
of every term of an equation, it must not be neglected, 
since such an equation, as it originally stood, would be 
satisfied by z=0, which is therefore one of its roots. 

Thus, in the above equation, we may strike an x out of every 


term, and thus reduce it to rc?—47+3=0, which gives us the twe 
roots, 1 and 3; but, besides these, we have the root +=0. 


Ex. 60. 
Form the equation with roots 


1. 7 and—3. ' % fand—3, 
4, 0, 1, 2, 3. 5, 0, —2, 13, =1. 
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We shall now give a few examples of quadratic 
equations of two unknowns. The solution of these is 
generally more difficult: but there are three cases of 
frequent occurrence, for which the followizg obser- 
vations will be useful. 


134. (1) Express, when possible, by means of one of 
the equations, either of the unknowns in terms of the 
other, and put this value for it in the other equation. 

1 2r+y : 
Ex. 1, tres = a | (1) 
4x — i 
oe) © 


From (i) we get y=x+1; and, putting this value for y in (ii), 





we have — =~, whence r=2 or—i, and.’,y=r+1=3 
or 3. 
The given equations have, therefore, two pairs of roots, 
c=2 and y=3, or r= — Zand y=}. 


135. (ii) When either of the two equations is homo- 
geneous (59) with respect to x and y, in all those terms 
of it which involve x and y, put y=vz, by which means 
we may generally, without difficulty, obtain an equation — 
involving v only, which being determined, x and y may 
then be found. 

Ex. 2. igi ae (i) 

2Qr+8y=8) (ii) 
Here putting vx for y, 27(1+v+2) =7, (a) 
x (2+38v)=8; = (3) 
.*, dividing (a) by the square of ((3), the 2? disappears, and we have 


ai fs whence v=2 or 18; 


and from (8), «(2+6)=8, or r=1, and y=vr=2, 
or 2(2+454) =8, or r=i, and y=vr=23, 
(iii) When each of the two equations is symmetrical 
with respect to « and y, put w+v for x and u—v for y. 
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Def. An expression is said to be symmetrical with respect to x 
and y, when these quantities are similarly involved in it: thus 


asfaty ty’, dey+5a+B5y—1, Qat—B2%y —Bay?+2y4, 
are symmetrical with respect to x and y. 


Ex. 3. w+y8=18ry) (i) 
Put u+v for x, and u—v for y; 
then (i) becomes (w+v)$+ (u—v)?=18 (u+v) (u—v), 
or u-++-3uv* =9 (u? —v"); (a) 


and (ii) becomes (u-+v)-+(u~-v) =12, whence u=6; 
mee this for wv in (a), 216+18v?=9 (36—2*), whence v= +2 
*2=u+v=642=8 or 4, and y=u-v=642=4 or 8, 


136. The preceding are general methods for the solution of 
. equations of the kinds here referred to, and will sometimes succeed 
also in other equations ; yet in many of these cases a little ingenuity 
will often suggest some step or artifice, by which the roots may be 
found more simply, but for which no rules can be given. 
The methods pursued in the two following examples are worthy 
, of notice in this respect. 


Ex. 4. 3u°?—2Qry=15) (i) 
Qc + By “a3 (ii) 
Mult. (i) by 3, 92? - 6ry = 45, 
. (ii) by 22, 42°+ 6.xy = Bd-r 


*, adding, 1327 =45+242, or Lo 2? 247 = 45, whence r= =3 or 
—lggnd from (ii) y=4 (12—2z)=2 or 438. 


Ex. 5. w+y?=25) (i) 
aes (ii) 


Here adding, «?+2ry+y?=49, whence x+y =+7; 
subtracting, «7—2ry+y*= 1, whencer-y=+1: 


ee eat ne able 
and r-y=+1 w—-y=-1 
*, 2x =8, and r=4, 2x =6, and x =3, 
2y=6, and y=3; 2y =8, and y=4: 


similarly, by combining the equation «+y= —-7 with each of the 
two «—y=+1, we should get the other two pairs of roots, 


r= -4, y= —8, and «+= —3, y= —4. 
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Ex. 61. 


fi. (82+ 5y) +1(40 —3y) = 623) wf y?=25) 3. at+y?=25) 
7 307+ 2y? = 175 ‘ga 1f 4y+3.2 = 24) 


(44, 2(v-y)=11 5. 2? ds ef v-y=2 ) 
xy =20 a?—y?=11 15(2? — y*) =16.ry| 
oS ey Race GaD). B stet 
xy 9 57 vy? = (2?+3) (y?-4)} +y§ =72) 
v—-y= 
10, 3ay+2r+y = 485 ll. x- ia 1 12. a3+y3 = 189) 
3a =2y x—y3=19 xy +ay? = 180) 
13. rty=a 14, | 15. er diyn3 16. 2?7+ay =a") 
v+y?=" v-y=b x+y =9 P+ay=l) 






137. In the solution of Problems, dep g@ on quadratic and 
higher equations, there may be two or more values of the root, and 
these may be real quantities, or znpossible. In the former case, 
we must consider if any of the roots are excluded by the nature of 
the question, which may altogether reject fractional, or negative, or 
surd answers : in the latter case, we conclude that the solution of 
the proposed question is arithmetically impossible. 


Ex. 1. What number, when added to 30, will be less than its 
square by 12? 


Let x be the number; then 80+2=2?-12, whence x=7, or 
—6: and here the latter root would be excluded, if we requir 
only positive numbers. 


Ex. 2. A person bought a number of oxen f 0; if he had 
bought 3 more for the same money, he would have paid £2 less 
for egeh. How many did he buy ? 


Let x be the number he bought: then the price actually given 
120 . 120 _ 120 . 
for each was ——, and .*,——..=-—-—2, whence r=12, or—1, 
# +3 
which latter root is rejected by the nature of the Problem. 


Ex. 3. The sum of the squares of the digits of a number of two 
places is 25, and the product of the digits is 12. Find the number. 


Let x, y be the digits, so that the number will be 107+-y ; then 
a+y? =25, and ry=12, from which equations we get cr =3, y =4, 
or 2=4, y=3, and the number will be 34 or 43. In this case both 
the roots give solutions, 
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Ex. 4. Find two numbers such, that their sum, product, and 
difference of their squares may be all equal, 


Here assume x+y and «—ydfor the two numbers: [this step 
should be noticed, as it simpli h the solution of problems of 
this kind:] then their sum =22} their product =2?—y?, and the 
difference of ei squares =42y; .°, (i) 2x=4ry, a 24 = 17—y? ; 
pay Wi= , from (1) 2e=2?— 1, whence x=} (2+ 4/5); and 
*,a+y=} rae /5), ec—y =1 (1+ 5), the numbers required. 


Ex. 5. Find two numbers whose difference is 10, and product 
one-third of the square of their sum. 






Here, by halving 10, we can assume 2+5 and x—5 for the two 
nos.; then 2? —25 = 42 22, or x?=25x—3, whence r=+5,/-8, 


t+5= 511+ /— i which are impossible. The question in 






Fact amcunts to for two numbers x and y, such that 

=1(a+y)?*, or 3.24 +2ry+y*, or ry =2?+y*, which may be 
easily shown to be impossible: for (w—y)*, or 2?—22y ty’, is 
necessarily positive (being a square quantity) whatever x and y 
may be, and .*, 7?+y? must be greater than 2zy. 


Ex. 6. What are eggs a dozen, if 2 more in a shilling’s worth 
would lower the price a penny a dozen? 


Suppose x eggs cost 12d; .*. price of 1 = —, and of 12 = aS : 
4 

144 

t+2? 





but if r+2 cost 12d, then, price of 1 = a 5» and of 12 = 


144 _ Ss =1; whence r=16; and ad. 


Ex. 7. A meg@ipucht for £1920 a number of £50 railway shares, 
when they were at a certain discount. Afterwards, when the shares 
were at a premium equal to half the previous discount, he,sold 
them all but 10 for £1530. How many shares did he buy ? 


- 
Suppose he bought x shares at a each, and, therefore, sold 





m. 1530 xf _1920\_ 1530 ... 
x—10 shares at £ ayo ee Then 5 50 — 1h 50; 


whence x = 40 shares. 


Ex. 8. A and B have each a quantity of flour, 4 having 4 
barrels more than. B. They sell their flour to each other at dif- 
ferent prices per barrel; and the account between them is settled 
by B giving to A £7 16s. B’s quantity sold at 4’s price would 
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/ 6. A draper bought a piece of silk for £16 4s, and the number 

~ of shillings which he paid per yard was 4 the number of yards. 
How much did he buy ? 

UY 7. What number is that, the sum of whose third and fourth 
parts is less by 2 than the square of its sixth part ? 
~ 8. What two numbers are those whose difference is 5, and their 

gum multiplied by the greater 228 ? 

V 9. There are two square buildings, paved with stones, each a 
foot square. The side of one building exceeds that of the other by 
12 feet, and the two pavements together contain 2120 stones: find 
the sides of the buildings. . . 

10, A detachment from an army was marching in regular 
column, with 5 men more in depth than in front; but on the enomy 
coming in sight, the front was increased by 845 men, and the 
whole was thus drawn up in 5 lines: find the number of men. 

11. There is a number such that the product of the numbers 
obtained by adding 3 and 5 to it respectively is less by 1 than the 
square of its double: find it. 

12. A labourer dug two trenches, one 6 yards longer than the 
other, for £17 16s, and the digging of each cost as many shil- 
lings per yard as there were yards in its length: find the length 
of each. 

13. Bought two flocks of sheep for £15, in one of which there 
were 5 more than in the other; each sheep in each flock cost as 
many shillings as there were sheep in the other flock. Howmany 
were there in each ? 

14, What two numbers make up 14, so that the quotient of the 
less divided by the greater is 3; of the quotient of the greater 
divided by the less ? 

15. The sum of two numbers divided by their difference gives 
the same quotient as if the greater number were divided by the 
less. Find the quotient. 

16. The difference between the hypotenuse and two sides of a 
right-angled triangle is 3 and 6 respectively : find the sides. 

17. A person bought a certain number of oxen for £240, and, 
after losing 3, sold the rest for £8 a head more than they cost him, 
thus gaining £59 by the bargain: what number did he buy ? 

18. A tailor bought a piece of cloth for £147, from which he cut 
off 12 yards for his own use, and sold the remainder for £120 5s, 
charging 5 shillings per yard more than he gave for it. Find how 
many yards there were, and what it cost him per yard ? 
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19. The plate of a looking-glass is 18 inches by 12, and it is to 
be framed with a frame of uniform width, whose area is to be 
equal to that of the glass: find the width of the frame. 

20, A and B distribute £5 each in charity : A relieves 5 persons 
more than B, and B gives to each ls more than 4. How many 
did they each relieve ? 

21. The fore-wheel of a carriage makes 6 revolutions more than 
the hind-wheel in going 120 yards; but if the circumference of 
each were increased by 3 feet, the fore-wheel would make only 4 
revolutions more than the hind one in the same space. What is 
the circumference of each ? 

22. By selling a horse for £24, I lose as much per cent. as it 
cost me. What was the prime cost of it P 

23. At what price per yard did I buy 80 yards of cloth, if having 
sold 3 of it at a profit of as much per £100 as 8 yards cost me, and 
the remainder at a profit of as much per £100 as 7} yards cost me, 
my total gain was 17s 3d? 

24. A and B take shares in a concern to the amount altogether 
of £500: they sell out at par, A at the end of 2 years, B of 8, and 
each receives in capital and profit £297. How much did each 
embark ? 

25. Find three numbers, such that if the first be multiplied by 
the sum of the second and third, the second by the sum of the 
first and third, and the third by the sum of the first and second, 
the products shall be 26, 50, and 56. 

26. A and B derive equal incomes from investments in 3 and 
34 per cent. stock, respectively. B invested £20 more than A, 
and paid £12 15s more than 4 for £100 stock. Now, if 4A had 
invested £1855 more than he did, and the price of 3 per cent. 
stock had been 2} higher than it was, his income would have ex- 
ceeded B’s by £72. Find each investment. 

27. The sum of £15050 is divided between A and B. A’s 
money is invested in the 3 per cents. at a certain price; B’s money, 
which exactly equals A’s amount of stock, is invested also in the 
3 per cents., when the price has risen £3; and B’s annual income 
is £87 10s. more than A’s. Find each investment. 


We have seen that when we have only one equation 
between two unknowns, the number of solutions is 
unlimited, and the equation is indeterminate. We shall 
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here make a few remarks upon the simpler kinds of 
such equations. . 


138. If one solution be given of the equation 
ax+by=ce, all the others may be easily found. 


For let z=a, y=8, be one solution of the equation 
ax+by=c; then ax+by=c=aa+bf, or a(r—a) 
+b(y—8)=0, which equation is satisfied by x —a= — dt, 
y—S8=at, where ¢ may be any quantity whatever, po- 
sitive or negative. Hence the general values of x and y 
are given by the expressions z=a—bt, y=6 +at. 

If the given equation be of the form ar—by=c, we 
should obtain in the same way, x =a+Odt, y= B+ at, 
the same as we get by writing —d for J in the above. 

If we require only integral values of xz and y, the 
n° of solutions will be limited; the above results will 
still apply, only we must now have a, £, ¢ all integers. 


139. It may be shewn however that there can he 
no integral solution of ax+by=c, if a and b have any 
common factor, not common also to e. 

For let a=md, b=nd, while c¢ does not contain d; 


then mdx+ndy=c, or mzr+ny =" =a fraction, which 
( 


is, of course, impossible for any integral values of x 
and y. 
We shall suppose then in future that a is prime to b. 


140. To solve the equation ax+dby=c in integers. 
If we can discern one solution, we may apply (138). 

Thus 132 -9y =17 is satisfied by «=2, y=1; 
whence 132—9y =17 =18X2-9x1,or 13 (w—2) =9 (y—-1), 
which is satisfied by «x -2=9¢, y—1=18¢, so that the solution is 
wv=2+49t, y=1+18¢, where ¢ may have any integral value. 

But the following examples will shew the simplest 
general method of solving such an equation. 
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Ex. 1. Find the integral solutions of 3x¢+5y = 73. 


Divide by the lowest coefficient, and express the improper frac- 
tions which may arise as mixed numbers ; 


then e+y+2y =24+4, or x+y —24=3-fy= to 2y. 
Vv 


bo 





=a Y, and any mul- 


tiple of it; multiply it then by such a number as will make the 
coeff. of y div. by the den’ with rem’ 1, ¢. e. in this case, mult. it by 2; 
2- 2- a i 
then — or —se-y is int., .*. 3 
2-—y=3t, or y=2—3t, and «=3(73 — 5y) =21+-5¢. 
Thus, if we take ¢=0, then r=21, y=2; 
if ¢=1, r=26, y= —1; if¢=—-1, r=16, y=5; Ke. 


Now, since ++y — 24 is integral, so also is 





Y is int. =¢ suppose; hence 


If we require only positive integral values of x and y, then we 
cannot take ¢ positively .>2, nor therefore >0, or negatively > 3}, 
nor therefore >4; hence the values for ¢ range from — 4 to 0 inclu- 
sively, and thus there will be only 5 positive integral solutions. 


N.B. It may be shewn that it is always possible to find such a 
number for multiplier as we have employed above, which shall be 
less than the denominator: and this is the reason why we divide 
by the east of the two coefficients, in order to have the multiplier 
as low as possible. But when the denominators are both large, a 
little ingenuity will save the trouble of searching for such a num- 
ber, by some such reasoning as that in the next Ex., it being 
noticed, that the point to be aimed at is, to get the coefficient of 
y (or of x, as the case may be) in the numerator to be unity. 


Ex. 2. Solve in positive integers 3927—56y=11. 


Here x—-y—ly =H; .°, st Bae 


B4y+22 5y — 22 








a2 . d4y+22 
is int., and .°, 

; 40y—176 = os 
ee la tk 
let ye at; .y =39t+20, and «=, (11456y) = 56¢-+29. 

If we take ¢=0, then «=29, y =20, which are the least positive 

integral values they admit of: but the number of such values is 
here unlimited, since we may take any positive value for ¢. 


Ex. 3. Find the least number which when divided by 14 and 5 
will leave remainders 1 and 3 respectively. 


, and 


, and.*, 
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Let the number required N= 14241 =5y+3; then 147 —5y =2, 
and here 27+ 4x —y =3, or Oe imo ar. hence == 


6 
and .*. also = Seto and 355, which put =¢; 


whence r=3—5t, and y=} (14x—2) =8 -14¢. 


If we take ¢=0, we have «=3, y =8, which are the Jeast positive 
integral values they admit of, and therefore the least value of V 
is 14.3+4+1=5.8+3 =48 ; but the n° of positive values is unlimited, 
since we may take any negative value for ¢. 

N.B. It appears from Ex. 1, 2, 8, that when only positive integral 


solutions are required, the n° of them will be Hmzted or not, ac- 
cording as the equation is of the form axr+by=c, or ar—by=c. 


Ex. 4. Find the least integer which is divisible by 2, 3, 4, with 
remainders 1, 2, 3. 

Let N =2r+1=8y+2 =42+3: then (i) 2x-3y=1, whence, as 
before, r=8¢—1, y=2t—1; and (ii) 2x—42=2, or 3¢-2z2=2, 
whence ¢=2t’, 2=3t/-1; .*. r=6t’-1, y=4¢-1, 2=3¢-1, 
whence, putting ’=1, we get r=5, and N=2r+1=11. 

Ex. 5. In how many ways may £80 be paid in pounds and 
guineas? 

Let x=n° of pounds, y=n° of guineas; then 5 ed ages =n” of 
shillings 1 12 £80 = 1600, and 7+y¥+4y=80: put oY =t; .°.y=20t, 
and x=; (1600- 21y) = 80—21¢, which gives four solutions, or 
rather three, if we omit the solution t= 0, which gives y =0. 


s is integral, 








[In the Answers we shall omit all zero-valwes for x or y. | 


Ex. 63. 
1. Find the positive integral solutions of 
Qr+3y =9, 4¢+29y = 150, 8374+29y =151, 7x+15y = 225. 
2. Find the least positive integral solution of 
192 —14y =11, 17x =7y+1, 232 —9y = 929, 8x = 23y+19, 
3. Find the number of positive integral solutions of 
32-+4y = 39, 82+13y = 500, 7++18y = 405, 2x+7y = 125. 
4, Given e—2y+2=5 and 2r+y—2=7, find the least values of 
X, Y, 2, in positive integers. 
5. A person distributed 4s 2d among some beggars, giving 7d 
each to some, and 1s each to the rest: how many were there in all P 
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6. In how many ways could 12 guineas be made up of half- 
guineas and half-crowns? In how many ways, of guineas and 
crowns ? 

7. How many fractions are there with denominators 12 and 18, 
whose sum is 23? 

8. Awishes to pay B a debt of £1 12s, but has only half-crowns 
in his pocket, while B has only fourpenny-pieces ; how may they 
settle the matter most simply between them ? 

9. What is the least number, which, divided by 3 and 5, leaves 
remainders 2 and 3 respectively? What is the least, which, 
divided by 3 and 7, leaves remainders 1 and 2 ? 

10. A person buys two pieces of cloth for £15, the one at &s, 
the other at 11s per yard, and each containing more than 10 yards: 
how many yards did he buy altogether ? 

11. In how many ways can £1 be paid in half-crowns, shillings, 
and sixpences, the number of coins used at each payment being 18 ? 

12. A person, counting a basket of eggs, which he knows are 
between 50 and 60, finds that when he counts them 3 at a time 
there ate 2 over, but when he counts them 5 at a time, there are 
4 over: how many were there in all? 

13. If I have 9 half-guineas and 6 half-crowns in my purse, how 
may I pay a debt of £4 11s 6d? 

14. A person in exchange for a certain number of pieces of 
foreign gold, valued at 29s each, received a certain number of sove- 
reigns under fifty, and 1s over: what was the sum he received ? 

15. A French dows contains 20 francs, of which 25 make £1; 
how can I pay ata shop a bill of 45 fr most simply, by paying 
Eng. and receiving Fr. gold only? Shew that I cannot pay a 
debt of 45s. 

16. A person bought 40 animals, consisting of calves, pigs, and 
geese, for £40; the calves cost him £5 a piece, the pigs £1, and 
the geese a crown: how many did he buy of each? 

17. Find the least integer which, when divided by 7, 8, 9, 
respectively, shall leave remainders 6, 7, 8. 

18, Three chickens and one duck sold for as much as two geese ; 
and one chicken, two ducks, and three geese were sold together 
for 25s: what was the price of each? 

19. Find the least odd number which when divided by 5: 5,7; 
shall leave remainders 2, 4, 6. e 2 ae” 

20, Find the least multiple of 7, which divided by 2, 3, 4f5, 6, 
leaves always unity for remainder. 
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CHAPTER X. 


ARITHMETICAL, GEOMETRICAL, AND HARMONICAL 
PROGRESSION. 


141. QUANTITIES are said to be in Arithmetical Pro- 
gression, when they proceed by a common differences 

Thus 1, 3, 5, 7, &c., 8, 4, 0,—4, &e., a, a+d, a+2d, a+3d, &e., 
are in A. P., the common differences being 2, —4, d, respectively, 
which are found by subtracting any term from the term following. 


142. Given a the first term, and d the common dif- 
ference of an AR. series, to find 1 the n™ term, and S the 
sum of n terms. 

Here the series will be a, a+d, a+ 2g, a+3d, &c., 
where the coeff. of din any terni is just Jess by one than 
the No. of the term: thus in the 2" term we have d, 
i.e. 1d, i the 3", 2d, in the 4, 3d, &c., and so in the 
n> term we shall have (n—1)d; hence =a+(n—1)d. 

Again 
S=a+(a+d)+(a+2d)+ &c.+(1—2d)+(1—d)+ J, 
and also 
S=1+(l—d)+(1-2d)+ &e.+(a+2d)+(at+d)+a; 

“. 28=(a+l)+(at+D+(a+)+&e.=(at+l)n; 
S=(a+])5={2a+(n—1)d}, since J=a+(n—1)d. 


Ex. 1. Find the 10 term and the sum of 10 terms of 1, 5, 9, &c. 
Here a=1, d=4, n=10; 

°.¢=14(10-1)4=14+-9x4=87; §= (1487) x 2 =190. 
Ex. 2. Find the 9 term and the sum of 9 terms of 7, 54, 4, &c. 
Here a=7, d= —3, n=9; 


..1=7+(9-1)x —$=7-8x2=—5; S=(7-5)x2=9. 
x 3, Find the 13 term of the series —48, —44, —40, &e. 
Here a= —48, d=4, n=13; 
d= —48+(18—-1)4= —48+12x4=0, 
G 
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Ex. 4. Find the ce of 7 terms of $+3+41+4 &c, 

Here a=, d= —§, n=7; and here we are not geese to find Z : 

.’., using the sisal emule, S= eres: —)) is age Ape. 7—(, 

In this case the series, continued, is 4, }, }, 0, —1, -1, -}, &e. 
where the first 7 terms together amount to zero. 


Ex. 64. 
Find the last term and the sum of 
N1. 2444+6+&c. to16 terms. 42. 14345+&c. to 20 terms. 
13. 849+415+&c. toll terms, V4, 148415+&c. to 100terms, 
{5. —5-3-1~—&c. to 8 terms. ¥ 6. ih ae to 15 terms. 
Find the sum of 
QZ. 2424448. to 21 terms. “8, 4-3-10-&, to 10 terms. 
J9, 44341+4&c. to10 terms. 10. —U_ &csto 13 terms. 
{11. 14224414 &c. to 20 terms./12. te —&c. to 10 terms. 


143. By means of the re (1) =a+(n—1)d, 
(ii) S=(a+)5, and (iii) S={2a+(n—1 a} 5» when 


any three of he quantities a, d,1,n, S are given, we 
may find the others. 

We may also employ them to solve many problems 
in A, P., as in the following examples :— 


Ex. 1. The first term of an AR. series is 3, the 13 term, 55 ; 
find the common difference. 

Since /=55, a=3, n=18, we have by (i) 55=3+412d, and.’ 
d=4}. 

Ex. 2. What No. of terms of the series 10, 8, 6, &c. must be 
taken to make 30? and what No. to make 28 ? 

(1) S=30, a=10, d= —2; .*. by (iii) 80 = {20-2(n-1)} 35 
and the roots of this quadratic are 5 and 6, either of which satisfies 
_ the question, since the sizth term of the series is zero: 

(2) S=28, a=10, d= —2; and the values of m are 4 and 7, 
either of which also satisfies the question, since the 5t4, 64, and 7™ 
terms of the series, viz. 2, 0, — 2, together = zero. 

Ex. 3. How many terms of the series 3, 5, 7, &c. make up 24? 

Here S=24, a=3, d=2; whence n=4 or —6, of which the 
first only is admissible by the conditions of the Question. 
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Ex. 4, Insert 3 aR. means between 6 and. 96. ay ¢ 

Here we have to find three numbers between 6 and 26, so that 
the five may be in A.P. This case then reduces itself to finding d, 
when a=6, /=26, and »=5; we have then by (i) 26=6+4d, 
whence d=5, and the means required are 11, 16, 21. 


Ex. 5. The sum of three numbers in A. P. is 21, and the sum of 
their squares, 179; find them. 


Let a—d, a, a+d, represent the three numbers, (which is often 
a convenient assumption in problems of this kind) ; 

then (a—d)+a+(a+d)=21, and (a—d)?+a?+(a+d)?=179, 
from which equations a= 7, d= a, and the Nos. are 3, 7, 11. 


Ex. 6. Find four numbers in A. Pp. such that the product of the 
first and fourth may be 13, and that of the second and third 45. 
Put r—3y, r—y, e+y, r+3y, for a numbers ; 


then x? —9y?= 13, and x?-y?=45; ,°, 8y?=32; 
hence y?=4, and 2?= 49 ; or r= A and y=2. Accordingly the 
numbers required, =x —38y, &c., are 1, 5, 9, 18. 


Ex. 7. The sums, to » terms, of two arithmetical series are as 
13+ to 3n—1. Show that their soon terms are as 2 to 1, and 
their fourth terms identical. 

The given ratio being for all v ae of n, we have the first terms 
as 1341 to 3-1, or as 7 to 1; also the sums of the first two terms 
as 13+2 to 6— 1, or as 3 to l, ‘and those of the first three as 138+-3 
to 9-1, or 2 to a Choosing, therefore, 7 and 1 as first terms, 
let x and y be the common differences, and we shall have 

14+2:24+y::3:1 whence x=1, 
21432 > 34+38y::2:1 y =3. 

.*. the 2nd terms, 7+. and 1+y, are 8 and 4, or as 2:1; 

and the 4th terms, 7+32x and 1+3y, are 10 and 10, or identical. 


Ex. 8. Find the sum of 2.5- 4.7+6.9 —8.11+&c., to 27 terms. 

The nth term of the series 2+6+10 &c.=4n—-2; of 5+9415 
&e.=4n+1; .*. that of 2x5+6x9+&e. is 16n?-—4n—2. 

Again, the general term of 4+8+12 &c. =4n; that of 7+11+415 
&e. =4n+3; .*, that of-(4x7+8x11+&c.) is —16n?—-12n. 

Hence, by addition, the general term of (2.5 - 4.7) +(6.9— 8.11) 
+ &c. is — 16n-—2, or —2(8n+1); and we are to find the sum of 
the series—2(9+17+25+ &c.) to r terms; which is 

—r{18+(7r-1)8}, or -2r(4r+5). 
G 2 
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Ex. 9. Find the sum of terms of the series 1?+ 3*-+5? + 724 &a 
The nth term of 1+38+45+&c. is 2n-1. For 1, 3, 5, &c. write 
A, B, C, &c., and for 2n-1 write m. We are to find s the sumof 
 AP4+B?+C?+ .... +m’, where B=A+2, C=B+2, &c. 
Now, B— A’ = (A+2)5 — 43 =64?+12448 
C3 — Bs = (B+2)8— a =6B7?+12B+48 
D§ - C8 =(C+2)8- Skee ee 


(m+2)§ —m = - Gm?-+12m48 
Hence, by addition of columns, 
(m-+2)*° — A’ = 6(4?+ B?+ C?+ .. . +2?) 
+12(44+B+4 C+... +m)+8n; 
that is, (Qn+1)*—1=63+12(1+8+5+ ... +2n—1)+8n; 
Riek arp dieedentiee 2 Bs 
.8=1(4n3 —n) =In(2n+1) Qn—-1). 

The preceding example is only partially connected with the 
subject of Arithmetical Progression, but is one of a kind which 
deserves the student’s attention in this part of the course. It 
shows how he may find the sum of such aseries as 3.8-+-6.11+ 
9.14+ &c., in which the terms are not equidifferent, but which 
proceeds by equidifferent multiplicands and multipliers ; so that by 
multiplying together the nth terms of 3+6+9 &c. and 8+.114+14 





&c., there will be obtained the’ general form of the terms of the | 


supposed series, viz. 3(3n?+5n). By then assigning to n the 
values 1, 2, 3, successively, the series is made to assume the form 
3 {3(1?+ 274.3? &e., to mn terms)+5(1+2+38 &c, to x terms)}, and 
is found =38n(n+1) (n+3). 


Ex. 65. 


of 1. The first term of an AR. series is 2, the common difference « 
and the last term 79; find the number of terms. 
vy 2. The sum of 15 terms of an arithmetic series is 600, and the 
common difference is 5; find the first term. 
3. The first term is 132, the common difference~$, and the 
last term 2; find the number of terms. 
4, The sum of 11 terms is 14%, and the common difference is :: 
find the first term. 
{5 Insert 4an. means between 2 and 17, and 4 between 2 and —1¢. 
6. Insert 9 a.m. between 3 and 9, and 7 between — 13 and 3. 
7. Insert 10 4. Mm. between — 7 and 114, and 8 between — 3 and —}. 
7 8, How many terms of the series 15, 13, 11, &c., amount to 607 
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.W 9, Find the 3 Nos. in a. p., whose sum shall be 21, and the sum 
of the first and second =3 that of the second and third. - 
V10. There are 3 Nos. in A. P., whose sum is 10, and the product 
ofthe second and third 331: find them. 
J 11. Find 3 Nos. whose common difference is 1, such that the 
product of the second and third exceeds that of the first and second 
by 4. 

\/ 12. The first term is n?—n-+1, the common difference 2: find 
‘the sum of terms. 
\ol3. The first term is 41, the common difference —2, and the 
sum of the series 425: find the last term. 

14, How many strokes does a common clock make in 12 hours? 
#15. A debt can be discharged in a year by paying one shilling 
the first week, three the second, five the third, &c.: required the 
last payment, and the amount of the debt. 

J16. One hundred stones being placed on the ground at the dis- 

tance of a yard from one another, how far will a person travel, who 
- shall bring them, one by one, to a basket, placed at the distance of 

a yard from the first stone ? ie 

17. The sum of 3 Nos. in A. Pp. is 42, and the difference of the 

squares of the first and last is 616. What are the numbers ?P 

18, Find 4 Nos. in a. P. whose sum is 36 and product 3465. 

19. Divide unity into five parts in A. Pp. so that the sum of their 
squares ‘may be =. 

20. The 21st term of an AR. series -is 225, and the sum of the 
first nine terms is the square of the sum of the first two: find 
the series. 

21. What common term of the two series 3, 7, 11, &c., and 5, 
11, 17, &c., is 50 less in the former than in the latter ? 

22. What aR. series has its mth term = 5—-2m, for all values of 

' mP and what is the sum of » terms of that series ? 

23. Find the 8th term of an AR. series of » terms, the sum of 

which is =2(" 41). 
Q\3 4 

24, The sums of n terms of 2 AR. series are as 11—5n: 11+ 3n. 
Find the ratio of their sixth terms. 

25. Sum 2.5 -3.9+4.138—5.17+6.21 —7.25, &c. to 2m terms. 

26. Find the sum of 1.34+4.5+7.7+10.9 &c. to » terms. 

27. Sum to n terms the series 2?-+-5?+-8? &c. 

28. Mand N set out at the same time, to meet each other, from 
two places 343 miles apart, their daily journeys being in arith- 
metical progression; M’s common difference being an increase of - 
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2 miles, and ’s a decrease of 5 miles. On the day at the end of 
’ which they met, each travelled exactly 20 miles. Find the dura- 
tion of each journey. «: 


144. Quantities are said to be in Geometrical Pro- 
gression, when they gaiagd by a common factor. 


Thus 1, 3, 9, &c. 4,1, 4, &c.—4, 4,—28, &e. a, ar, ar?, &c. are 
in G. P., the common factors or ratios (as they are called) being 
3, 4, _* r, respectively, which may be found by dividing any term 
by the term preceding. 

145. Given a the first term and r the common ratio 
of a GEOM. series, to find | the nu“ term and S the sum 
of n terms. 

Here the series will be a, ar, ar?, ar’, &c., where the 
index of 7 in any term is just less by one than the 
number of the term: thus, in the 2™4 term we haver, 
ie. r', in the 34, r?, in the 4%, 73, &c., and so in the 

n*® term we shall have r”!; hence /=ar™!. 


Again S=a+ar+ar?+&c.+ar", 





and ..7rS= = ar+ar?+ &c.+ar"'+ar"; 
‘, rS— S=ar"—a, the other terms disappearing ; 
hence $=" —? = a—— tire or = aie since r/ =a". 
r—l —1 —1 


Ex. 1. Find the 6 term and the sum of 6 terms of 1, 2, 4, &e. 
Here a=1>. r=2, n=6; 


+ 121x281 =1x2=1Xx82=82; and S=9—* 68. 
Ex, 2. Find the 8" term and the sum of 8 terms of 81, — 27, 9, &. 


Here a=8l, r=-}, n=8; 


: 1 1 .. 3 
1=81x(-D'=8X— = =- Ba- Gj and Sa 
6029, 


Ex. 3. Find the sum of 3—6+4+12—&c. to 6 terms. 
Here a=3, r= —2, n=6; therefore, without finding Z, 
(2) -1 64-1 


S=3 per = 3, a — 63. 
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Fx. 4. Find the sum of 1-—4+41°—&c. to 4 terms. 








Here a=], a n=4; 
fe =) 4* _ 34 
<2 
. S=1x 2 ‘ oa Beast. 
=== oe =z 7 3 
aif, 28 
(ea a 
Ex. 5. Find the sum of 2} -1+2- &c. to 5 terms. 
Here a=8, r=—2, n=5; 
2)" 2 2555 
- gO? (-5) ' -§ —a-t eee 
r a gee Dama er Me | : oa 
; = 2 2, Be bales S167 a9. 
on lees CT a 


Ex. 66. 
ind the last term and the sum of 
1. 14+44+16+c. to 4 terms, /9, 5+20+80+ ce. to 5 terms. 
°) 3. 834+6412+&c. to 6 terms. / 4. 2-4+8—€c. to 8 terms. 
U5. 1-—4416-—&ce. to 7 terms. \) 6. 1—2+2*- &ce. to 10 terms. 
Fmd the sum of 
7. 24+34+4+e. to8 terms. 8. 3+4+2+c. to 6 terms. 
9. 34142 +e. to6 terms, 10. 3— 4+.5.—c. to 5 terms. 
1l. 9—6+4-&c. to9terms. 12. 100 — 40+16— &c. to 5 terms. 


146. If r be a proper fraction, that is, if r be <1, its 
powers, 7?, 7°, &c., r” will, a fortiort, be also <1, and, 
therefore, ar” will be <a: hence, instead of writing 





ar"—a . : . 
=--___~, in which fraction both numerator and 
rT— 
denominator are negative, we may write, in this case, 
a—ar" a ar" 
= = _ 





l-r 1l-r 1-7’ 
Now the greater we take the value of x (that is, the 
more terms we take of the series), the less will be the! 
value of ar”; and, by taking zn sufficiently great, we | 
may get ar” as small as we please, only never so small 
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as actually to vanish. If ar” vanished, we should have ' 


however small 





the sum of the series = ; ft 


—7 
may be the value of ar”, the second fraction will never | 
actually become zero, it follows that the sum of the | 
series will never actually reach the above value, though, 
by increasing 7, that is, taking more terms of the series, 


it may be made to oS an it as nearly as we please. 
is said to be the Limit of the | 
ae 





On this account = 


sum of the series, a+ ar+ar?+ &c., or sometimes (but | 
less correctly) the sum of the series ad infinitum. 
It is common to denote the Limit of such a sum by &. 


Ex. 1. Find the Limit of the sum of the series 1+34+1+€&e. | 

Here a=1, r=2; .*, a : =2; i.e. the more terms we | 
take of this series, the more nearly will their sum=2, but will | 
never actually reach it. | 


. 


Ex, 2. Sum 2}-3+,4-—&c. ad infinitum. 
5 5 5 
Here o=2, r=-35 1. B= = =F = 
Ex. 67. 

Find the Limit of the sum of the following series : 

1, 442414 &e. 2. 241424 &c. 3. 4-$+4—Ke 
4.2-1+42-&. ©. 1-34+4-e. ‘6. 1-2+A4—- ce. 

ve 2-2+3-&e 


Li 2414 &e, “B1424448e. “9, 
10, 2-1242—&e. “1. 884+214144&c. 42 


147. By means of the equations of G.P., we may 
solve many problems respecting series of this kind. It 
is not, however, generally easy to find x, when the 
other quantities are given, because this quantity occurs 
in the form of an index. The Student may be able to 
guess at its value in the simple instances we shall here 
give ; but, in other cases, it could only be found by the 
aid of logarithms. 
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Ex. 1. Find a GEom. series, whose 1** term je 2 and 7 terms. 
Here a=2, /=3,,n=7;.°. 3a 2r", and 7* = 2, whence r= +4, 
and the series is 2, +1, $, +4, &c. 
Ex. 2. Given 6 the second term of a GEOM. series and 54 the 
fourth, find the first term. 
, 64 ar 


Here 6=ar, 54=ar5; .*.= =, or 9=7*; hence r=+3, a 


“6 ar 
=+2. 

Ex. 3. Insert 3 Grom. means between 2 at 102. 

Here © is the 5 term of a series, whose first term is 2; 

. = Ort, and 7#=81; whence =-+3, and the means are +3, 
43,467. 

Ex. 4. From a vessel containing 1823 gallons of brandy a cer- 
tain quantity is daily drawn off and replaced with water. When 
this has been done for 6 days, there are only 16 gallons of brandy 
remaining. How much is drawn off per day ? 

The daily quantities of brandy left in the vessel form a decreas- 
ing @. P. of 7 terms, the first term being 1821, and the last 16; 
hence, 182; xr =16; .°. 7=64'+729t=2: or the quantity drawn 
off daily is? of the whole = 602 gall. 


Ex. 5, The sum of five numbers in 4. P. is 121, and the sum of 
their squares is 7381: find the numbers. 
Here we have given r(1+y+y?+y5+y‘) = 121, (i) 
and tytytyty!)=7381. Gi) 


ete 


Now, 1 a 2 a; 
ow, l+y+... ty*= eek and 1l+y’+...+y°= 4? 
-—1 2—] 191 
squaring (i) and sci by (ii) (= =)" eo) ==} 


or Yaoly yt1_121, ty ty?tyt1_ 121 


y-1 y+ 61 fy +y*—y41 61? 


241 
- oe = on #414 5 =mYt =, 3 


— Pto+ or (y+ “)s is 2 y4 «) +1 from which, as 








a quadratic, we obtain y+h = 81; whence y=3 or }; and therefore 
x=1; and the numbers are 1, 3, 9, 27, 81. 


Ex. 6. What three numbers in «. p. haye their sum=142, and 
the sum of their reciprocals = 354 P es 
G3 
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Here we have ie (1 Sh kal = 141 
and Gi)+ er (ta ys 3n, 


multiplying (ii) by ay? igh ite y Sy 1) =38507y? : 
. vy? =144+37,=4; and zy=2; 


a eee ,orav+2+4+4+x=141; whence «=12 or 
the three numbers are 12, 2, and §. 


2: and 


Ex. 7. Find four numbers in A. P., which being increased re- 
spectively by 5, 7, 11, and 18, will become a geometrical series. 


Let z, zy, xy?, vy’, be the sums in G.P.; then r—5, ry—7, 
—11, xy* — 18, will denote the equidifferent quantities. 


ary’ —18 — (xy? -11) =2y?—11-(ay-7); or, zy(y—1)? =3; (i) 

ay*—-ll-—(ay -— 7)=ay — 7—(@ —5); or, x(y—1)? =2; (i) 
dividing (i) by (ii), y=14; hence, from (ii) r=8; and the nun- 
bers are 3, 5,7, 9. 


Ex. saps 

1. How many terms of the series 2, -6, 18, &c. must be taken 
to make — 40 ? 

2. The fifth term of a Grom. series is 8 times the second, and 
the third term is 12; find the series. 

3. The fifth term of a @EoM. series is 4 times the third, and the 
sum of the first two is —4; find the series. 

4, The population of a country increases annually in @. Pp., and 
in 4 years was raised from 10000 to 14641 souls; by what part of | 
itself was it annually increased ? 

5. The difference between the first and sonia of 4 numbers in 
G. P. is 12, and the difference between the third and fourth is 300: 
find them. 

* 6. Insert 3 a. M. between 2 and 32, and also between } ana 128 
- 7. Insert 4 G. um. between-+ and 31, and also between § and -53. 

8. The sum of an infinite Grom. series is 3, and the sum of its 
first two terms is 22 ; find the series. 

9. The sum of an infinite GEOM. series is 2, and the second term 
is—2; find the series. 

10. If 21 21, 1, be the first and third terms of a«.P., find the sum 
of the series dd wnfinitum. 

11. The population ofa parish in 1841 was 7200, and in 1851 
it was 75€0; supposing it to increase in a uniform ratio, what 
was the population in 1861 ? 
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12, Find four numbers, the first three of which are in geometrical, 
and the last three in arithmetical progression, and such that the 
product of the first and fourth may be 576, and that of the second 
and third 1458. 

13, A vessel is filled with a mixture consisting of 7 gallons of 
brandy and 4 of water. If a gallon be drawn off each day and the 
vessel filled up with brandy, how much brandy will be in it at the 
end of 4 days ? 

14, At the beginning of the year A and B invest equal sums of 
money in different concerns. A gains 10 per cent. every three 
months, and at the end of that period applies the profit to augment 
his capital; B gains 15 per cent. every four months, and does like- 
wise; and at the year’s end B’s gain is 2271 francs more than 4’s. 
Find the original investment of each. 

15. Find three numbers in G.P. whose sum is 13, and sum of 
their squares 91. 

16. The sum of four numbers in G. P. is 45, and the sum of their 
squares is 765: find the numbers. 

17. Aand B set out at one time, to travel in one direction. In 
each succeeding minute A travelled 1,1; as many yards, and Bias 
many, as in the preceding minute: and at the end of five minutes, 
B, having gone in the fifth minute the same number of yards that 
A went in the first, was 297 yards in advance of 4. How many 
yards did each travel in the first minute ? 





148. Quantities are said to be in Harmonical Pro- 
gression, when their reciprocals are in A. P. 

Thus, since 1, 3, 5, &c., $,-4, — }, &e. are in A.P., their recipro- 
cals 1, 1,1, &c., 4,-4,—4, &c., are in H.P. 

The term Harmonical is derived from the fact that musical 
strings of equal. thickness and tension will produce harmony when 
sounded together, if their lengths be as the reciprocals of the AR. 
series of natural numbers, 1, 2, 3, &c. 

We cannot find the sum of any No. of terms of an 
HARM. series; but many problems with respect to such 
series may be solved by inverting the terms, and treat- 
ing their reciprocals as in A. P. 


Ex. 1, Continue to 3 terms each way the, series 2, 3, 6. 
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Since }, 1, } are in A.P. with common difference — 3, 
the ap. series continued each way is 1, 3, 3, 3, 3, 3, 0,—% -43 
.*, the HARM. series is 1, $, 3, 2, 3, 6,0, —6, —3. 
Ex. 2. Insert 4 HARM. means between 2 and 12. 


We must = insert 4 aR. means between } and ;4, which 
being 5, 3, 4,2; hence the HARM. means required are 22 a, 4, 6. 


Ex. 69. 
1. Continue to 3 terms each way 2, 4,1; 1}, 23, 33; 1, 13, 12. 
2. Insert two H. means between 2 and 4, and six between 3 and & 
3. Find a fourth HARM. proportional to 6, 8, 12. 
149. To find A, G, H, the aR., GEOM., and HARM. means betzween 
a and b. 


(i) By (141) b- A=A-a; .°.24=a40, and A=} (a+0): 
(ii) by (144) a= ayes @=ab, and G= »/ab, where, however, 


unless a and b whe the same sign, »/ab will be impossible : 
cee ee | 2ab 
(iii) by (148) = 5 ee gt .aH —ab=ab - bH, or H=—,; ais 
150. To "pt that G ts the GEOM. mean between A and H; and 
that A, G, H, are in order of magnitude, A being greatest. 


[We use the sign > for greater than, and < for less than. ] 
a+b 2Qab a+b. Qab 





Since 4d=—p-, and H= apy: AH=aD * gap = Go 
.°. G=/AG, or G is the gEom. mean between A and ZH. 
Aes so, tf 32 e > or if a?-+2ab-+0?>4ab, 


or if ee CaS and, this being the case (137), 


.°. A>H, and, of course, >G, whose value (being the Grow. 
mean between them) lies between those of A and ZH. 


151. Three quantities, a, b, c, are in AR., GEOM., 07” HARM. PROG. 
according as 


a-b a a ‘ a 
—— = +, OF =~, OF = -. 
—¢c a b’ c 
— a oO 
(i) o—* 8 =1; .*°.a-b=b-—c, and a, b,c, are in A. P.: 


(ii) ab—b? =ab—ac, or b?=ac; sree, and a, 6, cyare in &. P.: 
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. D1.1 
(iii) ae—be = ab —ae, or (dividing each by abe), 7-7 = 5-5 
, 


lhe! Hee | : te 
whence >» 5 7? areina.P., and therefore a, b, c, are in H. P. 


Ex. 70. 


1. Find the aR., GEoM., and HARM. means between 2 and 4}. 

2. Find the az., GEoM., and HARM. means between 33 and 1}. 

3. The sum and difference of the aR. and GEOM. means between 
two numbers are 9 and 1 respectively : find the numbers. 

4, The HARM. mean between two numbers is 3$ of the AR., and 
one of the numbers is 4: find the other. 

5. The difference of the aR. and HARM. means between two 
numbers is 1£: find the numbers, one being four times the other. 

6. Find two numbers whose difference is 8, and the HARM. mean 
between them 1. 

_7. Find three numbers in harmonical progression such that the 
difference and the product of the second and third terms may be 
2 and 24 respectively. 

8. The sum of three numbers in harmonical progession is 18, 
and the sum of their squares is 61: find the numbers. 
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CHAPTER XI. 


RATIO, PROPORTION. AND VARIATION. 


152. THE Ratio of one quantity to another is that 
relation which the former bears to the latter in respect 
of magnitude, when the comparison is made by con- 
sidering, not by how much the one is greater or less 
than the other, but what number of times it contains it, 
or is contained in it, z.e. what multiple, part, or parts, 
or, in other werds, what fraction the first is of the 
second. 

This is, in fact, the way in which we naturally, and, as it were, 
unconsciously, compare the magnitude of quantities. Thus the 
mere numerical difference between 999 and 1000, is the same as 
between 1 and 2; but no one would hesitate to say that 999 
is much greater, compared with 1000, than 1 is, compared with 2. 
The reason is, that the mind considers intuitively that 999 is 
a much greater fraction of 1000 than 1 is of 2; and this is what 
we should express by saying that the ratio of 999 to 1000 is 
greater than that of 1 to2. On the other hand, we should say at 
once that 1001 is much Jess, compared with 1000, than 2 is, 
compared with 1, the fraction in the former case being less than 
in the latter. 


The ratio, then, of one quantity to another is repre- 
sented by the fraction obtained by dividing the former 
by the latter. 


Thus, the ratio of 6 to 3 is § or 2, that of 15 to 40 is 35 or 3, 


. 4a 2a 
that of 4a to 6b is 63 35° 
Of course the two quantities compared (if they are 
not mere numbers, or algebraical quantities expressing 
numbers) must be of the same kind, or one could not 
be a fraction of the other 
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Thus, the ratio of £9 to £12 is the same as that of 9 cwt. to 
12 ewt., or of 9 to 12, or of 3 to 4, or of 2 tol; since, in each of 
these pairs of quantities, the first is ? of the second, and hence ? is 
the value of each of these ratios; in saying which we may suppose, 
if we please, a tacit reference to 1, 7. e. in saying that the ratio of 
£9 to £12 is 3, we may either imply that £9 is ? of £12, or that 
the ratio of £9 to 12 is the same as that of ? to 1. 

153. The ratio of one quantity to another is expressed 
by two points placed between them, as a:b; and the 
former is called the antecedent term of the ratio, the 
latter the consequent. 

A ratio is said to be a ratio of greater or less in- 
equality, according as the antecedent is greater or less 
than the consequent. 

The ratio of a? : 8? is called the duplicate (i.e. 
squared) ratio of a: 6, a>: b® the triplicate ratio of 
a:b, &e. 


154. Problems upon ratios are solved by represent- 
ing them by their corresponding fractions, which may 
now be treated by the ordinary rules. 

Thus ratios are compared with one another, by re- 
ducing the corresponding fractions to common den", 
and comparing the num"; and, if these fractions be 
multiplied together, the resulting fraction is said to be 
the ratio compounded of the ratios represented by them. 

Ex. 1. Compare the ratios 5: 7 and 4: 9. 

Ans, #5, 28; whence 5:7>4: 9. 

Ix. 2. Find the ratio of 3 : 4. Ans, §+4=8x2=%3. 

Ex. 3. What is the ratio compounded of 2: 3,6: 7, 14:15? 

Ans. 2X§x#= 3 or8: 16. 

155. A ratio of greater inequality is diminished, and 
of less inequality increased, by adding the same quan- 
tity to both its terms. 

For 272 +x 


b<b+er 





> as ab+ax = ab + bz, as ax = br, 


> 
sa &: 
# < 
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In like manner it may be shown that a ratio of 
greater inequality is increased, and of less diminished, 
by subtracting the same quantity from both its terms. 


Ex. 71. 

1. Compare the ratios 3: 4and 4:5; 18: l4and 23: 24; 3:7, 
7 = 12, and: T1.+:26: 

2. Ofa+b: a—band a?+0? : a®—b?, which is >, supposing a>b? 

3. Which is less of r+y: y and 4v: w+y? of 2?7+y?: wa+y and 
e+y:a°+y?P of 2?+y? and 26+y°: at—ay+2r2y? — ay 
+y*? 

4, Find the ratio compounded of 3:5, 10:21, and 14: 15; 
of 7: 9, 102 : 105, and 15: 17. 

2 2° 2 7 

5, Find the ratio compounded of gp an ueete . 

6. Compound x? -9x+20 : x?—6xr and 2?—182+42 : 2-52. 

7. Compound the ratios a+b: a—b, a?+06* : (a+b), (a? — 4): 
at — 64, 

8. What is the ratio compounded of the duplicate ratio of 
a+6:a—b, and the difference of the duplicate ratios of a:a 
and a: 6, supposing a>b?P 

9. What quantity must be added to each term of the ratio a: b, 
that it may be equal to the ratio c: d? 


10. Show that a-)d: a+b2a—o : a?+0?, according as a: b is 
a ratio of less or greater inequality. 





156. When two ratios are equal, the four quantities 
composing them are said to be proportional to one 


another: thus,if a : b=c : d, i.e. if-=4 then a, b, c,d 


are proportionals. ‘This is expressed by saying that 
ais to b as c ts to d, and denoted thus, a: b::c: d. 
The first and last quantities in a proportion are called 
the Extremes, the other two the Means. 
Problems on proportions, like those on ratios, are 
solved by the use of fractions. 


157. When four quantities are proportionals, the pro- 
duct of the extremes is equal to the product of the means. 


For if ; = 3: then ad = be. 
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Hence, if three terms of a proportion are given, we 
can find the other; thus 
be _ ad - __ be 
eae k: tt es lar a c= — 
Cor. If a: b::5: c, then ac = 8. 


158. If the product of two quantities be equal to that 
of two others, the four are proportionals, those of one 


product being the extremes, and of the other the means. 
: b 
For if ad = bc, then’ = £ or@ =”: 
or if a c, ae ec 
and .-.a:6::¢:d, or ac: ::b:d, im which propor- 
tions a,d are the extremes, and 0,c the means. 
So if ac=D?,a:b::b: 6. 


159. If 3 quantities are prop", the first has to the 
third the duplicate ratio of that which it has to the second. 
. b a ee a ee ee 
For if > =< Sa RS ee es 
or if; =» then - kab tee cok ak 

*,a@: cis the duplicate ratio of a: b (153). 


160. When four magnitudes are proportionals, if any 
equimultiples whatever be taken of the first and third, 
and any whatever of the second and fourth, then, if the 
multiple of the first be >, =, < that of the second, the 
multiple of the third shall be >, =, < that of the fourth 

For if ; = 3 we have — ce 7? where m and n 
may be any quantities whatever; and hence it follows 
that, if ma>, =, <zb, so also is me>, =, <nd. 


161. Conversely, If there be four magnitudes, such 
that, when any equimultiples whatever of the first and 
third are taken, and any whatever of the second and 
fourth, tt is found, that if the multiple of the first be 
>, =, <that of the second, that of the third is always 
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>, =, <that of the fourth, then these four quantities 
are proportionals, 

For, let a, b, c, d be such that, any equimultiples, 
ma, mc, being taken of the first and third, and any, 
nb, nd, of the second and fourth, it is found that ac- 
cording as ma>, =, <znb, so also is mc>, =, <nd; 
and let e be the fourth pepo to a, b, ¢. 


Then, since 2 = ©, .-. me — ™? for all values of m 
b #° nb ne 
and x; suppose m and x to be taken such that ma=ni, 
then also mc = ne: but when ma = nb, by our hyp, 


mc = nd; hence nd = ne, or d =e; and.’. 


a, b, c, d are proportionals. 


162, df a = bc id, and bt ev d © 4, the 


This is the proposition ex equali, referred to in Euc. v. 





163. Jf a tbe: dy ent-e . fe th, fhe 
ae : bf :: cg : dh. 
Foro =<, Peres 
or 5 nd 5 53 
This is called coat oe shes two proportions, ani 
sé we may compound any number of such proportions 


164. If 4 quantities form a proportion, we may derivé | 
from them many other ae lt all equally true. | 


Thus, if =<, then ”““ = ©, or ma: mb::e 
d a d 


similarly 
ma:b:: me: d, a: mbi:c:md, a:b :: me: md: 
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and, in like manner, : b Seid, 03 Lay Cc: a &e. ; 
m m m m 

that is, either the first or fourth terms of any proportion 

may be multiplied or divided by any quantity, provided 

that either the second or third be multiplied or divided 

by the same. 


Hence we may get rid of fractions, when occurring in propor- 
tions, by multiplying the 1** and 2"4, or 1: and 3", &c, terms by 
the L.c.m. of their den™; thus, if ja: 46::3,: 2 (multiplying 
1 and 2°¢ by 36, 3'4 and 4!" by 200), we have 4a : 36::15 : 16. 


165. Again, all the results of (85-88) may be applied 
to proportional quantities. 
Thus, ifa :b::¢:d, then inv, b: a::d:c,oralt,atc:b: d; 
so also, a+b: a::c+d:c,a+b:b::c+d:d, 
a+b: a—b::e+d: c—d,ma+nb : ma—nb::me-+nd : me — nd, Se. 
with similar prop", having a", *, c", d', in the place of a, 3, c, d. 
In like manner, if a: b::¢: d::e: f:: &., by whichit is meant 
that a: bi:e:d, or a:biie:f, or e:d::e:f, &e., so that 
; a = Xc., then we havea : b::a+c+e+&c.: b+d+f+ ce. ; 
that is, Jf any quantities be in continued proportion, as one of the 
antecedents is to tts consequent, so is the sum of all the antecedents 
to the sum of all the consequents. 
So also a: b:: ma + ne+ pe + &e. : mb + nd + pf + &e., 
a”: b"::ma"+ ne"+ pe"+ &e. 2 mb"+ nd" + prt &e., 
with other similar proportions, which may be proved as in (88). 
Ex. 1, Find a fourth proportional to 4, 3, and 3. 


. be .. xi 
Since d= —, (157) this is rae 


Ex. 2. Find a mean proportional to 2, and 8. 
Since 6? = ac, (157) this is ./(2 x8) = ./16 =4, 
Ex. 3. Ifa:b=c¢:d, express (a+d) — (6+c) in terms of 
a,b,e only. 
Here ' 
(a+d) —(b+e) (a+) ~(b+e) ec (a-b)(a—c) 


a 


=i 
=1, 


’ 
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ODN 


11. 


12. 
13. 


14, 


165, 


16. 


1%, 


18, 


a eC 


Ex. 72. 


. Find a fourth proportional to 3, 5,6; to 12, 5,10; to 2, 3, § 
. Find a third proportional to 4, 6 ; to 2,3; to 3, 3 


Find a mean proportional to 4,9; to 4, 33; to 17, 14. 
If a: b::b: c, then a?+8? } a+e::a?-b? : a-e. 


If =<, show that (a+0) (c+) =" (+a)? =" (a4) 


lf@:biiec:d, and mi niip: gq, 

then ma+nb : ma—nb:: pe+qd : pe - gd. 
Ifa: b::b:c, then a?—8? : a::8—-C 3. 
Ifa: bi:e:d::e: f, then a—e: b-f::e:d. 


. Ifa: b::b: ¢, then ma?— nb? : ma—ne::pa?+qb?* : pat+qe. 
_¢)3 
. Ifa: 6::6: ¢, then a—2b-+en 0-2 _O- 


e 
ae L 4 1 .1\ (a-5d) (a-c) 
ee ica mar tie a ee 
Ifa: b=): c,thena+b+e : a-b+e::(a+b+e)? : a§+h?+e°. 
Solve the equations 
(ij) Vat J/bi J/v—Jbiiarb 
(ii) e+a:2r—b::3r+b : 4v-—a, 
(iii) e+y+liatyt2::6:7 

yt+2e 2 y—2v::1274+6y—3 : 6By—12r-1 i F 
(iv) 73 27::y:9::2:2-y. 
What number is that to which if 1, 5, and 18 be severally 
added, the first sum shall be to the second as the second 
to the third ? 
Find two numbers in the ratio of 24:2, such that, when 
diminished each by 5, they shall be in that of 1}: 1. 
A railway passenger observes that a train passes him, moving 
in the opposite direction, in 2”, whereas, if it had been 
moving in the same direction with him, it would have passed 
him in 30”: compare the rates of the two trains. 
A and B trade with different sums: A gains £200, B loses 
£50, and now 4’s stock : B’s::2:4; butif A had gained 
£100, and B Jost £85, their stocks would have been as 15 : 31; 
find the original stock of each. 
A hare is 50 of her leaps before a greyhound, and takes four 
leaps to his three; but two of the greyhound’s leaps are as 
much as three of the hare’s: how many leaps must the grey- 
hound take to catch the hare ? 
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19. Divide £500 among 4, B, dee the proportion of 3, 4, 5, and 
also in the proportion of 2 3, 3, $; and if A’s portion be to 
B’s::9: 8, and to C’s::6: 5, show that the shares of A, BD, 
C are in the proportion of 14, 13, 13. 

20. A quantity of milk is increased by watering in the ratio of 
4:65, and then three gallons are sold; the rest, being mixed 
with three quarts of water, is increased in the ratio of 6 : 7; 
how many gallons of milk were there at first ? 


166. The value of any Alg. quantity will, of course, 
depend on the values we give to the letters it contains. 

Der. When two quantities are such, that their ratio 
is constunt, that is, remains the same, whatever values 
we give to the letters they contain, one of them is said 
to vary as the other. 

The sign used to denote variation is « (read varies as), 
+324 =«21 


Fit 6r = 9 whatever be the 


Thus, 2*+382 « 227+6x, since: 


value of 2. 


167. Hence if Aa B (where A and B are used to 
denote, not numerical or constant, but algebraical or 
variable quantities, such as admit of different values by 
giving different values to the letters they contain), then, 
according to the above definition, the value of the ratio 
A : Bwillremain constant, whatever may be the values 
of the quantities 4 and B themselves. If then we put 


m to denote this constant value, we have 2 =m, Or 


A=mB; so that, when one quantity varies as another, 
they are connected by a constant multiplier. 
Thus 2?+382 = $(22?+6z), from which it follows necessarily that 


o’+3¢ _1 forall valuesof hove stated, 22+ Sra 222+. 6x 
222467 2? SOL.v, or, as above stated, 2°-+o07r oe Zr*+ On, 

168. Hence also if A« B, and a, 5, be any pair of 
values of A and B, then for any other values of A and 
B, we have Ad: B=m=a: J), that is, when one 
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quantity varies as another, if any two pairs of values be 
taken of them, the four will be proportionals: or since 
A:a::B:b, we may state this by saying that if one 
of them be changed from any one value (A) to any 
other value (a), the other will be changed in the same 
proportion from the value (#) corresponding to the 
first to the value (4) corresponding to the second. 

169. The following are terms used in Variation :— 
1, If A = mB, then A is said to vary directly as B; 


2, UE Aes 3 A is said to vary inversely as B; 


3. If A=mBC, then A is said to vary jointly as 
Band C; 
4. lf A=m =a then A is said to vary directly as 
B, and inversely as C. 
170. The following results in Variation are notice- 
able :— 
(i) If An Band Be C, then AKC. 
For let 4d = mB, B=nC; then A =mnC, and 
.. da C, since, m, n being constant, so also is mn. 


So also, if da B and Baa: then Aga. 
(iu) If An Cand Be C, At Bea C, and 
af (AB) oc C, 
For let d= mC, B=nC; 
then d+ B=mC+nC=(m+n) C, and ...A+ Be C; 
and /(AB)= /(mC x nC)= V(mnC?)= V(mn)C, 
and therefore /(AB) «C. 
(iit) If Ac BC, then Bad, sad Cad. 


For let A = mBC, then B = S ‘ 2 or Bets sO 
ee 2 C 
A 


Cas. 
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(iv) If Ac B, and Ce D, then ACx BD. 

For let A = mB, C= nD; then AC = mnBD, or 
AC an BD. 

(v) If Ax B, then A" « B". 

(vi) If Ax B, and P be any other quantity, 

i 3B 
then AP« BP, and p% p 

171. If A,B,C be variable quantities, depending on 
one another, and it is observed that, when C is kept con- 
stant, A « B, and when B is kept constant, A« C; 
then, generally, that is, when all three are allowed to 
change their values together, A« BC. 


For since A « B, when C is kept constant, A must 
be of the form mB, where mis some constant, and may; 
therefore, contain the constant C, but not B. 

[From this we see that A must contain B as a factor, 
but not B?, B%, &c., and may contain C. | 

Again, since A « C, when B is kept constant, 4 must 
be also of the form 7C, where z is some constant, and 
may, therefore, contain the constant B, but not C. 

[From this we see that 4A must contain C, as a factor, 
but not C?, C3, &c., and may contain B, as, in fact, we 
have already shown it does. | 

Upon the whole then, it appears that 4 must contain 
both B and C as factors, but no other powers of B or 
C, and therefore must be of the form pBC, where p is 
a constant, containing neither B nor C’; hence, since 
A=pBC, we have A« BC, when all three are allowed 
‘to change their values together. 

The above result may similarly be proved for any 
number of quantities, B, C, D, &c.; so that, if any 
quantity vary separately as each of several others, when 
the rest are kept constant, it varies as their product, 
when all are allowed to change their values together. 
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Ex. 1. If ac 6’c, and 1, 2, 3, be contemporaneous values of 
a, b, c, express a in terms of 6 and c. 


Since ac b?c, .*.a=mb?c, where we have to find m; now, when 
b=2 and e=3, a becomes1; .*,1=12m, or m=54, and.*.a= 40"e. 

Ex. 2. If y=the sum of two quantities, one of which o x and 
the other » 2?, and when r=1, y=6, when v=2, y=20; express 
y in terms of x. 

Here y = mar-+n2*, where we have to find m and n: 

now, by the Question, when x=1, y=6, .*.(i) 6=m-+n, 

and when + =2, y=20, .*. (ii) 20=2m+4n; 

from which equations m=2, n=4, and .*. y=2r+4.27, 


Ex. 73. 


1. If zy x 2*+y?, and 3, 4, be contemporaneous values of x and 
_Y, express xy in terms of 2*+y. 

2. If y=the sum of two quantities, whereof one is constant and 
the other « x inversely, and when x=2, y=0, when x«=3, y=], 
find the value of y, when x=6. 

3. If y=the sum of two quantities, whereof one is constant and 
the other « ry, and when 2 =2, y=—23, when r= —2, y=, ex- 
press y in terms of 2. 

4, Ify=the sum of three quantities, which vary as 2, 2°, 2° 
respectively, and when «=1, 2, 3, y=6, 22, 54 respectively, ex- 
press y in terms of 2. 

5. If y=the sum of three quantities, of which the first « 1”, 
the second « x, and the third is constant; and when 2=1, 2, 3, 
y =6, 11, 18, respectively, express y in terms of x. 

6. Given thats ac «+y, and y «.2?, and that when x=4, the 
values of y and z are } and }, express = in terms of 2. 


7. ive * and zt oc 4, show that ¢ oc Le - 
y x y & 


8. The area of any triangle varies jointly as any side, and the 
perpendicular let fall upon it from the opposite angle ; express the 
area of the right-angled triangle ABC in terms of the sides AC, 
BC, containing the right angle, it being found that, when the sum 
of the two sides is 14 feet and the hypothenuse 10 feet, the area is 
24 square feet. 


CHAPTER XII. 
VARIATIONS, PERMUTATIONS, AND COMBINATIONS. 


172. THE Variations of any No. of quantities are 
the different arrangements which can be made of them, 
taking a certain No. at a time together. 


Thus the Var" of a, 5, c, two together, are ab, ba, ac, ca, be, cb. 


When ail are taken together, the Var" are called 
Permutations: but this distinction is not always ob- 
served, the words Variation and Permutation being used 
by some as synonymous. 


173. The No. of Var" of n different things, taken r 
together, is n(n—1) (n—2)....(n—r+1). 

Let there be x different things, a, b, c, d, &e. 

The No. of Var" which can be formed of these x 
things, taken singly, is, of course, n. 

Now let us remove a; there will then be n—1 things, 
b,c, d, &c., and the Var"* of these, taken singly, will (as 
before) be n—1. Ifthen we set a before each of these, 
there will be n—1 Var" of n things, a, b, c, d, &c., 
taken two and fo together, in which a stands first ; 
similarly there will be n—1 such Var", in which b 
stands first ; and so of the rest : therefore, on the whole, 
there will be x (xn—1) Var" of n things taken two and 
two together. 

Let us again remove a; there will be n—1 things, 
b, c,d, &c., and the Var" of these, taken two and two 
together, will be (z—1)(n—2) by what precedes; and, 
by the same course of reasoning, it will appear that, on 
the whole, there will be x(z—1)(n—2) Var" of n things 
taken three and three together. 

H 
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Suppose then this law to hold for the No. of Var" of 
n things a, b,c, d, &c. taken r—1 together, which would 
be, therefore, n (n—1) (n—2).... {n—(r—1)+1}, or 
n(n—1)(n—2)....(n—r+2). 

Now remove a; there will then be n—1 things 4, c, d, 
&c., and the Var" of these, taken 7 —1 together, would 
be found from the preceding result, by writing in it 
n—1 for n, and would, therefore, be 

(n—1) (n—2)....(m—r+1). 

If now we set a before each of these, there would be 
(n—1) (n—2).... (n—r+1) Var™ of n things 
a, b,c, d, &c. taken r together, in which a stands first ; 
similarly, when 6 stands first, and so of the rest : there- 
fore, on the whole, there would be 2 (n—1) (n—2).... 
(n—r+1) Var" of x things taken r together. 

If then the formula represen@ correctly the No. of 
Var" of x things when taken r—1 together, it would 
also when they are taken 7 together; but we have 
shown it to be true when they are taken 1, 2, or 3 
together ; therefore when taken 4 together ; and, there- 
fore, when 5 together, &c., that is, it is generally true 
for all values we can give to r. 

174. Hence denoting by V;, V,, V;, &c. V, the No. 
of Var™ of 2 things taken 1, 2, 3, &c. r together, we 
have, from the preceding formula, 


V,=n, V,=n(n—1), Vi=n(n—1) (n—2), &e. 
V,=n(n—1)....(n—r+1). 
Cor. Ifr=n, or all the quantities are taken together, 
then the No. of Perm™ (P) of x things, is 


n(n—1)(n—2)...(n—n+1)=n(n—1) (n—2)...15 
or, reversing the order of the factors, 
PE TOS. « twh R 
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175. The No. of Perm™ of n letters, whereof p are 

a’s, q are b’s, r are c’s, &c. ts 
| 
1.2.3....px123....qxé&e. 

For let W be the No. of such Perm". Suppose now 
that in any one of them we change thé p a’s into different 
letters ; then these letters might be arranged (174. Cor.) 
in 1.2.3... . p different ways, and so instead of this one 
Perm”, in which p letters would have been a’s, we shall 
now have 1.2.3... p different Perm™. The same would 
be true for each of the N Perm"; hence, if the pas 
were changed to different letters, we should have alto- 
gether 1.2.3....px WN different Perm" of 7 letters, 
whereof still ¢ are b’s, r are c’s, &c. 

So if in these the g J’s were changed to different 
letters, we should have 1.2.3 ....qx1.2.3....pxN 
different Perm" of n things, whereof still r would be 
c’s, and so we may go on until all the n letters are 
different ; but when this is the case we know (174. Cor.) 
that their whole number of permutations =1.2.3.... 2; 
hence 

1.23.06 P¥1.2.3..5.0q9X%&e. x NH1,2.3 ..3...0; 
128 2 9 0 
ss L2G es 2a 7 RLS vas HERG. 

Ex. 1. How many changes can be rung with 5 bells out of 8? 
How many with the whole peal ? 

Here V;=8. 7. 6. 5. 4=6720, P=8. 7. 6. 5. 4. 3. 2. 1 = 40320. 

Ex. 2. How many different words may be made with all the 
letters of the expression ab*c P 

Of these 6 letters, 3 are a’s, and2 b's; .°, W= 1-2-3. 4.5. 6 = 60, 

‘ ‘ — 12.3 * 1,2 

Ex. 3, What No. of things is that, whereof the No. of Var", 
taken 3 together, is 20 times as great as the No. of Var™ of half 
the same No. of things taken 2 together ? 

Here, if x denote the No. of things required, we have 

n (n—1) (wn -—2) =20 (4n) (An - 1); whence x =6. 
H 2 
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Ex. 74. 


1. How many changes may be rung with 5 bells out of G, and 
how many with the whole peal ? 

2. In how many diflerent ways may 7 persons seat themselves 
at table ? 

3. How many different words may be made of all the letters of 
the words division, insincere, commencement, baccalaureus ? 

4, How many different words may be made of the letters of the 
expression a*b°c?d ? 

5. The No. of Var", 3 together: the No., 4 together :: 1:6; 
find the No. of things. 

6. How many different words may be made of all the letters of 
the words mammalia, cararansera, Oroonoko, Mississippe ? 

7. The No. of things: the No. of Var"s,3 together :: 1: 20; 
find the No. of things. 

8. The No. of Var"* of x oe 3 together: the No. of Va" 


of n+2 things, 3 together : 12; find x. 
9. The No. of Var"s of ; things 4 together: the No. of Var 
of 22 things, 4 together :: ; find x. 


10. If the No. of Var" - n things, 3 3 together, be 12 times a 
great as the No. of Var" of 3n things, 3 together, what is the No. 
of Perm™ of the same x things ? 


11. Of what No. of things are the Perm™ 720 ? 
12. There are 7 letters, of which a certain No. are a’s; and 210 
different words can be made of.them; how many a’s are there ? 


176. The Combinations of any No. of quantities are 
the different sets that can be made of them, taking a 
certain No. together, without regard to the order in 
which they are placed. 


Thus, the Comb" of a, , ¢, d, 3 together, are abc, abd, acd, bei. 

It is readily seen that each Comb” will supply . as 
many corresponding Var" as the No. of quantities it 
contains admits of Perm". 


Thus, the Comb" abe supplies the 1.2.3 Qr 6 Var™ abe, ach, bac, 
bea, cab, cba. 
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‘177. The No. of Comb™ of n different things, taken r 

together, is 
n(n—1) (1 ie) ae ieee). 
* AZ 5 

For (176) each Comb” of r things will supply 
1.2.3...7 Var" of r things; hence, if C, denote the 
No. of Comb" of x things, r together, we have 
1.2.3....7x C,=No. of Var" of x things, r together 

Rage ar eae ..(n—r+1); 
t(n—T)) (ae = (amr) 
1.2.3. 
Cor. Hence 


y _ 7 n(n—1) n(n—1) (n—2) 
tps ara gk Ua eae 


Now it will be seen hereafter that these are the same. 
as the coefficients of the binomial (1+-)", so that 


(l4+2)"=1+ Cr+ C,2? + &e. + C2". 
Hence, putting z = 1, we have 
27=14+0C,+C,4+ & +C,; 


or the sum of all the Comb™ that can be made of 
n things, taken 1, 2, 3, &c. m together = 2"—1. 


178. The expression for C, (by multiplying both 
num® and den” by 1.2.3...(m—7)) may be put into the 
form 

n(n—1)(n—2)....(n—r4+1)x(n—r).... 3.2.1 
ieaxaca? x 1.2.3....(n—r) 


ee ee ee st eee 


1.2.3....7x1.2.3....(n—7) |r]n—r? 


if we use |7 to denote the continued product 1.2.3...2 
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Hence, writing x—r for r, we have 


saa re er 


or the No. of Comb" of x things taken x—r together 
= the No. of them taken r together. 

The Comb™ of one of these sets are said to be 
Supplementary to those of the other. 


Ex. 1. Find the No. of Comb": of 10 things, 3 and 6 together. 
1098» oe HOD ET 

Here C,; = 1387 120, and C,= C,= “Tosa 210. 

Ex. 2. How many words of 6 letters might be made out of the 
first 10 letters of the alphabet, with two vowels in each word ? 

In these 10 letters, there are 7 consonants and 3 vowels ; and in 
each of the required words, there are to be 4 consonants and? 
vowels: now the 7 consonants can be combined four together in 
35 ways, and the 3 vowels, two together, in 3 ways; hence ther 
can be formed 35x3=105 different sets of 6 letters, of which + 
are consonants and 2 vowels: but each of these sets of 6 letter 
may be permuted 6.5.4.3.2.1=720 ways, each of these forming 4 
different word, though the whole 720 are composed of the sameé 
letters: hence the No. required = 105 x 720 = 75600. 





Ex. 75. 


1, How many Comb" can be made of 9 things, 4 together ?_how 
many, 6 together ? how many, 7 together ? 

2. How many Comb" can be made of 11 things, 4 together? 
how many, 7 together? how many, 10 together ? 

3. A person haying 15 friends, on how many days might he in- 
vite a different party of 10? or of 12? 

4. How often might a common die be thrown, so as to expos 
five different faces ? 

5. Find the whole No. of Comb" of 6 things, 1, 2, &e., 6 to- 
gether. 

6. Four persons are chosen by lot out of 10: in how many way: 
can this be done ? and how often would any one person be chosen? 

7. How often may a different guard be posted of 6 men out of 
GO? on how many of these occasions would any given man be 
taken ? 

8. The No. of Comb™ of n things, 2 together, is 15; find ». 
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9. The No. of Comb™ of m things, 8 together, is 5 of the No., 

5 together; find n. 
. 10. The No. of Comb" of n+1 things, 4 together, is 9 times the 

No. of Comb*s of x things, 2 together ; find x. 

11. The No. of Comb®* of $n things, 4 together, is 33 of the No. 
of Comb" of in things, 8 together ; find x. 

12. How many words of 6 letters may be made out of the 26 
letters of the alphabet, with 2 out of the 5 vowels in every word ? 
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CHAPTER XIII. 
THE BINOMIAL THEOREM, 


179. THE Binomial Theorem is a formula, discovered 
by Str Isaac Newton, by means of which any binomial 
may be raised to any given power, without going 
through the ordinary process of Involution. It may 
be stated as follows: Whatever be the value of 2, 
positive or negative, fractional or integral, 


(a + zy" =a" + poe -|- — aq"—277 
Oa) (0-2) 943 4 Be, 


1.2.3 
where the coefficient of a"~"2" =" \7— *) +++ \M Tt faa) ) 5 - —_ i s 
and this, being the coefficient of the (7 + 1) term of the 
expansion, where r may represent any positive integet 
whatever, is called the coefficient of the general term. 

It will be noticed that the coeff® of 2, x, &c. x’,in 
the above, when x is a positive integer, are no other than 
the Nos. of Combinations of n things taken 1, 2, &c.7, 
together. On this account we will use the letters 
C,, C., &ce. C,, to denote these coeff* in all cases; and 
so we may write the formula 


(at+z)’"=a"+ Cia""2+ Ca” *x? + &e. + Cia" x” + &e. 


In this expression, a and z may stand for any quat- 


tities whatever ; so that 
(a—2)" = {a+(—2)}" | 
= a" + Ca"""(—2) + Ca” (—2z)? + &e. 


2 =a"*— Ca" 2 + C,a"~*x? — &c., 
e the terms are alternately positive and negative: 


and (l+2)*=1+4+ C2 + C,z? + Cyz?+ Cart + &e. 
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180. Zo prove the Binomial Theorem when the index 
if @ POSITIVE INTEGER. 


We shall find, by actual multiplication, that 
(va) («+b) =2?+ (a+b) «+ab, 
(w+a) (x+b) (e+e) =2°+(a+b+c) 2?+(ab4+actbe) x+abe. 
Assume this Law of Formation to hold for n—1 factors, so that 
(x+a,) (e+ay)...(e@+a,4) = 291+ p,0" 7? +p" F+ Ke. + py 
where p, =4,+a,+a,+&ce., po = 41d, +4,a,+ a,a,+ Ke., &c, = Ke. 
Puig SO GgOy vas Oga75 
then, multiplying by another factor, c+a,, we have 
(a+a,)(w+a,)...(e+a,) =2"+p,v" 14+ pw? +&e.+ pv 
Ha TF Py dnt FP FECA Pag GeO + Prams en 
=I" +q,2" + gaa? +K&O+ Giytt Yn 
where 7, =p,+4,=@,+a,+a,+ &e.+4,, 
Ja =PotP Mn = 1,4, + 4,a,+4,0,+ &e.+4,a,+4,a,+ Ke. 
&e. = Ke, 
Gn = Pn—1 Gn = BBghg.0+By_1Ony 
that is, if the Law holds for the product of n—1 factors, it holds 
also for that of » factors: but we have seen above that it does hold 


for three factors, therefore for four, and therefore for five, and so 
on; that is, it holds generally, when x is a positive integer. 





Now, it is easily seen that the terms in q,, Go, Yq, &c., are the 
different Comb" of the letters a,, dg, a5, &c. a,, taken one, two, 
three, &e. together; and, consequently, the No. of terms in q, is C,, 
in g, is C,, &c., asin (177). Let us put a for each of a,, a,, &e.: 
then the first side becomes (x+a)", and each of the terms in q,, Yo 
Jz, &c. becomes a, a*, a’, &c. respectively ; and therefore we have 

(w+a)"=2"+ Ciar""+ Cav? + Ke. 
=2"+ am e. oe z+. &e, 


And, of course, it will fined: in ie manner, that 
(a+x)"=a"+C,xa"" + Cix?2a"* + &e. 


=a"+ Cia" 12+ Cian? + &e . 
181. There are only n+1 terms in the expanston of 
(1+.2)", when the index is a positive integer. 
H 3 
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Since the coeff. of the (+1) term= C,, we see that 
if r be such that the last factor of the num’, n—r+1=0, 
then the (7+1)™ and all the following terms (all of 
which would involve this factor) will vanish, i. e. the 
series will have ended with the r term. Now if 
n—r+1l1=0, then r=n+1; and the series will have 
ended with the (x +1)" term. 


182. In the expansion of (1+2x)", the coeff® of terms, 
equally distant from the beginning and end, are the SAME, 
when the index is a positive integer. 


The (r+1)" term from the end (having r after it) 
will be the {(n+1)—r}™ or (n—r+1)™ from the be 
ginning, and its coeff. will therefore be C,_,; but, (178) 
A(w—1)..(m=Ft)) ja = |m 


= — hr 


PS ri|n—r u—r [7 


C= 


or coeff. of (r+1)" term from beginning = coeff. of 
(r+1)" term from the end. 


N.B. The number of terms, »+1, being odd or even as n is even 
or odd, it follows that, if m be even, there will be one middle term, 
but if odd, two middle terms, which, by (182), will have equal 
coeff’, and on each side of which the same coeff* will occur in 
order. When, therefore, in expanding a binomial with a positive 
integral index, we have passed the middle term or terms, we shall 
find all the coeff* repeating themselves ; and, instead of calculating 
those of the remaining terms, we may write down, in inverted 
order, the coeff* already found, as in the following examples. 


Ex. 1. (1+2)t=1+ ptt feats be. = 1442462244034 <4, 


We shall not, however, give any more examples of the 3r4, 4%, 
and 5 powers of a binomial, which the Student should be able to 
write down as in (42). 

TR TRS 3: % 
ia” isa” 
=1—72421a* — 3525 +3524 — 2125 +725 — 27, 


Ex, 2. (1 ~a)fa1—fat. 
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Ex. 3. (3a -4y)® 
6.5 6.5.4 
= (82)® — § (8x) 5 (dy) + $5 Ga) 4 (ly)? F555 Boy) + he. 
= 72928 —6 x 24325 x 4y+15 x 8l.xt x Ly? — 20 x 2723 x 1y8 
: +15 x 92? x Zy* -—6 x 8a x dy? + hy® 
= 72928 — 729.3 + 1228 wy? — 188 ySy3-4 185 y2yA 
= ty? + aay’. 
Ex. 76. 

1. (1+2)*. 2. (a+)’. 3. (1-2)? 4, (a—z)°. 
5. (i+a)% 6. (1-2x) 7. (@—8x)=, 8 (2r+a)®. 
9. Qa—-3r)'. 10. (1—-§e)% 11. (1-22) 12. (4r—}y)”. 


183. To prove the Binomial Theorem, when the index 
7s FRACTIONAL or NEGATIVE. 


It will be sufficient if we can prove the Theorem for 
the expansion of (1+.2)", that is, if we can show that 
for all values of n, (1+2) =1+ Cr+ C2? + &e. 


For then, since a+2 =a (1 + *); we shall have 
tare fo(+5)|"= (042) 


= efi+6(2)+a(2) +8} 
= a"+ Ca" "24+ Ca" 2x? + &c., as required. 


Let‘tthen the series 1 + a2 + mis 2 2’? + &e., 
whatever be the value of m, be denoted by the symbol 
f(m). Now, when .m is a positive integer, we know 
that this series represents the expansion of (1+<2)”, 
that is, f(m)=(1+2) , when m is a positive integer 
We shall now show that this is the case for all values 
of m. 
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Since S (m)=1 +52 + ie + &e. 


wf (aal4 ee +2 Dats be. 


and f (m)xf(n)=14+" x + 4 m(m—1) 24 ge, 





L.2 
tint mn 27?+&c. 
+ BOS) 24 Be. 
<=Il+ar + bz? + &e. 


where we use a, b, &c. to denote the coeff*, found by 
addition, of z, z?, &c., so that 


a=m-+n, Sa Uma n(n a, &e. 

Now 8, c, &c. might be reduced to much simple 
forms than these, but the process would be tedious: w: 
may find them however, immediately, by the following 
consideration. Since the above multiplication does not 
at all depend upon the actual values of m and n, we 
should still have, by the addition, the same values a: 
above for a, 6, &c., whether m and m stand for positive 
or negative, integral or fractional, quantities. 


But when m and x are positive integers, we know thx 
f(mHA+2)", f(aj=1+z2)'s 
and .°. f (m) xf (n)=(1+2)"x (14 2y"=(14 2)"; 


and since m+z is here a positive integer, we knor 
also that 


(teaya1 Ets 4 (m+n) (m+n— 
1 1,2 

Here, therefore, we have the values of a, b, &c. whe 

m and n are positive integers: hence also they will b 


1) z? + &. 
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the same, whatever be the values of m and n, and we 
have, therefore, in all cases, 


f(m) xf (n)=1t™ 2" x + eS 24. &es 
or, since this series would be denoted by f(m-+2), we 


have f(m) x f(n)=f(m-+n), for all values of m and n. 


The student may easily satisfy himself that the values just 
obtained for a, b, c, &c. are identical with the former, though 
simplified in form; thus 


_m(m-1) n(n—-1)_ am (m—1)+2mn+n (n—1) 
ee Oe ee 








_m(m—1+n)+n(m+n—1)_ (m+n) (m+n—1) 
i. ee ee : 
Hence 


S (m) xf (2) xf (p)=f (m+n) xf (p)=f (m+ntp), 
and similarly for any No. of such factors; i.e. the pro- 
duct of any two, or more, such series, as that denoted 
by f (m), produces another series of precisely the same 


form. 


Now, (i), let there be x factors, each=f (*), where 
n 


m and n are positive integers; then 


F(®) x #(®) x &e. nfactors=f("" + + &e.nterms), 


o {f(™) =r (7m) =flm = tay 


n 
since m is a positive integer ; 
m 
. e salon m 
.*. taking the n'” root on both sides, (1+2))= A). 
n 


Hence f(m) is the series for (1+.2)”, so long as the 
index is positive, whether it be integral or fractional. 

Again, (ii), let n= —m, where m is positive, but may 
be integral or fractional ; then 


f (m) xf (—m)=f (m—m)=f (0)=1, 
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(since the series becomes=1, if we put 0 for m in it); 
“S(—™) =a 0a since m 1s positive, 
=(1+.2x)-", by the Theory of Indices. 

Hence f(—m) is the series for (1+2)~", where the 
index is negative, and may be either integral or 
fractional. 

It follows then that for all values of the index, we 
have 

(l+z2y"=f(a)=1+ ; z+ ss eed 7 &e. 

184, We have seer (181) that, when the index is a 
positive integer, this series will stop after n+ 1 terms ; 
when fractional or negative, it will never terminate, but 
consist of an infinite number of terms, since we cannot 
then find any value of r, which will make n—r+1=0. 

Ex,.1. 
(1+2)?=1 $e $i BoP ne Pat + be 
_ 2.3.4 
1.2.3 
In this Ex. there is some trouble in simplifying coeff*, and 
getting rid of superfluous signs: to save this, it will be useful to 


remember the result of the following general example :— 
Ex. 2. 


ea My —e(—n=1) 59 —~n(—n—1) (-n—2) 
ee Diet oe ca ees ane ae ue 


=]— sate x e+ &e, =1-—27482* — 423+ Ke. 


4m, n(nt+1) —n(n+]) (nt 2) ‘ 
=1>+ qT 4 z+ aaa z+&c....(i). 


hag, Bethe BAe a 
Ex. 3. (142) %=1-S2+ 350-733 + he. 


=1—3r+ 627? —1025+ &e. 
Ex. 4. (+o)t=142e+ FG) 24 $ Ga) G*) 3+ te 


7 1 3 
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Here also it will be well to notice the following general results: 


x. 6. ne 


P 
( a+ Ct a+ bee, 


“o- 


P ‘i ht 2 
te) =14 204 a G-1) 


——_—_- 
. . 














Sti? net 8 7 

nA et ag Lg de 

=14+ 224+ PO) 224 PP—D) (P~ 29) 84 Be... i) 
ee ae = 1.2,3.¢8 





(+2) 2=1 ee a a+ &. ... (iii), 


2.5.8 
Ex. 6. (l-2)$=1+ 5 ata * T2338 


= 1437+ $27 +4234 &e, 
Ex. 77. 
1, (+2)% 2% (1-82). 8. (1482) 4. (1-228, 
5. Q—g2)% 6. (1422) 7. (1420)8. 8, (1-823, 
1 


— 3 — ays +6. ceietumeaans 9 a 
9. (1-2)? 10. (1-23. 11. ye BOS 


+ &e. 


Ex.7. (a+ 20)t=a4 (1422) “ma4(1—9 =) +t 5 (22) -&e.} 


= a~4* — 8a r+ 40a-*2? — 1604-723 + &e, 








Ex. 8. 
(a—2zr) 2 = a(ta=) 2=¢ de (= =) +3 (2) +é&e,} 


a as +> 2 ote e , + &e.! 


=a “34303 2 a+ LS “E24 8 5.g-s 734 &e, 
Ex. 78. 
1-2). 2 (8-22)-%, 8, (atbe)y-. 4, (a—822)-2, 
5, (a3 88) & 6, (@—2%)8. 7. (@340-3)-%, 8, (a—2)}. 
9. (@—a5)@, 10. (@?—22)3. 1. (22), 12, (ae —29)4, 
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CHAPTER XIV. 
NOTATION, DECIMALS, INTEREST, &c. 


185. Notation is the method of expressing numbers 
by means of a series of powers of some one fixed num- 
ber, which is said to be the radix or base of the scale, 
in which the different numbers are expressed. 

Thus in common Arithmetic, all Nos. are expressed in a scale 
whose base is 10; for 3578 denotes 3000 + 500+ 70+ 8, ive. 
3.10°-+5.10°+7.10+8; so also 376, when expressed in a scale 
whose radix is 12, is 274, since 2.12?+7.12+4 4 =288+484+4= 376. 

186. If r be any integer, any No. N may be expressed 
in the form N = pyt™+ pyr" '+ &e. + par? + pyr + pos 
where the coefficients Puy Pry, &c. are integers all less 
than r. 

For divide WV by the greatest power of r it contains, 
suppose 7”; and let the quotient be p, (which will, of 
course, be <7), and the remainder JV: then 

N=p r"+-N,. 

Similarly NV, =p,_,7" 1+ N,, No=py_.r” °+ N,, &e., 
and thus continuing the process until the rem" becomes 
<7, Py Suppose, we have 

N= py?" + Pn 7” | + &e. + par? + pyr + Poe 

Some of the coefficients p,, p,, P., &c. may vanish, 
but none can be >r. Their values then may range 
from 0 to r—1, and these different values are called 
the digits of the corresponding scale. Hence, including 
zero, there will be 7 digits in the scale of 7. 

Thus in the scale of 12, the digits will be 0, 1, 2, 3, 4, 5, 6, 7, 8,9, 
t and e, where ¢ and e are used to denote the digits 10 and 11, 

187. In the Binary scale, the radix is 2; in the 
Ternary, 3; in the Quaternary, 4; in the Quinary, 5; 
in the Senary, 6; &c.; in the Denary or Decimal, 10; 
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in the Undenary, 11; inthe Duodenary or Duodecimal, 
12; &c. 

All Nos. are supposed to be expressed in the com- 
mon or denary scale, unless the contrary is mentioned. 


188. To express any proposed No. in a given scale. 


Let WN be the given No. which is to be exprvesedl in 
the scale of 7, in the form N=p,7r"+ &c.+p,r?+ p,r 
+p): we are to show how the digits Pas Pr, &c. may 
be found. 

Divide V by 7; then we shall have 


= =p,r"" + &e. +p. +P, oi fo 9 


i.e. we shall have an integral quotient, p,r"—! + &c. +p, 
(=N,, suppose), with remainder p,; hence the remain- 
der, upon dividing NV by 7, is p,, the last of the digits. 
Again, divide NV, by 7; then we shall have 
Mi = pp? + Be. +p, t+O=N, +2 : 

hence the rem’, upon dividing N, by r is p,, the last 
but one of the digits, and so dividing WN, by r, we get 
Po» &e. 


Ex. Express the common number 8700 in the guinary, and 
convert 37704 from the nonary to the octenary scale. 


Ex.1. 5) 3700 Ex. 2. 8) 37704 
5) 740... 0 8) 4311...5 
5) 148... 0 8) 480...1 
5) 20...8 8) 54...4 
5) 5.4 6.01 
Ans. 104800. Lind Ans. 61415. 


Notice that in Ex. 2, the radix is 9, and therefore, when, in 
beginning the division, we are obliged to take the two figures 37, 
these do not mean thirty-seven, but 3x9+7 =thirty-four: hence 
8 in 37 will go 4 times with 2 over; 8 in 27 (not twenty-seven, 
but 2 x 9+ 7 =twenty-five) will go 3 times with 1 over; and 
so on. 
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Ex. 79. 
. Express 1828, 34705 in the septenary scale. 
. Express 300 in the scales of 2, 3, 4, 5, 6. 
. Express 10000 in the scales of 7, 8, 9, 11, 12. 
. Transform 444 and 4321 from the quinary to the septenary. 
. Transform 27¢ and 7007 from the undenary to the octenary. 
. Transform 123 and 10000 from the nonary to the quaternary. 


Om CON 


189. The common processes of Arithmetic are carried 
on with these, as with ordinary Nos., observing that 
when we have to find what Nos. we are to carry in 
Addition, &c., we must not now divide by 10, but by 
the radix of the scale in question. 


Addition. Subtraction. 
r=4 r=7 r=3 r=12 
Ex, 1; 82128 65432 201210 7#348 
21003 §4321 102221 5e6t4 
83012 43210 BOL 1864 
22033 1444 
31102 65001 


832011 226041 
Ex. 2. Multiply together 68 and 71 in the undenary scale; 
express also and multiply these Nos. in the nonary scale, and com- 
pare the results, by reducing each to the other scale. 
Here 68 and 71 in the undenary = 82 and 86 in the nonary : 


68 82 9) 4378 11) 7823 

71 (86 9) 533...8 11) 642...8 

68 543 9) 65...2 il) 62... 
431 _ 727 | i: BB 
4378 7823 


It will be seen that in the last two operations we have shown 
that 4378 in the undenary =7823 in the nonary, and vice versd, 
as it should be. 

Ex. 3. Divide 234481 by 414 (quinary), and extract the square 
root of 122112 (senary). 


414) 234431 (810 122112 (252 
2302 4 
423 45) 421 
414 401 
41 542) 2012 
1524 


There is a rem’ here in each case. 44 
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Ex. 80. 
1. Take six terms of the series 1, 10, 10?, &c.; express and add 
them in the senary scale, and reduce the result to the denary. 


2. Multiply the common Nos. 64 and 33 in the binary and 
quaternary, and transform each result to the other scale. 


3. Transform 1756 and 345 from the octenary scale to the 
nonary ; multiply them in both scales, and divide the result in 
each case by the first of the two numbers. 


4, Divide 51117344 by 675 (octenary), 37542627 by 42¢ (un- 
denary), and 29796580 by 2¢¢9 (duodenary). 


5. Extract the square roots of 25400544 (senary), 47610370 
(nonary), and 82e75721 (duodenary). 


6. Express in common Nos. the greatest and least that can be 
formed with four figures in the scales of 6, 7, and 8. 


7. The common number 12109 expressed in a different scale 
becomes 50206; required the radix of that scale. 

8. In what scale will 567 express the value of the common 
number 678 ? ; 


9. Reduce the septenary fraction on 


~. to its lowest terms in the 
542 


same scale. 


190. A decimal fraction may be considered as a 
vulgar fraction, whose den™ is some power of 10, the 
No. of decimal places pointed off from the right being 
the same as the index of the den". Hence, if P repre- 
sent the digits, or, as they are called, the significant 
part, of a decimal of p places, its equivalent vulgar 

P 
fraction LV: =e 

It is obvious that decimals, having the same signifi- 
cant part, P, may differ much in value, in consequence 
of the difference in the value of p, i.e. in the position 
of their decimal points. 


Thus 1.23=222. .o193=123. 19.3 123 


10?’ ~ 10#? 10° 
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191. Zo prove the rule for pointing in Mult" of 
Decimals. 

Let M and XN be two fractions, which, expressed as 
decimals, give the significant parts P and Q, with p 
and qg places of decimals respectively ; then 


ee ee oe a eee 
TE Oe rege MOE AE = Toe tga 
Now ies , represents a decimal, whose significant 
10? q 
part is PQ (the product of the two decimals as whole 
Nos.) and having p+ q decimal places: hence the rule: 
Multiply as in whole Nos.; and in the product point 


off as many decimal places as there are in the Multiplier 
and Multiplicand together. 


192. To prove the rule for pointing in Div" of 
Decimals. 

Let MW, N, P, Q, p, 7 be the same as before ; 
M_P Q_P.10*_P 10°. 
N10” 10" 10° QQ’ 10°’ 
Se ae - P > 


hence N= Q° 10-0 or = Q’ or = Q’ 10°? , a8 P= 4. 


_. then 


Now 6 is the quotient obtained by dividing P by Q, 


as in whole Nos.; hence the rule: 

Divide as in whole Nos. ; then 

(1) If the No. of places in the dividend exceed that in 
the divisor, point off in the quotient a No. of decimal 
places equal to that excess ; 

(11) If the No. in the dividend be the same as that in 
the divisor, the quotient will have no decimal places ; 

(in) If the No. in the dividend fall short of that in 


the divisor, annex to the quotient a No. of ciphers equal 
to that defect. 


DECIMALS. 165 


Notice that any ciphers, annexed to the dividend 
in the process of Division, must be reckoned as so 


many decimal places; thus 1+12.5= 1.00 ae 08. 


A simpler rule, however, for pointing in division of decimals 


may be derived from regarding a +40, = ( re x 10*) +Q, 
which directs to make the divisor integral by multiplying it by its 
denominator, thus removing its decimal point altogether, and then 
to multiply the dividend by the same denominator, which will 
shift its decimal point as many places to the right as there were 
decimal figures in the divisor. We have then simply to place a 
decimal point in the quotient when that in the dividend is arrived 
at in the process of dividing. 


Thus .1645~.047 = 164.5 +47 =3.5 ; 
also, 1+12.5, or 1.0+12.5, = 10.00+125 =.08, 
See Arithmetic (57). 


193. Zo prove the rule for reducing a circulating 
decimal to a vulgar fraction. 

We need here consider only the fractional part of a circulating 
decimal. If there be any figures before the decimal point, these 
may be kept separate, and connected with the vulgar fraction 
equivalent to the other part, so making a mixed No, 

Let WN be a-circulating decimal, in which P re- 
presents the figures not recurring, and Q the period or 
recurring part; and let P and Q contain p and g digits 
respectively. 

Then N=.PQQ &c. and 10’°.N= P.QQQ &c. 

and 10”' .NW=PQ.QQQ &c. 
*. (10?*?—10") N= PQ—-P, 
be Nes, 2 OE RT 
~  -10?*7—10" =10"(107—1) 

Hence the rule—(since 107—1 will be expressed by 

gq nines, and 10” is 1 followed by p ciphers)— 
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For the numerator, set down the decimal to the end of 
the first period, and subtract from it the non-recurring 
part ; and for the denominator, set down as many 9’s as 
there are recurring figures, followed by as many ciphers 
as there are non-recurring figures. 


194. Let ; be a proper fraction in its lowest terms. 


Then if 6 can be put in the form 2”5 , i.e. the pro- 
duct of any powers of 2 and 5, the fraction may be 
reduced to a terminating decimal, in which the number 
of places will be the greater of the two, m and n. 


@ oto" Ja" * 
Q™5 - gm5m rae 10” ? 
which, expressed as a decimal (190), has m decimal places; 


¢.. a2" _@2*™ 


gman on5n —s “10” 


which, expressed as a decimal, has x decimal places. 


For if m>n, then 


and if m<n, then 


195. If db be not of the form 2”5", the fraction cannot 
be reduced to a terminating decimal. 

For here no factor, by which we could multiply both 
numerator and denominator, will make the denomina- 
tor a power of 10; since all powers of 10 contain only 
factors 2 and 5, whereas the denominator here contains 
some factor different from these. 

In such a case it may be shown that the figures of 
the decimal will recur, and the No. of figures in the 
period will be less than 6, 


196. To find the Amount of a given sum, in any 
given time, at Simple Interest. 


Let P be the principal in pounds, n the length of 
time in years, r the interest of £1 for 1 year ; then the 


ia 
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interest of P pounds for 1 year will be Pr, and for 
nm years, will be Prn, which is the whole interest re- 
quired; and the Amount, M= P+ Prn=P(1 + rn). 


If M=2P, or the original sum has doubled itself, we 
have 2P=P(1+rz), and n=1l+r, r=1l=—n2. 

Thus at 4 per cent., since here we should have +=,4,, and 
.”. n= 19° = 25, it appears that any given sum will double itself in 
25 years; but to have doubled itself in 15 years, it should be put 


to interest at 63 per cent., since then we should have n=15, and 
.".7= 55, and 1007 = 63. 


15? 


Cor. Hence the Simp. Int. on any sum is pro~ 
portional, (1) to the Principal, when the Rate and 
Time are given, (11) to the Rate, when the Principal 
and Time are given, (iii) to the Zime, when the Prin- 
cipal and Rate are given (Arithmetic, 96); but the 
Amount only in the first case. 

Ex. 1. Find the amount of £237 12s. 6d. in 3 years at 44 per 
cent. per annum, Simple Interest. 
Here P= 2373, n=3, r= 1, of 44 =59;; to find UM: 
M= P (1+rn) = 2372x127, = £269 14s, lad. 
Ex. 2. In what time will £91 15s. 4d. amount to £105 8s, 4d. 
at 3 per cent. per annum, Simple Interest ? 
Here P=912, r= ;3;, M=1053,; to find n: 
1055, =913 (1+;352), or 1265 =11 (100+8n), .°.2=5 yrs, 
Ex. 8. What sum will in 9 months amount to £600, at 5p. c. 
Simp. Int. ? 
Here M=600, r=53, =, »=3; to find P: 
P=M~+(1+rn) =600+1,55 = £578 6s. 325d. 


197. To find the Amount of a given Sum, in any 
given time, at Compound Interest. 

Let P, n, denote, as before, the Principal and Time; 
R the amount of £1 with its interest for 1 year=1+7; 
then PR will be the amount of £P with interest for 
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1 year, and this becomes the Principal for the 2nd year: 
‘+, PRx R=PR’ will be the amount of £P for 2 years, 
and this becomes the Principal for the 3rd year: 


.. PR? x R= PR will be the amount of £P for 
3 years, &c.; hence 


M= PR = P(1+7r)", the amount of £P for n years: 
and the interest = PR" — P= P( R"—1). 


Cor. Hence the Comp. Int. on any sum, as also the 
Amount, is proportional to the Principal, when the Rate 
and Time are given; but the corresponding statement 
avill not hold good, for the other cases of (196 Cor.). 

Ix. Find the amount of £275 for 5 years at 5 per cent. per 
‘annum, Compound Interest. 

Here P=275, n=3, R=1.05, to find AZ: 
’ M=275 x 1.05% = 275 x 1.157625 = £318 6s. 113d; 


198. Zo find the present Value and Discount on any 
sum for a given time, (1) at Simple, (11) at Compound 
Interest. 

Let V7 represent the present value, D the discount, 
of a sum P due ai the end of 2 years; then, since V 
is the sum, which at Int. for the given time will 
amount to P, we have 


(i) P= V(1+ rn), (u) P= V(1+,7r)"; hence 
: P 5. rR P 
ieee ‘sei as ane 
(a) J eet, and D=P—V= » (a) ¥: fa) > 


L+rn’ 

Ex. Find the present value (i) at Simp. Interest, and (ii) at 
‘Comp. Interest, of £28118 17s. payable 2 years hence, at 3 per 
cent, per annum. 

(i) V=28115 85+-1.06 = £26522 10s. 
(ii) V=28113.85+ 1.03? = £26500, 


MISCELLANEOUS EXAMPLES: Parr I. 


es 


a) 


ao 


— 


12. 


138. 
14. 
16. 


16, 


17. 
18. 


19. 
20. 


RPOoDOAN & 


. Expand to five terms 


Multiply a? —2ar - 6? + ba by + ax. 
Divide 323+ 4abz? — 6a*b*v — 4a°b* by 2ab+e. 


. If r=1, y= —2, 2=3, find the value of 


3x? — Qry+ by? + 5x? + Qyz+2.02 
4a*+Qry+3y?+22?+ ys —ax2 * 


Biducs ma? +nsa? r+ay? ty! 


aE) — anda 8 SPOT Bayt Sap 


. Extract the square roots of “sla and 66.455104. 


(1}-+)*$(r-14) as 1 t+3 


. Simplify —— 


(if—x)—2(@—14) eI Oe +2 ~ 20249" 
Sum the A. P. 7 +8h-t&e. to 8 at et n terms. 


. Insert an 4. mean between 14 and 1}. 
. Reduce to their simplest forms ./125, ./98a?z, # 3/21... 
. Expand (1—2.)- to five terms. 


. (i) 4(6x—7)-2 (40-9) = 38. (ii) 2+7 = / 522419. 


(iii) $v —dy=1 (iv) 2?+y?=13 
Aiea) teamed 2) ry = at: 

A certain fraction becomes 1 when 3 is added to the num’, 

and $ when 2 is added to the den’: find it. 


Write down the square of 14+2.v—2?—}$2°. 
Divide 51.c?y?+ 10.24 — 482%y— 15y4+4ay> by 4ay —52?+3y?. 
Find the value of 24 — 2a(a—b)a?+(a?+6?) (a—6)x—a’b?, 
when a=1, b= -2, x=3. 
Find the ¢. c. M. of 
324 — xy? — 2y* and 1024+ 15a%y —1027y? — li.ry’, 

Extract the cube roots of 1953125 and 5. 
2(2* =) 4 an q Ot8ert+3ar? +25 (a+x)? 

2Qr+1 -, By e+ ryty? 
Sum the G. Pp. 3— ke to 5 terms and ad infinitum. 

z 1 2 3 -} —6 a9 we Xe —2 
Simplify {(a2b %ct) 7} ° and x2 y 2z/(xyz 3). 











Simplify 





YSa—3x 
a 


22. 


25. 
. Divide $25 — 424-47 a3— 42.2— 29.7497 by fa? —2+8, 
27, 


28. 


29. 


30. 
dl. 


£8 & 


35. 


36. 


37. 
38. 
39. 


40, 


‘PGS eo oe aia I 


MISCELLANEOUS EXAMPLES, 


Express 3000 (quaternary) in the quinary scale, and 8000 
(guinary) in the quaternary, and all four in the septenary. 
8x-2 21-8r 67r4+138 1 





(iii) 1} - 6 (Ga—1) =2—8(y+1) 
27+8 —}$(y—5) =1lx—8} (8r—2) J" 


. A can do a piece of work in 103 days, which A and B can do 


together in 52 days: how long would B take to do it alone? 


Find the product of x?— a, x? anaes a, and s+-ateba, 


If r=1, y= —2, z=3, find the value of 
debt 
t+ a?y 27a°x? — 18a42? — 9a 
Reduce Ty — yp 904 57839 — 18aha? — 27ata?- bate 
1—-3{1-4(1-2)} +2 2-2 #£@f 
Simply T=4{1-40—a)} "4 e@tiy)t a@- FHI 
Find the square roots of 19321, 1.9321, and 19.821. 
Obtain a fourth proportional to 2, 3, §, and a mean proportional 
to .017 and .153. 


. Sum the 4. P. i Bas to m terms and ad infinitum. 


. Expand (ax—.x*) 5 to five terms. 
. In how many ways may a sum of 40 guineas be paid in 


dollars (4s. 6d.) and doubloons (18s.)? and how may it be 
paid with fewest coins P 


G) #2? ne se =H 87} - a 

(ii) ee —-12= ie 1b 4 _ 914 
ety) +42 = 4(2y — 2) +85 } Ga) Se 

How many square feet are in a rectangular surface, of which 


the diagonal is 53 inches, and the length and breadth 2a+18 
and 2a —4 inches respectively ? 
Multiply (a+6+c) (a+6-c) by (a—b+c) (6+¢- a). 
Divide 1-42 by 1-47-42? to five terms. 
If a= —x=}, b=0, find the numerical value of 
xt —(a—b) + aa b) bx — b4, 
2a3 — 2? +a+] 


Reduce to its lowest terms 9.34 32948241 





55. 
56. 


57. 
58. 


59. 


MISCELLANEOUS EXAMPLES. lil 


. Find the cube roots of 2685619 and 3. 
. Simplify the fraction eters 


- 3(t+44) 


_ Expand (a - 4a*x*)! to Ne 
eee 2a 3/9 47 80y? | 
. Reduce to their simplest forms = e/g 7a 


ay 81.2?" 


. Sum the a. Pp. $+%+&c. to 31 and to n-2 terms. 
. Transform 1828 into the septenary scale, and square it; 


reduce the result to the nonary, and extract the square root; 
and express the latter two results in the denary. 


- Gi) 8e-4(@-13) =9-4(5r-7). 


Gi) x-y-z= 6 Gil) a(e-ty)— May) = 204) 
Sy-2-2=121, (a?—b*) (vx-y) =4a°d} ° 
7z-y—xr=24 


. Two men can do a piece of work in 12 days, and one of them 


can do half as much again in 24 days: in what time could the 
other do a third as much again P 


. Simplify 3 {3¢—(6—-a)} —3[(6— 4a) - $ {a—$(6 -§a)}}. 
. If a=1, b=3, c=5, find the numerical value of 


{a—(b—c)}? + {b—- (e—a)}?+ {e- (a—B)}, 


. Expand and simplify the quantities in the preceding question. 
. Find the ¢.c.m. of 


7a —Qaty — 68ry?+ 18y8 and 5x4 — 8.25y — 432%y? + 272y3 —18y4. 


. Extract the square roots of 1110916 and 9+2,/14, 
. Simplify 


b? a? b? 6? 
(a+0+7) +(a+b+45) and (a— b+ 5) +(a+ b+—_). 
Sum .2+.02+ .002 to n terms and ad infinitum. 
How many terms of the series 17, 15, &c. will make 72 P 


Expand (a? — ber) 6 to five terms. 
How many different throws can be made with two dice P 


; = 4r+38 (li) 5e¢+7y =43 
© a w+ isi 8( ae eavaaa 
(iii) pint =6 =2ry. 
. Ina ene room 800 persons are seated on benches of equal 


length. If there were 20 fewer benches, 2 persons more would 
have to sit on each bench. Find the number of benches. 


— 


a2 


iv 


61. 
62. 
. If a=1, b=2, c=3, find the value of x/a(b*+ac) — 4b*e. 
. Find the 6.c. m. of a°(6* — b?c?) and b3(ab+ac)?. 

. Obtain the fourth root of 162°(a—2) —827(a! —3)+1. 


S&ES 


70. 


ai. 


72. 


73. 
74. 


75. 


76. 
77. 
78. 
79. 
80. 
81. 


82. 


83. 


. Simplify Sean 
67. 
68. 


69. 


MISCELLANEOUS EXAMPLES. 


Multiply 2y+ Baty? = 22 by Ta - Sy2. 
Divide 2*+4r¢+3 by 2? -22+3. 


e+l1 <2«#-1 1-3 
—1 2¢+1 x(1—2z) 
Find the eg. mean between 123 and 13, to 3 places of decimals. 


1_\3 
Expand (_—.) to five terms. 


What number is that, which is just as much below 35 as its 
half is above its third part ? 


Convert 297 to radix 11: square and cube it in that scale, 
extract the roots, and reconvert them to the common scale. 
(i) 4(8r+5)—4(214+2) =39 - 5x. 

(ii) 2u?-+2 = 28. (iii) 2r—9y+2 =0=3r-12y+2}. 

A and B can reap a field in 10 hrs., A and C in 12 hrs, B 


and C in 15 hrs: in what time can they do it jorntly and 
separately ? 


Obtain the quotient of 64/ 1+ — 96h/a-* by 4/4 - 20/071. 
If r=4, and r+y=x7+y+2=0, find the value of 
(y?-=) {y°+2?—y(x—2)}. 

a(as+ys) (x— 2*#+325+4+24+3 
Reduce @ oo) ey See 2 5 and oss 
Add together 74/63+2,4/252+11,/28. 
Find 4/3.14159, and the fourth root of 2*—32+32?+4,—22°. 
Show by the Bin. Theor. that ./2=1+4$-}4+4-73,+&e. 
Sum the a. Pp. 4+2+&c. to 9 and to 2 Baer 
Form the equation whose roots are 2, —2, 14+.4/5, 1-4/5. 


What number is that which is the same aniltipte of 7, that its 
excess above 20 is of its defect from 30 ?P 


How many different arrangements can be made of the letters 
of the word Novogorod? How many with two o’s at the 
beginning and two at the end P 

(i) 4(7x+5) —£(7+4)+6 =2(v+3). 

Gi) e+y—8=0=}(¢—-y) +5 (e@—dyt2). 

(iii) r+ V52+10=8. 





34. 


85. 
86. 
87. 


MISCELLANEOUS EXAMPLES. Vv 


Out of £5000, a person leaves £20 to an old servant, and the 
remainder among three societies, 4, B, aud C, so that B may 
have twice as much as C, and A three times as much as B: 
how much does each receive ? 


. i 1 
43 — Ss _ ——— 
Multiply /2°+1+ Ts by /23-—1+4 F8 


Divide $a°+3a?x - 2x3 by $a+2. 
If a=1, b=2, x=7, y =8, find the numerical value of 


5(a-1)/ Garay +a- al eee Oo —{a- -{a- /3(e+2b)5° 


88. 


89. 


90. 
91. 


92. 
93. 


96. 


97. 


98. 
99. 


100. 


101. 
102. 


Simplify 

14-2{1-$(e-H)} and {a—$(a— $b} + (0-3 (G+59)}. 
Write down the quotient of ax-!+0? by av 343, 
Find the square root of (v-+-271) — 2(02 — x2) -1. 
Sum the 4. and g.p. $+2+&c., each to m terms. Can the 
latter series be summed ad infinitum ? 
Expand /1+4r to five terms, and square the result. 


Find two numbers in the ratio of 14 : 23, such that, when 
increased each by 15, they shall be in the-ratio of 13 : 23. 


. In how many ways may £24 16s. be paid in guineas and 
crowns ?P 
. (i) $(9e4+7) - {x —2(a—2)} =36. 
(i) t+1liy::5:38 
- }(5-y)=8%-322 a} 
2v-ll_«-2 











see —2X 

Gil) * - 2 z—-38 6 

If at a fixed rate per cent, for a certain time, 21 frances and 54 
shillings equal the simple interest of £58 17s. ld., and 12 
francs and 38 shillings equal the interest of 1000 francs ; 
what is the supposed worth of the franc in English money ? 


Simplify 
Afa(v+1) (@+2)+4+2(x-1) (@-2)}4+3(e#—])az(e+1). 
Divide at — 42.a7b?+4 4ab3+2b* by a?-+2ab+ 407. 


Find the 6. co. M. of 3823+ 42? —32—4 and 2a+—72?+5. 
(x4 — b+) (w—b) a+ @aty 

TOUS (2?+8? -2Qbe) (br-+2) arr we aly” 

Find the cube root of 69,.426531. 


Multiply 1-08 —27 4 — ai-4.0°3 +aSaS by 24 ~ ab 41. 





vi 


1038. 


104. 
105. 


106. 


107. 


108. 


109. 


110. 
i ot 
112. 
113. 


114, 


115. 
116. 
117. 


118. 
119. 


120. 


MISCELLANEOUS EXAMPLES, 


Find the common difference of an A. P., when the first term 
is 1, the last term 50, and the sum 204. 

Ita:6:: ¢: d, show that 7a+b : 3a—56 3: 70-+d: 3ce—5d. 
Divide 100 into two parts, so that 4 the greater may be 
greater than } the less by } their iiffarence, 

Employ the septenary scale to find the side of a square which 
contains a million square feet. 


Oot) -1at~a) eRe 


(i ease 1 42r+1 (iii) 82-y+z= 
2r+1 T= a: Diy ane tides 
4(2+y+2) =3(1 -—2+3:2) 


A and B engaged in trade, A with £275, B with £300; A 
lost half as much again as B, and B had then remaining half 
as much again as 4: how much did each lose P 


If a—b=x=38 and a+b+.x=2, find the value of 
(a—b) {2 —2axr?+a?x— Ph) Pi. 
1 
Show that (2a+6-') (2b+-a7}) = (2022 +a- 257 2)?, 
Find the t. c. mM. of 627-1824 6, 6x?+52 —6, and 92? —4, 
Obtain the square root of }2*+ fat — jax(2a? +382? — 4ar). 
Obtain 4/6 to four places, and thence find 4/3, ./%, 4/14. 
1 

qeee-G-! b ca br 
—— ee ———< 
gtia—hpzim—1) bya (53) (6+.27)? 
Square a—2b—3e and 2a —}bx—fex?+ 22%. 
Sum the eg. P. 5+2+&c. to m terms and ad infinitum. 


The trinomial az?+br+ec becomes 8, 22, 42 respectively, 
when x becomes 2, 3, 4: what does it become when x= -}? 


Expand ,/1—4r to five terms, and obtain the same by Evol’, 
(i) 4(4¢ -21) 83-43 (57-82) = 241 — 3 (6-96) — 112. 
(ii) Ia24+1=42-2), 

(iii) 3 (37 Patt er 3 (t—-y) = a 


Simplify 


z * x * o= 
A and B sold 130 ells of silk, of which 40 were A’s and 
B's, for 42 crowns; and 4 sold for a crown } an ell mor 
than B did. How many ells did each sell for a crown ? 


124. 
126. 
126. 


127. 


128. 


1380. 


181, 


182. 


133. 


134, 
135. 


136. 
137. 


138. 
1389, 


MISCELLANEOUS EXAMPLES. Vii 


. Write down the quotient of 16 —8la by 2+-3/a. 
122, 


123. 


Multiply a?+4(a+b)xc—432? and a?—%(a—b)x+42". 

923 +62? — 22 — = 

1223 — 52? +42 —4 

Find the L. c. M. of a?+2*, (a+), and aa 

Obtain the square root of 14 and of 12+6,/3. 

Simplify a—-(b—c) —{b-—(a—c)} —[a— {2b-—(a—c)}], and 
ate b+e w+e 

show that (=) (=a) (a=) (w—b)~ @=a) =D)’ 

Sum the a. p. }+4+&c. to 7 and to n terms. 

How could a sum of £24 16s. be paid from A to B with the 

use of fewest coins, if 4 have only guineas and B crowns? 


Reduce to its lowest terms 


. Simplify 


V/8 (a@x+axr*) — 16022? and (/ a)3-6 6 (abv a-5-9)8, 
Compare the numbers of combinations of 24 different letters, 
when taken 7 and 11 together; und also when the letters 
a, b, e occur in each of such combinations. 

6r+18 ,, ll-38r _4g_i8—2_21-2r 
rig. ag ae, 
(ii) 1+8(y+5) -—4 (7x-6) =10- 4 (82r- ads 
4(12—2x) : 5¢-—4 (144 y) :: 1 
~ _3 (@-)) _9,,3(@-2) 
ae ee 


A party at a tavern had a bill of £4 to pay between them, 
but, two having sneaked off, those who remained had each 
2s. more to pay: how many were there at first ? 


Show that (ac+ bd)?+ (ad+-bc)? = (a?+-6") (c?+a?), and ex- 
emplify this identity when a=1 = —d, b=2=—e. 
Obtain the product of c+2V 22y+2/y by 2—2V 22y+2/y. 
Divide «4— (a? — 6—c) 2? -—(6—c) ar+be by x?-—ar+e. 
2 “3 22 

Reduce ae 5 oe, Ts and oan a ; 
Find the L. c. M. of 

mn — mn, m?+-mn —2n?, and m?— mn —- 2n?, 





Obtain the square root of ad — Qat+ Sas — Qait+ 1. 
Ifa:0::¢: d, express (6+d) (c+d) in terms of a, }, ¢, 


Vili 


140. 


141. 
142. 


148. 


144, 


145. 
146. 


147. 


148. 


149. 
150. 
151. 
152. 
153. 
164. 


155. 


156. 


157. 


MISCELLANEOUS EXAMPLES. 


Find ./24, and thence deduce the values of 
5 V/2 2/34+/2 1+.,/216 
S54? VJ3-V/2? V34+VS2? T-JS6 
Insert two A. and two H. means between 1 and 3. 
1 
Expand (1—4r) 4 and (1- Ax) 3 to five terms; and show 
that the former series, when squared, coincides with the latter. 
(i) vu - 3 (w@- 2) =3 {2-3 (23 -2)} -3 @—S). 
“s z-9 41 xr-8 
gaat gay el se 
7e+1 _80/r—3 
Oy pp =ae es « 
A farmer aoe 5 oxen and 12 sheep for £63, and for £90 


could haye bought four more oxen than he could have 
bought sheep for £9: what did he pay for each P 


Find the continued product of (+a) (7+) (a—22x) (6-2). 
Write down the square and fourth powers of a—4W axr—2z. 
(2=40) (8@—4) 9g @-D@=D | 
~ @?—2a7 (a+)? (@=a)? 
8a? + 267+ c? —5ab—3bce+4ac 

Reduce to its lowest terms Sa? 454 32 — Bab — Bbe+ 10ae 
Extract 4/.01 to four places of decimals. 
Obtain the square root of (x+1)?—44/2 (x- /a+1). 
Determine which is the greater ./2+¥/3 or /3+A/5. 
Sum the g. Pp. 3+4+&c. to m terms and ad infinitum. 
Given —1 to be a root of the equation 2*— 7x? —6x=0, find 
the other three roots. 
In how many different ways could a farmer lay out a sum of 
£63, in buying sheep and oxen at 30s. and £9 respectively ? 
(i) a (w@—b) =b (a—x) —(a+b) 2. 

ai 0 5 a. iii) 227+ 3.2y =26) 
Ota foep eet ea 8y?-+2ry = 39 
A and B can do a piece of work together in 4 days: A works 
alone for 2 days, and then they finish it in 24 days more: 
in what time could they have done it separately ? 


Simplify 





Find the value of ¢/;t¢-+, /2 G47) 5 at Bab-+aP 


when a=}, b=2. 


MISCELLANEOUS EXAMPLES. 1X 


158. Divide a?-+2ab? +08 by a3 +2a%b2 +, 
159. Find the a.c. m. of2#+723+72? — 15x anda — 22?—182+110. 
tie oat 2 1 2«r+6 3(1+227) 

160, Simplify ~~ 5- zea a4 “™ TH He) 

161. Multiply together +-—1+ V/2, L+2+4+./3, vx—-1—- 4/2, and 
xr+2—/3. 

162, Find the 7 term of 5+-52+61+&c., and its sum to 16 terms. 

163. If a: bitbiec:te:d, show thata:b:: /a:n/d; and 
express (a+b) (c+d) in terms of 6 and c. 

164. Find the least number which, when divided by 47 and 74, 
shall leave remainders 26 and 62 respectively. 

3 
165, Expand (1+2z27)-* and (a+26)?, each to five terms. 


166. Express a million in the senary scale, extract its square and 
cube roots in that scale, and reduce the results to the denary. 


167. (i) 2(x—5) —3,(@-18)) =5 - 37-2). 
$f) SW Lyre vy St+8 5(12- 2x) _ 47 
i ae abcadag 34 oe 
168. If .A’s money were increased by half of B's, it would amount 
to £54; and, if B’s present sum were trebled, it would ex- 


ceed three times the difference of their original sums by £6. 
What had each at first ? . 


169, Write down the expression for the product of the square root 
of the sum of the cubes of the square roots of a and b, by the 
square of the cube root of the sum of their squares: and find 
its value approximately, when a=4, b=1. 


170, Multiply 27? +20"4y2+48y by 27?—2Qe"ty2+y. 


171. Simoli a™\?)-§ w° — 405+ 30 
71 Simplify | (j=) , and reduce O74 53 





1 


172, Obtain the square root of 1—az?— 15 g2y 4 Data? +4ata?, 


178, Find th Soa ale SEL SEP. 
nd the sum of -—---——5 and of 1+ 5(=1) e+) 
174, Extract ./15, and thence obtain the square roots of 8, 3, 22, 412. 
175, Sum the a. p. 13+113+&c. to 5 and to m terms, beginning 
in each case with the ninth. 


a3 


176. 
177. 


178. 


179. 


180. 


181. 


182. 
183. 
184, 


185. 
186. 


187. 


188, 
189, 
190, 


191, 


192. 


MISCELLANEOUS EXAMPLES, 


If r= vet pye = ee find the value of z?+ay+y?. 


Expand (1+ /zx)~? to five terms, and obtain from the result 
the series for (1+ /x)-*. 

Find three numbers in the proportion of 3, 2, 3, the sum of 
whose squares is 724. 

(i) G@r—a: 4r—b:: Be+b:2et+a. (ii) 3(e- y- 5 = § 


(iii) (2-+5)°+(y +6)? = 2fay +12(@-1)}, yao. 
A does 2 of a piece of work in 6 days, when B comes to help 
him; they work at it together for { of a day, and then B by 
himself just finished it by the end of the day: in what time 
could they have each done it separately ? 


Find the continued product of a+2x, a+4y, a—42; and de- 
duce from the result, the value of (a-+b)?. 


Multiply §¢+3a- 323 lq 3 by 2x— a 322 — 4a 


Simplify 2- ${(1}-2)—4(2}—2)—3(1} -2—2))}. 


: a* — 234-327 —-274+9 
Reduce to its lowest terms “Eee 


Find the 1.0. of ax°—a%z, ar3—1, and az3+1. 
Extract the square root of a*b-?-+}a—°b? — a~1b4-2a6-*. 
1 


. 1 x 
Find the sum of Ia—1?+a@—1 ~ Ae)’ 

Multiply together 34/8, 24/6, ./15, »/20; and find ./241,/7, 
Sum the a. Pp. 6—2+&c. to 7 and to n terms. 

The present worth of £1463 is £1400, but were the term of | 
credit 1 year more, and the rate of interest £1 less, the present 
worth would be £13931; find the rate of interest. 

G) 72(8e+5) — 7(4e — 65) = (5x —-6). 

(il) ei ae 38; +7(8¢—y), c=535 -2{t(@+y) - 3(t-y)}- 


Gi) St pe ESE 

A man and his wife would empty a cask of beer in 16 days; 
after drinking together 6 days, the woman alone drank for 
9 days more, and then there were 4 gallons remaining, and 
she had drank altogether 33 gallons. Find the number of 
gallons in the cask at first. 


—2 
3, 


198. 


194. 
195. 


196, 


197. 
198. 
199. 


201. 


204. 


MISCELLANEOUS EXAMPLES. Xl 


If 4a = 5b =1, find the value of 

3 3 1 

{3 (a? +a#b-2)}8— [41 +a°#— (abt) #3) 
. tag a 1 1 

Find the sum of Sey | “#5l Pol eaT 
Simplify the surd expressions 

B8V24+2VS3 3,/2— 4/3 ent 

82-273" V/8—V/}’ iis 

(m? — 4a?) (m?+am — 2a?) a ax? — 2x5 
ayelee (m? — a?) (m?—am— 2a?) and | a aS 
Find the b. c. M. of 3827-2x-1 and 423—27?-37r+1. 
Sum the series 3—2+11- &c. to n terms and ad infinitum, 


Prove that the sum of any number, », of consecutive odd 
numbers, beginning with unity, is a square number. 





. Given y? « a?—2?, and when r= /q?—}?, ay =0%, find the 


value of x when y = #6. 


A person distributed £2 1s. 8d. among some poor people, 
giving 93d. to each man and 63d, to each woman: how many 
men were there, it being known that the whole number was 
a multiple of 10? 


. Expand (1+ \/.2)~° to five terms, and obtain from the result 


by Evolution the series for (1+~/.r)~*. 


+ (i) FL +30¢+2)} -7{1j - 5-2} =1% 


(ii) aba? — (a-+b)2-+1=0. (iii) (ety) =0-y = Vep2y—1. 
A and B lay out equal sums in trade; A gains £100, and B 


. loses so much, that his money is now only ? of 4’s; but if 


206. 
207. 


. Reduce to its lowest terms 


. Obtain the sum of 


each gave the other 3 of his present sum, B’s loss would be 
diminished by one half. What had each at first, and what 
would 4’s gain be now? 


. Show that 3(2?+y?)+2? -izy+az—-yz and (y~z)? become 


identical when -7v=y=a, 

Divide mpx3+ (mq—np)x? —(mr-+ngq)a+nr by mz—xn. 
Multiply aa 342 - a3 a3 by as — a 841, 
w+a*x? —axr—a 

v—axr+ ain — a2 
s@aaty tary Teer" 


xii 


210. 


211. 


212. 


213. 


214. 


215. 


216. 


217. 


218. 
219. 


220. 
221. 


222. 


223. 
224, 


225. 


226. 


MISCELLANEOUS EXAMPLES. 


Find the square root of 49.14290404 and the cube root of 
8242408. 

The 3" and 13 terms of an A. P. are 3 and 3: find the 14% 
term, and the sum of 20 terms. 


Simplify the surd expression {ab-?. 6/@§3,4/ abt, 4/ ab}. 
The fore-wheel of a carriage makes 6 revolutions more than 


the hind wheel in 120 yards, and the circumference of one is 
a yard less than that of the other: find that of each. 


Transform 1000000 from the quinary to the septenary scale ; 
and extract its square and cube roots in the latter. 

(i) 3-1) (@— 2) = (@- 28) (w-1)). 

(ii) 2a+38y =5 = —(2y+3r). . (ili) 2?+ar2y=c, y?+2y =P. 
Find the time in which A and B can do together a piece of 
work, which they can do separately in m and n days. How 


long must A work todo what B can in m days ? 


Find the difference between (n+2) (w+3) (n+4) and 
24{n—i(n—1)} {n—2(n—2)} ie -} a(n— 13)}. 

Divide a+8?+c — 3, apze by ab +bi+e, 

ae v-a, x—b _= arb} 

=t) a —a (x—a) (w—b) 

Find the 1. c. M. aE B4a2%y+ay?+y> and a—a*y+uy?— 
Obtain ./10, and thence derive the values of 44/2, »/4%, 4/21, 
(V5 + 4/2) + (4/5 - /2), and (4/5 — /2) + (5./2—-2/5). 
Sum (12)-?+2-? Ba) Bi +&c. to n terms and ad infinitum. 
Expand (a? + 2.7)” 2 and (2a—3.r)~? each to five terms. 

A servant agrees with a master for 12 months, on the con- 
dition of receiving a farthing the first month, a penny the 
second, fourpence the third, and so on: what would his 
wages amount to in the course of the year? 

Given two roots of the equation 2°+47 = 5.23 to be 1 and —2, 
find the other three roots. 


A person changed a sovereign for 25 pieces of foreign coin, 
some of them going 30 to the £, the others 15: how many 
did he get of each ? 


Find the sum o 





» (i) 2ax?+(a—2)xa—-1=0. (ii) az4+1=by+1 =ay+br. 


x .#+2 8r—13 
O) soit eel tend) 


228, 


229. 
230. 


238. 


239. 


240. 


241. 


242, 


. Simplify a - 


MISCELLANEOUS EXAMPLES. L. eae 


Find the time in which A, B, and C can together do a piece 
of work, which A can do in m days, B in n days, and C in. 


3(m+ 8) days. 


Divide 5y‘ + Zay3 — +! aot a’y? + Say +7at by 3y?+3ay— ia’. 
Obtain the products ‘of /B+arl/vs+_a 

(i) by 4/23 —aXk/a8+a?, (ii) by /28+aX/ x3 -a?, 

(ili) by /23 -—aVas—a’. 


. Find the a. c. mM. of 


3at — ab? — 264 and 10a*+15a%d — 10a?b? — bab: 


. Find the Lt. c. mw. of a3—32?+32—- 1, e—2?-27+1, xt-22> 


+22-1, and at —223+422?—27r+1. 
bas og qvttva _ 20a? 
J/24+3/5 ae mo Pee 


a 


. Extract the fourth root of 


20 ee 5 12 16 
Te 3 - Says + Bx 3 yS—2Q50r8y 5 +625y © 


. Sum 1634+142413-+4 &c. to 11 terms, and §+2+22+4 &e. to x 


terms and ad inf.; and insert 3 H. means between 1 and 2. 


. Given y?-0b? cx+a, and when x=), y=a, find the value 


of y when 2 =3a. 


. Four places lie in the order of the letters 4, B, C, D. A is 


distant from D 34 miles, and the distance from A to B is 
2 of that from C to D; also + of the distance from A to B is 
less than thrice the distance from B to C by 3 of the distance 
from C to D. Find the respective distances. 


If (l+2r)"=1+ 4A,x+&c., and (14+2)" =1+B,r+ &e., 


show, by finding the actual values of A,, B,, &c. that 


A,+A,B,+A,B,+B;=0. 
(i) 8v420=7—1{3-4(~—1)}. (ii) zee mth 
be 4cv Bz—-2 y—2z 
St ey ee ee ee 
If in aie A work for }(38m—2n) days and B for }(8n—2m) 
days, in what time will C finish the work ? 





Write down the quotient of 1? - y- ° by a+ yA, and divide 

x —2Qax?*+ (a?+ ab—b?)x—a*b+ ab? by x-—at+b. 

If a=16, b=10, x=5, y=1, find the value of (2—b) (,/a—b) 
+o/ (<=) (a+y) and (a—2)?—(b—2*) — f (2—2) (6+y). 


XiV 


243 


244. 
245. 


246. 
247. 


248. 


249. 


250. 


251. 


252. 


253. 


264, 


255. 
256. 
257. 


258. 


MISCELLANEOUS EXAMPLES. 


Find thee. c. Mm. of 30023+ 2652? + 5027+ 24 and 602?+538r+4. 
‘ uasee aah 3 1 Qx 3 3 : 

a wade oo Ces 3 +3a=a : ls 20a} 

Find 4/‘6, and obtain by means of it the values of 

V/23, S44, (V3 — 4/2), and (24/3434/2) + (8./3—24/2). 

Show that / {a +0 aib?} + «/{b248/ a} = (a3-+53)?. 

Divide 48 into nine parts, so that each may just exceed that 

which precedes it by }. 

Given the coefficients of the 4 and 6 terms of (1+2)"*' 

equal to one another: find x. 

In the permutations of the first eight letters of the alphabet 

how many begin with ab? 


Express 12345654321 in the scale of 12, and extract its square 
root in that scale. 
(i) #(7—5) — 8 (ev — 182) = 156 - 2(19—12). 

a a RS: wee (8a—38\?_ 4r—5 
br— ay =0? Ga) fe = ) ~ g—1" 
Find the time in which A, B, C can together do a piece of 
work, which (i) A can do in m days, and B and C together 
in $(m-+2) days, or (ii) A can do in m days, A and Binn, 

and 4 and C in $ (m-+n) days. 





Find the coefficient of x in (v+2) (x—6) (x+10) («—5), and 
of a* in (14+27+12%+1254 &c.) x (L—10442?- 1234+ &.). 
Divide x-?+y by voy ys and 2#—ma?a? + max - a by 
at — a, 
Find the t. c. mM. of 623 —112?+5x —8 and 923 - 922+ 54-2, 
2 . 2 2 

Simplify 3-3) - 2 2a? +-ab— 0" 

implify = 1 +22)? and reduce aaa ep 
Find the sum of 

a ace ey Oe gah eh 

b bb+c) b° b-e? V2) VI —a8 
A walks at the rate of 3 miles an hour, B starts 2 hours after 
him at 4 miles an hour: how many miles will A have walked 
before B overtakes him? Find also how long Bshould start 


after 4, in order that A, when overtaken, may have walked 
6 miles, 


- Simplify b4/ 80°) + 4av/ a%ht — / 2508s, 


261. 


262. 


264. 


2 


266. 


267. 


268. 


269, 


270. 


271. 


272. 


273. 


274, 


275. 


276. 


MISCELLANEOUS EXAMPLES. XV 


. If the first term of an A. P. be 6, and the sum of 7 terms 105, 


find the common difference, and show that the sum of 
n terms : sum of n—3 terms: : n+3: n—3. 
Which is the greater of the ratios 

a+2r:a+e and a?+2ar+22? : a?§+3ar+8x? P 
Of 12 white and 6 black balls how many different collections 
can be made, each composed of 4 white and 2 black balls ? 


» @ @-1)) @- 24) =430 +32) @—-). 


(ii) 3e— ly +e2=7, dety—de=1, ly +4s—2+410=0, 

A market-woman bought eggs at two a penny, and as many 
more at three a penny; and, thinking to make her money 
again, she sold them at five for twopence. She lost, how- 
ever, 4d. by the business: how much did she lay out? 


Show that (2+27")? — (yt+y™*)? = (ay -2“y"") (wy -27¥y); 
and exemplify this result numerically when x=}, y= — 3. 


3 
Find the «a. c. m. of da?at 490223 + 2a2* ee eer and 3a2z3 
1 
+ Sax? -a®x+2. 


Find by Evolution /g+6z to five terms, and square the 
result. 
— 2x? 


Simplify 3a—[6+ {2a—(6 - tg . 
ea. Ea 
Qr+2 x42 ° 2(x+8) (x+2) (+8) 

A gamester loses i of his money, and then wins 10s.; he 
loses 4 of this, and then wins £1, when he leaves off as he 
began. What had he at first P 

The sum of » terms of the series 21+19+17+&c, is 120; 
find the n® term and x. 

Divide 100 into two parts so that one shall be a multiple of 
7 and the other of 11. 

Into how many different triangles may a polygon of n sides 
be divided, by joining its angular points ? 

Convert 85 and 257 to the quaternary scale ; multiply them 
in that scale, and reduce the result back to the dengry. 

(i) 4e+}2-1=}{8r-} (@-1)}. : 

(ii) ax+y=2+by =} (x+y)+4+1. (iii) 827y =144 = 42ry*, 
A and B can reap a field of wheat in m days, B and Cin 
days, and 4 can do p times as much as Cin the same time: 
in what time would the three reap it together P 


Find the sum of 


xvi 


207. 


281. 
282. 


284. 
285. 


289. 


- (i) V2xr+(1l—wx)?=4-24. (ii) 


MISCELLANEOUS EXAMPLES. 


Find the value of ar+6y—c when 
me —nb 


r= 
ma—lb 


and y= ..-—— 





. When a=4, v= —8, y=1, show that 


_3 eats 3 > Fs 2B 
a 2ut+yt=(a 2x8+y*t) (a 23—a 2r3y*+y?), 


. Reduce to its simplest form 


3a ~227°?+5ar—12 
a %—8a *x* - Ilva 10 4+63" 


. Find the L. c. uw. of 


ax?—1, ar?+1, (a2v—1)%, (a2x+1)%, at? 1, ata? +1. 
Obtain the square root of a3 47480344, 
erred / 40 — $4/320+4/135, and 8 \/2-3./12+4./27 


te" 


. Show that the sum of the cubes of any three consecutive 


numbers is divisible by three times the middle number. 
If a: b:: ¢:d, show that 2a? —30? : 2c? -3@::¢0+8?: 2C+@. 


Two-thirds of a certain number of poor persons received 


‘1s, 6d. each, and the: rest 2s. 6d. each: the whole sum spent 


being £2 15s., how many poor persons were there ? 


. The No. of Comb" of letters taken 5 and 5 together, in all 


of which a, 4, and e occur, is 21: find the No. of Comb™ of 
them taken 6 and 6 together, in all * which A b, ¢, d, occur. 


ast 748 249° 
(ili) 2?+2y+y? =37, r+y=7. 


. A certain number of sovereigns, shillings, and sixpences 


amount together to £8 6s. 6d., and the amount of the shil- 
lings is a guinea less than that of the sovereigns and 14 
guinea more than that of the sixpences: how many were 
there of each ? 


What is the difference of a(b+c)?+6(a+c)?+c(a+6)? and 


(a+b)(a—c)(b—c)+(a—b)(a -c)(b+e) -(a- DUPEHe = c)? 


290. 
291. 
292. 
293. 


Prove the preceding result when a= — 3; b= a e=-1, 
Multiply 1+ ja-2r41a “12? by 1— 14-2 2r+1a -28 — a2, 
Obtain the coefficient of 26 in (1—27+32°—425+ &e.)?. 
Extract the square roots of 7,%, .064, and 31—10./6. 


MISCELLANEOUS EXAMPLES, XV1i 
294, Simplify 
3 8 (at—bt Z, 
{ (a —b)?+-4ab}? x {(a-+b)?—4ab }? x fa E+ 2ab(a+b) 13 
295. Given two numbers such that the difference of their squares 
is double of their sum, show that their product will be less 
than the square of the greater by the double of it. 
a ,2a 8a a n 
296. Sum to n terms atid +o +&c. and - a Ja 0. 
297. Required two numbers whose sum shall be triple of their 
difference, and less than 50 by the greater of the two. 
298. The No. of Comb™ of n+1 things, taken n—1 together, is 
36 : find the number of Permutations of n things. 
299. (i) (a+2) (642) -a(b+c) =a’cb +27. 
(ii) ./x+Va—2=2{/x—Va—z}. 
(ili) 22?+3y? =5 = —5(2x+3y). 
300. 4 can do a piece of work in 2 hours which B can do in 


4 hours, and B and C together in 1} hour: in what time 
could they do it, working all three together ? 


301. Divide 
3 ot 12 1 4 1 1 1 2 
122—20rty 3+27x2y 8—18rty-14-4y"3 by 422 —4rty34+y 8. 
802. Find the value of “$24, ¢+26 ae, 
in value o aay eb when wv a3 
303. Extract the square roots of 
18945044881 and («+a71)?— 4(¢—27), 
304. Find the @. ¢. Mm. of (b—c) 224+2 (ab—ac) x+a°b — ae and 
(ab —ac+b? —be) 2+ (a*e+ab?- a*b — abc). 
805. Simplify 
0/128 — 2./50+ 4/72 — ./18, and (54/5 — 74/2) + (/5 — 24/2). 
806. Find the sum of *+Y _ y—@__w—y" 
Qe—2Qy 2e+2y x+y? 
307. When are the hour and minute hands of a watch first together 
after 12 o’clock ? 
308. Expand (3a 3 —~2a-1 x8)-3 to five terms. 


309, Sum +1414 &c. to8 and to 3n terms; and insert four 
H. means between 2 and 3, 


310, The No. of Comb" of 10 letters, r—1 together : No. of 
Comb" of them, r+1 together::21 : 10: find r. 





XVill MISCELLANEOUS EXAMPLES. 


311. 


312. 


3138. 


314. 


315. 
316. 


317, 
318, 


319. 
320. 
321. 
323. 


324, 


(i) .082°—2.72 = 30. 
G) +a) YB) tem (e=a) V4B)—o} 

(c+b) (y—a)=(*+4) (y-4) 
(iii) ety =ar-+ by = a2x?—by?, 
Supposing in (300) A to begin by himself, how long after 
must B and C begin to help him, so that, when the work is 
finished, A may have done upon the whole twice as much 
as C? 


Obtain the product of ./a+/ az + /z, 
(i) by /a-V/ar+/2, (ii) by /r—V ax— Va. 


: Va+r+Va-—x : ... 2ab 
Find the value of ee ee when = (i) 24a, (ii); +R 


3 

Write down the quotient of 16a°z°—y by Qatet+ys, 
Extract the square root of ?— 4/5, and of 

253 — 2 ay-3+ fen ?y? — pel Tasty 

a* ax 
Expand ms a—x and “ a+ each to five terms. 
Multiply together : 
1424/2, 4-1/8, /24+ V3, 44/8, 2/21, /3— 0/2. 
Find the n‘* term and the sum of » terms of the A. P. 
a—n ,a—2n b= e, 
n n n 

If the sum or difference of two numbers be 1, show that the 
difference of their squares is the difference or sum of the 
numbers respectively. 
A servant agreed to live with his master for £8 a year and 
a livery, but was turned away atthe end of 7 months, and 
received only £2 18s, 4d. and his livery: what was it worth ? 
How many different sums might be made of a sovereign, 
half-sovereign, crown, half-crown, shilling, and sixpence? 
and what would be the value of them all? 
(i) 2r+a_ x—b ms 3axr+(a—b)? ‘ 

b ac * ab 
qy etl. ate ot. 

+2 2(a+19) 2 

Two girls carried between them 25 eggs to market: they 
sold at different prices, but each received the same amount 
upon the whole: the first would have sold them all for 1s, 
the second for 18d.: how many did they each sell? 

















(iii) ax —cy =0 = ay+br—cry. 


325. 
326. 


327. 
328. 


329. 


331. 


332. 


336. 


337. If 


338. 


339. 
340. 


341. 
342, 


MISCELLANEOUS EXAMPLES. xix 


Write down the square of 1—}2+42*, and square the result. 
Divide — 2a°y—8+172°y— — 5x7 — 242%y4 by — a®y— + Tx5y-! 
+8zr'y5, 
Find 4/7, and thence /}, /1§, /3}+ /44, 2+(4- 4/7). 
. a 
Find the value of Peay + a5 oat when x= 43(a+b). 
Simplify 5/39,0-06a5> 34/8 —24/124 4/20 
plify /32a°—96a5x, and 3,/1B = 2/2745 
1 1 x—1 3 


. Find the sum of Z, bss a Tee ee 


vo (x*+ lit yp 2?(a24-1)? : 
If uw=p+q-+7, where p is constant, g 0 wy, and 7 « zy—, and 
when x=y=1, u=0, when r=y=2, u=6, and when x=0, 
wu=1, find u in terms of x and y. 
Show by the Bin. Theorem that %/3 =1+42-—4449 —1804 &, 


81 243 


. In how many ways could I distribute exactly 55s. among the 


poor of a parish, by giving ls. 6d. to some and 2s. 6d. to 
others ? 


. How many words can be formed of 4 consonants and 2 vowels, 


in a language of 24 letters, of which 5 are vowels ? 


ee £%, = ate b 1 
oi rer Mae ) “Dh staal ar ). 


(ii) 4a —5y+mz=7x - lly+ns=x¢+y+p2=3. 

A boat’s crew rowed 3} miles down a river*and up again in 
100’: supposing the stream to have a current of 2 miles an 
hour, find at what rate they would row in still water. 


r=_ 2% | find the value of V@tortVa—be 





~ be)’ Va+bx—Va—bx° 


2 1 
8az3 — Qa3 x? — a3 
Gadx? _ atx -1 
Find the coefficient of 2° in (14+32+22?+225+&c.)%, 
, a+a*h a(a—b) ab 
Find the sum of Mae 5 er Ps 
Simplify a°be x/ a—be — bc X/ @b—4e+ ate? / 243a—* tc, 
Obtain the cube roots of 51.064811, and 1—6r+21a?— 442° 
+ 6324—542° +2725, 


Reduce to its lowest terms 


. The prime cost of 38 gallons of wine is £25, and 8 gallons 


are lost by leakage: at what price per gallon should the re- 
mainder be sold, to gain 10 per cent. upon the outlay P 


¥x MISCELLANEOUS EXAMPLES. 


344, Ifa: b::¢: d, show that 
a®{ (a? +d?) — (b?-+c*)} =(@— 8") (a? —c’). 

345. Expand {2a-3/ay}5 and {3a—24/@z\—2, each to five 
terms. 

346. From a company of 50 men, 5 are draughted off every night 
on guard: on how many different nights can a different se- 
lection be made P and on how many of these will two given 
soldiers be found upon guard ? 

347, (i) UE+2) _ arta, (iii) aay =c Grtay). 

a+x : : bay =c (ax—by) 
san = 0 1 1 
(ii) da— lly? +1329 = 22, 424 6y2+ 523 = 31, r- y? +23 =2, 

348. A person, having to walk 10 miles, finds that, by increasing 
his speed half a mile an hour, he might reach his journey’s 
end 165 minutes sooner than he otherwise would: what time 
will he take, if he only begin to quicken his pace halfway ? 


349, Divide (#3—1)a’— (#342? —2)a?+ (427+382+42)a—3(¢+1) 
by (w—l)a®- (w@—1)a+3. 


mer | 22 -1 at 

350. Multiply a ?+ ./(a?c)® by /a *— X/(a?c)?. 

351. If r=8/{-dr+V/Gr-A_)}, find the value of 2°+r23 
+279". 5 1 3 3 

352. Extract the square root of 2° — 5x? y? + 478 a%y — 472 y24 Ary’, 

J+ /5)e—2 4(1- 4/5)r—2 

353. Add together #-1+/6e+1 ane i EE - 

354. Find the sum to m terms and ad inf. of the G. P., whose first 
two terms are the A. and H. means between 1 and 2. 

355. What is the least number which is divisible by 7 and 11 
with remainders 6 and 10 respectively ? 

356. A privateer, running at the rate of 10 miles an hour, discovers 
a ship 18 miles off, making away at the rate of 8 miles an 
hour: how long will the chase last ? 

_5 5 : 

357. Expand {2a—3/qz} ® and {8a-24/ Gz 1°, each to five terms, 

358. In what scale will the common number 803 be expressed by 
30203? What are the greatest and least common numbers 
that can be expressed with five digits in it ? 

a” 


. a? ee a a’? 








sy CY 4 _t-a  y—b 
Git) E4Y arto eyo) | 


360. 


363. 
364. 


365. 
366. 


367. 
368. 


369. 


370. 


371. 


372. 


378, 


374, 


- 


MISCELLANEOUS EXAMPLES. Xxl 


A, B, Creaped a field together in a certain time: A could 
have done it alone in 97 hrs. more, B in half the time that 4 
could, and Cin an hour less than B. What time did it take 
them ? 


. Divide Vv, analy? — 20 y+ 3.22y2V/ ay 


by Jas y. 


. The edges of three cubes are a, b,a+b; show that the 


greatest : difference between it and the sum of the others 
1: (a2b 24a 2b?) 2 3 

Extract the square root of r+1-272(1+/r)+8V/2. 
Simplify 72 -—3/% and /2azx2 — /2ax* —4axr+2a. 

If x =3(/3+1), find the value of 4(273— 227) +2¢+3. 


A’s money with } of B’s would be } as much again as before ; 
and if 2s, be taken from A’s present sum and added to B’s, 
the latter amount will be 3 of the former. What had they 
each at first ? 

Find the value of /a+6.x, and square the result. 

If the difference of two fractions be mn-', show that m times 
their sum =n times the difference of their squares. 


The first term of an A. P. ism?—n+1, the common difference 


-2 : find the sum of x terms, and thence show that 1 =1', 83+5 


= 28, 7+9+11=3'%, &e. 
Find the area of a court 250 ft. long by. 200 ft. broad, (i) by 
the senary, (ii) by the duodenary scale. 

, 1 eat oe Jy 
Q) ab—ax ab—ant 7 be-bxr ac— ax" @) aE ae 
(ili) 2?7+y?=20?, ety ixr—yiimin 
A cistern has three pipes 4, B, and C: by A and B together 
it can be filled in 36’, and emptied by C in 45’; ; whereas, if A 
and C' were opened together, it would be emptied in 1} hr.: 


in what time would it be filled, by , by B, or by all to- 
gether ? 


Fine. ~<.-5 —_" = ee » when z= — ~ (m-n+p). 


mn — tee np — Nz vars mp 


Multiply max? +(m—- L)atrs 3+ (m— Q)aku-s 3 by a / at—-A/ au. 


. Extract the square root of 1+m3+2(1 - m*)./m+3m—m?. 


XXli 
376. 
377. 


378. 


379. 


380. 


381. 


382. 


385. 
386. 


387. 


389, 


890. 


-@ 3@-L)- 


MISCELLANEOUS EXAMPLES, 


Simplify -— wee 2 re fy vy 
atte “SE Vay 

Find a ets of two digits such that its quotient by their 
sum exceeds the first digit by 1, and equals the other. 
How many terms of the series -7-5-—3—&c, amount to 
9200? and how many of 6+4+ 22+ &c. amount to 144? 
A certain number of men mowed 4 acres of grass in 3 hours, 
and a certain number of others mow 8 acres in 5 hours: how 
long would they be in mowing 11 acres, all working together ? 
If a, b, c, d ave in @. P., show that 

(a+b+c+d)? = (a+b)?+(e+d)?+2(b+c)*. 
The No. of Var" of things, r together : the No.,.r—1 to- 
gether::10 : 1, and the corresponding Nos. of Comb" are as 
5:3; find x andr. . 
A person makes 20 lbs. of tea at 4s. 9d., by mixing three 
kinds at 3s. 6d., 4s. 6d., and 5s.: how can this be done ? 


t= <3 5 452-101 3x)}. 








a+b—e+u4 b 


(ii) ptatbnentteTete (iii) (=) +(i)—4 
ay+br=0 


. A trader maintained himself for 3 years at an expense of £50 


a year, and in each of these years increased that part of his 
stock which was not so expended by } thereof: at the end of 
3 years his original stock was doubled ; find it. 


Divide (6a?— 7ab+26*) «8+ (5a°—38a%b — 5ab? +308) 2?+ 
(a? —b*)*2 by (2a—b)x+a? — b?, 

Find the L. c. m. of 

xt —(p?+1) 2?+p? and at—(p+1)? 224+2(p+1)pr—p’. 
Obtain the values of (i) x— Vay + y, and (ii) of 22+-ay+y’, 
when w=, (41+ 4/73), y=7e(45— V7). 


ee Dleerteeo) ue ieee zt} 


Obtain the square roots of 
240A + a-2¥2 and @© aN ef —2ac yes #5 
The ye" term of an A. P. is ta a : find the sum of m terms. 


391. 
392. 
393. 


394. 
395. 


. 896. 


397, 


398. 


399. 


401. 


403. 


405. 
* 406, 


MISCELLANEOUS EXAMPLES. XX 


The diagonal of a cube is a foot longer than each of the 
sides: find the solid content. 


Find the first time after noon when the hour and minute 
hands of a watch point exactly in opposite directions. 

In how many ways may £10 be paid in crowns, sevenshilling 
pieces, and moidores (27s.), thirty coins being used ? 

Out of 5 white, 7 red, and 8 black balls, how many different 


sets of 6 balls could be drawn, (i) two of each colour, (ii) one © 
white, two red, three black, (iii) three red, three black ? 


oie esis een 
bx bx 
Gi) ees GD 14 1-8 15 


Two vessels, A and B, contain each a mixture of water and 
wine, A in the ratio of 2:3, B in that of 3:7. What 
quantity must be taken from each, to form a mixture which 
shall consist of 5 gallons of water and 11 of wine? 
Show that (ay — bx)*+ (cx — az)? + (bz — cy)? 

= (a?+b?+0?) (a?+y?+2") — (ar+by+cz)*. 
Find the «. c. M. of 37?+ (4a—26)r—2ab+a? and 

x3 + (2a—b)a? — (2ab — a®)x—- ab. 
24 seh (2b 204) take (244.9074 (at — 074 

From }(2?+32r *) (a? —2Qx *) take 1(a?42xr 2) (x? —3r *), 
and multiply the result by 6 (1-2 1)". 








g i 1 ae ok 
. Extract the square root of 7°+27?+373-—2r 642 3-1, 


Multiply together 
2 (a+ by", 4/ V(atb)™, (a+b), 9 (a+b) ® 

. Simplify 

{te 8x 1l- =) + + {ite 4x? 1-2? 
I etrat 14a T¢2)* (1-2 eee it 


Sum (a+2)?+(a?+2")+(a—.xr)?+&c. to 5 and to n terms. 


. Suppose that A, B, C, start at one point in a circumference 


of 42 miles, to travel round it in one direction, A at the rate 
of 5, B 53, and C 6} miles an hour; in what time will they 
all be together at one point, if B set out 3 hrs, 45 min. after 
A, and C’9 minutes before B? 


Apply the Bin. Theor. to find (1.01)? to nine places. 
Find the least integer which divided by 125 leaves the cube 
root of 729, and divided by 729 leaves the cube root of 125. 


> 
Me 


4 


XXIV MISCELLANEOUS EXAMPLES. 


407. @ r+3= i oie ch (ii) aha" —(a-4+-b)or 4-8 =O. 


9 (5) =4i-t-9 


408, A person bought 38 Piss a £57 ; but, having lost acertain 
number, , of them, he sold the remainder for » shillings a 
head more than they cost him, and so gained upon the whole 
16s,: how many sheep did he lose ? 


409. Show that (a°+0?—1)?+ (a+b? —1)?+42(aa’+6b’)? 
= (+a —1)°+ (B+ (67—1)*4 2(ab-+ a’) 
410, Find the a. c. M. of ry+ 22? —3y?+ 4yz+.72— 2? and 
— 922—5.ry+ 42? - Byz—12y?, 
411. Find the fourth term of (./2+ 4/3)°, correct to four places. 
412. Obtain the square root of 14+.2r-3/2(14+- /r) 
“+ /x(2+35 Ta): 
413. If the r term of a series be ar™!—r, show that the sum of 
th nth th m?+mn+n? 
the m* and x" terms exceeds the (m-+-n)™ by - my ear a 

414. If #t=(a—c) (b-c), y-1=(a—-b) (6-0), 21 =(a-b) (a-c), 
find the values of r—y+z and abx — acy + bez. 

415. If P, Q, R, be the p", gt*, and 7" terms of any H. P., show 
that (p—q)PQ+ (q-1r) QR+(r-p)RP=0., ; 

416. Two parcels of cotton, weighing 9 lbs, and 16 Ibs., cost 11s. Gd. 
and £1 Os. 4d. respectively, and the charge for carriage was 
proportional to the square root of the weight: how much 
per Ib. was paid for the purchase of the cotton ? 

417. Ifa:b::6: c, show that a+b: b+c:: a2(b-c) : B(a—b). 

418, Find the least number which being divided by 36, or 100, 
or 169, shall leave in each case the square root of the 
divisor. 

419. (i) (v1) +-2(x-2)4+3(a-3)+&e, to six terms=14.% 

-. 2r(a—2) _ sor CY . £ SZ ie, 
ae ee Ad tee 

420. A square court-yard has a rectangular walk around it; the 
side of the court wants 2 yds of being six times the breadth 
of the walk, and the no. of sq. yds. in the walk exceeds by 
92 the no. of yds in the periphery of the court: find its area. 





ANSWERS TO THE EXAMPLES. 


J 2. 3. -8. 4, 1. 5. 106. 
ch: 8 7. -178. 8. 160. 9. 450. 10. 192. 
11. me 3. 0. 4, 94, 5. 89. 
~ 64, 1, 203 8. 264, 9. 5. 10, 3. 
25. 2, -15 3. 12. 4, 6. 5. 21, 
22. Te%. 8, 13. 9. 15. 10, 4. 
46. 2. 24, 3. 35. 4, 10. 5. 7200, 
. 1385. 7, oe 8.120. 9. 384. 10. 4, 
15a+3bd - 6c+ 6d. 2. 14%—9y+102 - 12. 
23a? — 26ab+140?. 4, 6by - 7cz. 
as + 502?y — 1l4ry?+ 4y'. 6, 22? 2y?+ 227, 
— 9x3 + 2a2? — 31a?x+16a5, 8. &2+55+c+6abe, 
628 + 4y3+ 3 —24ryz. 10. a4+4*+24. 
a— 3b+5e. 2, —22?-—Txy+3y?. 3. 4ax —9by+2cz. 
5a? —5axr+5. 5. Ta? — 3a+46? —7ab+2c?— 6be. 
— 23 —6u°y —2y? +6 —32? — 4y%. 
82? + Lavy sy? —1672=13 yz. 8. e?+ryt+y". 
8at — 4a%b — 4ab?+ 254, 10. 0. 


4a—4x. 2. 4a — 4a?e, 3. 2% — By? — 32", 
Qax?+2by?+2cx, 5. a? - 3b? +. 3%. 6. 2ab+4b?, 
0. 8. -3r—y+4z. 9. 8x—8. 10, —4c+ 4d. 


(Qa—b) — (8c —4d) — (28—3f), (2a -b - 8c) + (4d—-2e+3/). 
- (b+8e)+ (40-20) +(3f-+a), - (b-+8c — 4d) — (2e-3f-a). 
~ (3e —4d) — (2e - 8) + (2a- 5), — (3c-4d + 2e) + (B3F+2a-b). 
(4d — 20) + (3f+2a) — (b+80c), (4d—2e+3f)+(2a—b -8¢). 
- (2e-8f)+(2a—b) - (3c —4d), — (2e-3f—2a)—(b+3c-4d). 
(8f+2a) — (b+38c)-+ (4d—2e), (8f4+2a—b) — (8a-4d+2¢). 
{2a—(+8c)} + {4d - (2e—8/)}. 

- {b+ (8e—4d)} — {2e—(8f +a)}. 

= {8c— (4d—2¢)} + {3f+(2a—5)}. 

{4d — (Qe— 3f)} + {2a—(b+3c)}. 


. — {2e—(3f+2a)} — {b+(8ce—4d)}, 





(1) b 


10. 


"a, 


ANSWERS TO THE EXAMPLES. © 


ki (a—b+c) a8 — (b—e+d) 2*—(ce+d+e) x. 
2, 2 (ax — by). 3. (a+b) he -9b) ay +(a—c)y?. 
4, 2(av-+cy),.2b (e-+y). 
5. — (a — 56) e+ (2a+3b+c) y, (a - 4b-c) e+(a- 3b -2c) y, 
(6 -—c)x+(8a-c)y. 
6. (5a -b) e—(2a—3b—5e) y, —(a+c) r+ (a-b+2c) y, 
(4a-—b—c) x— (a—2b—-7e) y. 
‘7, (2a4+4b+c)x—(a-5b—3e)y, —(4a—5b)x+(2a+d) y, 
— (2a-96 - c)a+(a+6b+ 3c) y. 
8. (a+4b)x+(4b+5e) y, —(8a—fb-c)x+ (a4+2b —-2c) y, 
e— (2a—9b—c) r+ (a+6b+38c) y. 
1. abs y*, — mna>, 2a*er*y, ab?c?, a®bc?, — ay, 


2. —a*y+ay?, —ax+a'x?— ax’, - aba + a%b2? ~ ab2z, 
xy — 325y?+327y8 — ry'. 
2a? +-7ab+3b*, 2ac—be—6ad + 3bd. 
6x?+ 132ry+6y?, 6a?b?— ab? — 120+. 
. 3462?+72 -6, x23 —627+ llr 6. 


. Slat—y'. 8, a5+32b5, " 9. at - 4a8x4 Sat. 
blues ete 18a, «11. e8—y8+28438ryz. 12. a®—1. 
— 83 — 27¢3 — 18abe. 14, a®+2a5b3+ 39, 


3 

4 

5 
ff. at+ai- eee at—a—8a? +a+1. 
i : 

0 

3 





15. 28 —(a+ c)a®+ (ac+b)x—be; 2t-(a?-b+c) 22 
+a(b+c)x—be. 
16. i a gL ae a a (b+ c) a*+ en, 


17, a — ame — 2m?2r* + 3mn2> — nxt; a? + a(m+2n) x—- 
m a(m--n) — 2mn} a? — (m?+ Qn?) 234+-mnct, 

18. a°x° — a?(b—e+d) x*y — (abe— abd + acd) xy 24 bodys. 

19. vi + 6 (m—n) x3 — (4m? + 9mn + 4n*) 2? + 6mn (m —n) x 
Pius oss 


20, a5 — (2a? + 26° + ab) a8 + (at + aX + a°l? + ab? + Bt)x 


— (a+b) a6. 


1. @ —2axr+2*, 14+42°+424, dat+120?+9, 922 - —-24ry + 16y?. 
2, 9+ 122-4 402, 4.x?—2ry+9y?, a*—6a3x+9a?x?, 
bat — bens yt crxty?, 3. 4a?—1, 9a*x? - b?, at —1. 
4, 2°+42r+3, a44+327-4, ab¥—ab— 6, 4a*x? —8abr+ 36°. 
5, «4 — bax? + 4at, 6. m42* — 13m?n22x7y? + 36nty4. 
7. 42°, 8. rd 4a‘ — 5a*b? + 5+, 
9. a’? +2ab+b?—c?, a®§—b? 4+ 2Qace*, a? —b?-2Qbe-c*. 
10. a?— —2ab-+b?—c2, -a’?+2ab— a4, —a’+6? —2be+ c?, 
11, 4a?—6°+46be—9c?, — 4a?4-12de+b? — 92, 
12. hia 6be — 9c, — 4a*+4ab— b+. 9¢%, 
(2) 


13. 


14. 


22. l. 
. ara? by? 
. dry — 2az+3y2, — ab? +7abe? — 4c', == Bar + 3by — i 


a 
jo) 


— 
— 


ft 
PNSR EE soe a) 


ANSWERS TO THE EXAMPLES. 


a® + 2ac + c? — b? — 2bd — d?, a® + 2ad + & —Y -2be-e’, 
Neos —@—2ad— d?, 
a? +2ad+d? — 4b? + 12be—- 9c*, 9c? + Ged+ d?—- a? +-4ab — 46, 


a+ Gac-+ 9c? —4b?-+4bd — d?. 
be, Bay?, — 35be. 


2m 4m? , n_ 8a? 5a 2}? 
ga ti gota apc at ota ae 


: ay Aa —A4m+8. 5. 8a- oe, hes 6. 2ab — 3b7. 


— 2ab+2h?, 227y?+ Qry+1. 8. 23 —2x°y+4r9? - — By’. 
fed 274-322 4cd+-Brt, at+2a34 3a?+4a+5. 


. +2ry+3y?, m? —2m+3. ii, 184 2u°B-+ SaB?4- 408, 


a*+273+327+22%41, at 2a5b+38a°b? —2ab+ bt 
—————— 
x*—pxrt+gq. \ 2. az*+be—c. 


» yt —(m—1)y¥-—(m—n>-1l)y*—(m—-1) y41. 


a+b—c—d. 5. a+2b—e, 
a+ ++ ab —ger be, a*+6?+¢?+ab+ac—be. 


» L-x+2y+424 Qry+4y?, 1+ae—2y+2%+2ry+4y?. 
» +4y? +92" rege 6yz. 9, 2?2+y?+2+1. 


. a@—axrtax? — ast 14524 152°44509 4. 
on 4x5 
9 2 
~ 14+-227+32' +40 +5 Qa a 
2 . < 2,3, (a+b)b%2* 
1—(a+b)a+ (a+b) bx? — (a+b) B23 4+ ae 


a’ — pa?*+ga—r. 


. ax at+art ax? ars+ at, a —-ate + aba7—a2x8 +art-2°. 
. 8r+1, dx-1, 2x-38. 3. 3mn—5, 4m? —n?, 

. 1-2x+42?, 92?4+8r+1, 1-27+427 - 825. 

» 3432°%y+9ry?+27y3, at —2a%b+4a*b? —8ab?+ 1604, 


» 2a? —Lab+b?, 28y3 — 2?y*2+ xyz? — 28, “if 
: a-tb-+e, at+b—e. 
» (x+y)? —(e+y)s+22 =27+2ry+y? —22—ye+2, 


V+u(y—2z)+(y—2)?=2? 4 ay — x2+ y? —2Qyz4+2. 


. (1-22) (1422), (a—32r) (a+ 3x), (8m—2n) (3m+42n), 


a2(Ba—2) (5a+2),. ag Aint By) (Aes by) 


» (vty) (2? -2y+y*), (e—-y) (e+ 


y’), 
(1+2y) (l—zy+2%y’), («—1) ary, (<4 1), 
Rs (ay — x") (ay+2*), ee (a—2c) (a+2c). 


—Z 


~s 


ANSWERS TO THE EXAMPLES. 


8. x3(5r—a) (5r+a), a*(a—305) (a+38), 
(24-3) (42°+62r+9), (a—2b) (a?+20b+40"), 
a*y (a+3y) (a —S3ay+9y"). 
4, («+2) (at —225+ 42? —-8x+16), 23 (a+3r)(a? —38ax+92°), 
ae y?) (42° —225y?+-y*), (ab>+c*) (ab? —c?) (a?b6+c"), 
c(a+c)*. 
. (8x-1) (82+1) (927+1), (@—-2) (& +2) 4 2r +4) 
(a? -—22+4), 2?(x—6)*, x*(a—a)? (x+<a)?. 
, (4e—5) (2e-+1), (a+8b) (a—2), 7(e—y) (2+). 
; (=) (t+y)*, (e+a—b) (ec—a+b), 8ab. 
. (2+yy°, mn(m—n), 5b(a—B). 
. Aet+y) 4r—-y), 2(c-y) Sa x), 4y(a+y). 
. (446) (a@?+ab+6"), (a—b)5, 0 


oO MON SD ja 


_ 


16. 1. (v+1) (x+5), (w7+4) («@+5), (w—2) (x—3), (w@—38) (x5), 
(et) (@+7), (@—1) (@-9). 
. (@$8) (v2), (78) (@+2), (¢—3) (w+1), (w-+5) (2-3) 

(x+8) («—1), (w7—9) (+1). 

» (2x43) (2741), (42+1) (x+3), (42-1) (x48), 
(27—3) (2r+1), (8x—2) (+2), (8x+4) (2xr—-1). 

. (4e4+1) (82-2), 2(6x-—1) (w-1), (4e+1) (8x-]), 
(+4) (w—8), (82-5) (x+1). 

. a@(x—a) (w—2a), a(a—82r) (a+2z), ab(8a—2b) (a+), 
(4a? — 2) (8a?+27). 

6. xy (2x-+y)(7+2y), 8y? (Bx-+2y)(a-y), @*(Sax-1)(2ar+1) 
x* (2b —32r) (8b+2). | 


oa -, Ww ww 


17. 1. 5. 2. 2, 3. B. 4, $. 5. —1 

g, S-8. -og 81, 9. 4, 10. —2a. 
m—n sf 3 

Ti, =f SS 16, =3,. 14, ae 

1s. 1. 42. 2. 12. §.. 19; 4. 6, 5. 7. 
6. 4. ae 8. 2, 9. 7. 
10. 3,(25a—188). 5 OA ia: = 

1g. 1. 4. 2. 2. 3. 18. 4, 8 5. —a. 
6. 6. yf © 8. b—a, 9. 7. 10. a—m, 


11.10. 12, 2(a+e). 
—— 
20. 1. 9. 2. 7s. 3. 12. 4, 15. 5. 35, 13. 
6. 31,18. 7. 518,466. 8. 120, 9. £189. 10. 24 ft. 


Al. 41. 12. 90,60. 13.16. 14, 37,30, 20. 


4) 


ANSWERS TO THE EXAMPLES, 


15, £36, £12, £16. 16. £45, £57, £63, £65. 

17. 15,5. 18. 264,185. 19. 982 miles from L; 102 hours, 
20. 88. 21, 8. 22. 20. 23. 15. 24, £6. 
25, 853., 35s. 26. 5. 27. 22, 7, 12 gna. 

28. 1h. 20’ from B’s starting ; 63 miles, 

29. 3000. 30. 25. 31. 3s., 58., 7s. 


Blase ley 
? 2956c!2’ og 

2. 28+6277?+127-+8. 8. 24-8273 +242? —32r+16. 

4. 2° +152t+ 9023+ 270274 4052 +248. 

5. 14+10r+402?+ 8023+ 8024+ 32:5. 

6. 8m3 —12m?+6m—1. 7. 8la*+10823+ 5427+122¢+1. 
8. 1624 —32ar° + 24a2x? —8a3x+at. 
9 
10 


21. 1. 4a*b*, —27a*b%c!? 


. 24325 4+810a2t+ 1080a2.x? + 720a82?+ 240a4r + 3205. 
. 64a —14407b+ 108ab? — 2785, ; 
11. a8a3 —3a?x?y?+ 8aryt —y%. 
12. atx*+ 4052+ 6a22° + 4axr7 + 278, 
13. 32a°m* —80a*m® + 80a°m7 — 40a?m§+ 10am? — m?°, 
14, a’—3a*b+3a2e+8ab? —Gabe+3ac? — b®=+86%c —3bc? +3. 
15. 1-—324+-62? —72°+ 621 —32° +2. 
16, a? + 3a°bx + 3a (6? + ac) x? +,(6ac + 6") ba + 
3(ac + b?)ex*+ 3be7x° + sf, 
17. 1+4¢+102?+1623+1924+/462°+ 102° + 427+ 28, 
18, 1+52+52?-10x3-1d2*-+11a54+1521°- 1027-5278 + 579-2, 
19, 1—62 +152? — 2073+ 15.14 — 62° +2, 
20, at —8ab + 4a%e + 24a7b? — 24a7be + Cac? — 32ab? + 48ab7e 
— 24abc? + 4ac?+ 1664 — 3203c+ 24b7c? — 8bc8 +-c4. 
21. 1410274 25x? — 4023 — 190.274 4+-922> + 570.xr° — 36027 ~— 67528 
+8102° — 243219, 


22. 1. 14-22432?+223+ 24. 2. 1-227+62? —473+ 424, 

8. 9-—127+102? —423 +24, 
4, at—4a3b4+10a?b? — 12ab°+ 954. 
5. 427+ 9y* + 162? — 12.ry+ 1622 —24yz, 
6. Dax? + 4b*y?+ 22? + l2abry+6acrz+Abcyz. 
7. 1—4axr+2a*%x? + 4a5x3+ atat, 
8. 4a4—4a3 — 7a? +4a+4. 
9, 1—224+-82? —427°+4+ 324 —22°+2°, 

10. 14+-627+152?+ 20234 1524+ 62° +.2%. 

Ll. x6 — 425+ 1024 — 423 — 727+ 247+ 16. 

12, 14-40 — 22? — 425+ 2524 — 2425 + 162%. 

13. a®& —4a5b+ 8atb? — 10a3b3 + 8a7b* — 4ab> + 6%, 

(5) 


14, 


15. 
16, 


23. 1. 


1 


| 


26. l. 


So Or H CO bo 


27. 1. 


za. l. 


29. l. 


> co to 


ANSWERS TO THE EXAMPLES. 


a8 — 8a7x + 28a%x? — 56a5xs + TO0atx* — 56a5zx> + 28a?x5 
—S8ar* +25, 

1 —4xr+ 10x? — 16234-1924 — 1625+ 102° — 427+ 2, 

a’ — 4a’x+ 6a®x? — 8a'x5 + Llatet —8a5x> + 6a — daz? +28, 


+2ab78, +7x%y3z, +£10atb !, 
2p 72 aie 39/5 

4 Bar *y? a. Try’ 4 52%y” 
bz Ba’ ~ 4a? 

aay — 2ay* 4b — Babe® 
2? Se? ge 

4.2.0? { Bab?c® ab? 4 2x°y 


I+ 
& 


“at? @? = 82 


. 2e4+y, 5a—3b, 52?+3.2ry. 


7ab—a*, 4ay+5yz, 5a*be+c*. 


. 1427432". 2. 827 +227+3. 3. 3a+2b+¢. 

. 2 —4ry+4y?*, 5, 2a?—-3a+4. 6. 4x? —2ab+ 2. 
. @—27°4+3r—4, 8, 8a—6+5c+d. 

» U—2Qr°y 4+ Qay? —y', 10. 1—327+3.r? — a4. 

. 2-—8a-—a +225, 12. p+qr+r2*+szrs. 

. l-w, a-2. 14, 2a—3b. 15, w—2. 16. a—6. 





ee 


491, 347, 69.4, 737, 1046, 4321. 


, 2082, 20.92, 1011, 20.22, 129.68. 

. 3789, 75.78, 15.156, 8642, 2211. 

. 4.164, 8328, 2568.2, 11367, 31230. 

. 4.044, 8088, 5055, 6633, 15165. 

. 1.5811, 44.721, 54772, .17320, 10,535, .03331, .06324, 





07071. = - 

t+2y. 2. a—38. 3. 7+4. 4, 2a—3b. 
. a+8b. 6. 2x—Ty. 7. m—Ance. 8. ax— 5dr. 

a’+2a+1. 2. 2?—47+4+-2. 3. a—ab+2%. 


. w2—4dar+4a, 5. 2x? ++-4ary —38y?. 6. —2?+a-1. 
. a—b+e. 8, 1-22+82? — 428. 


21, 23, 25, 82, 4.7, 48, 64, 9.6. 


. 114, 11.7, 125, 108, 1.41, 192, 
, 2.34, 206, 3.84, 32.1, 282. 


46,8, 936, 6.42, 1026, 1.284. 5. 1.857, 5848, .2154, 1.687, 
(8) 


ANSWERS 








TO THE EXAMPLES. 








3o. 1. 322, 2ab?, 4y323, 2, Qt, a, X. 
31. 1. 227(a+2)*. 2. 22 (a+a)*, 8. ab(a—b)*. 
4, 2(¢-1). 5. 22(a@+1). 6. 2(v+a). 
7. a(x+1). 8. 3(ax+2). 
32. 1. 3x-2. 2. 274+3. | 3. 8c+65. 
A, 82°+14r-15., 5. 4v—6. 6. 2?+2r-3. 
33. 1. a+z2. 2, +—1. 3. 2(v?+2r+1). 
4. y—2. 5. r—2a. 6. x+3. 
7. 3(v+8). 8. a?7+y’. 9. a(a+b). 
10. a(a’—0?). ll. 2?-—2ry+y’. 12, #?+40+4., 
34. 1. 27+3, 2, 32-2. 3. 382-2. 
4, ¢-1. 5. r—3. 6. ry. 
7. «+3. 8. 2?-3. 9. 527-1, 
10, 32?-—2ry+y?. 11, 2 (2a?+2ry—y*). 12. r-1, 
35. 1. 1207b*c, 3625y5, ax*y—ary’, ab? —ad*, 
2, 120a*b?, 10a°b°, 1800a°2°%. 
3. 6(a?—6"), 12a(a?—1), 1202y (a? —y?). 
4, 24a°b?(a?—b?), 36.xry?(a?—y?). 
e631, 2%, 2, * Se 
7 "a? a® B(m—22) 5a 2b(a+ 2b) 
PR ae SAM eR ea 
" y(@ —2y)! m+n atb+e 4x—Ty” 
ee ee i A 
" Odf? f+2c ar+b 
4 w—-l a?+a? a +a°l? +04 ot—br a—b 
Se oe a+b? ? «+b? a+b 
5 x—1 aw—l 7 a+b 38a—2r 
“a+ eo ea=8 * 5a+8x 
g, 24—8x +4 Oe a ee 
" 9a+8a * @a-Qe41 * 622 Bry + Qy* 
ja, Peters). ae. aie 
x(a?+ar+27) wtatl x*+52r+5 
x? —axr+a? Bax? +1 
her =" ae Me Gare Saat 


(7) 


37. 1, 


3a. 1. 


39. 1. 


11. 


14, 


40. 1. 


a—b a@—b” al” a 
atbe 2a*—2ab+2b? ab r-y 
e+ dx’ ee 7? a g¢* 
gdh. Wines * ae. oe 

at — x4 u*(a? — 1) 4a* — 5? b+ar 
1+a%+2% 9 20 10, A@y-2y’-y* 
(224-1) (22-1)? . arty y . ay e 
P+H 49 2attdaty?—2y" 4g a +2? 
a(at+z) x*—yt* " i (@-a) 
a x—82°+328 16. 1+ 274+ 322 
ety x (1-2) ~ 4(1-at) * 

arta? 1 3aXa—b) 
Sax, b@= ay 1. et 
at — a B+2a%x+2axr*+25 Zax*(a—y) 

~@x ? (a—x)(a?-—ax+2%) c 
ab x atx(ar—1) " a? +6? 4. lt 
" @44b” a2+y” a—b ~ (a-b)” °F” 

(a?—b7)b 3a g, ete 

ie Se “2—6 
(8) 


ANSWERS TO THE EXAMPLES. 














2 
ata me 
“ee . 
2a—32+.-—_, 122 434 70° 
5a-2 —l 
x(a?-2r—-3) @+42e° a*+aryty* 


z—2 a+2x’ wtta 


ber, acy, abz 6cx", Aby?, 8az* 


abe” abe’ 
40b 2*y, 45ab?2x3, 48a*by*, 500° vy” 
6018 
aa? —b2x*, a®y?+by? = a?+2ar+27, a? -Qar+.2° 
— b+ } ’ ies ae u—_--  s 
Bax? —8bx?, wy a—2, ata, 2a 
6-8) * *  4a3 (a? — 2?) 


@+b? 8a?—ah+2b? 25a—208 
2(a+b)b’ 6(a—b)b ’ 12° 
ab +? +B Oa —abt+ 8 

















ANSWERS TO THE EXAMPLES. 


e. 





‘a i 4—S3r 3x 6-2v 18¢+14 27-4e 12-40 
swe IO’ 16-22? Qr4+6’ §=—21 ? «2(4r—9)’ 88-22" 
9 10-18 ,_ 1 20-87 14-202 
- 6’ ? 22-25’ 9(2+1) 
1, B a2 4 x(l+e4z3 
8. Le 4% 5 “EE. 
aa. i, Bt") = we ae ede 
* athe " ed — be “atb " “b(ae—c*) * 
5 d 1 = bfh & ee l4a 
ae "ab " af +2be—bfy "  25(a +1) 
9. A. 10. 5s. 
‘s 3 abe 
43.1.1. 2, 2, 3. 1. 4-3 - 5 
ay. VZSS. BH Bae eee 
i es 
it! Thee TR kl Th 
2a+6 
16. 8. 17. 4. 18, 33. 19. 11. 20. 20. 
21. 8, 22,14.  23.—107. 24. 4. 25, —1, 
26. 0. O77, 4. 28, 1}. 29, 10. 30. 4. 
$1.92. S21) 8%3—-% 934, 44 
aa. 1. £36, £16, £8. 2, 2450, 196, 98. 3, £200. 
4. 42, 66, 162. 5. 1540, 880, 616. 6, 144 aq. yds. 
7. 15ft. by lft. 8, 1504. 9. 69, 81, 
10. 50f1., 90hf, crs. 11. 90, 120. 12. 75 gna, 
13, 4s. 8d. 14. £210. 15. 22. 
16, £5 8s. 17. £72, £108, 18. 20, 15, 15 lbs. 
19." £48. 20. 13, 21, £126... 
22. 4s. 44d., 4s. 10}d. 23. 62. 24, £82, 
25. £48, £32, £4, £65. 26. 40. 27, 22, £5, 
98. 110yds, 29. 84. 30. 75. 81, 654, 
82, sida. 33, 231 da. 34, 30 hrs. 
35, 131da.,22da. «36. 18, 104,62. 37. 40 min. 
88. dewt., llcwt. 99. 371", 25, 40, £180, £160. 
41. 12 gns. 42, £4505.,£1562. 43, 62, 93, 155. 


44, £614, £410 10s. 


45, 212 hrs., 1022 hrs. 
46. 7 hrs. 55 min., 6hrs., 164 min. 


47, 25s., 20s, 


48,120,104. 49. 10lbs. 50. 76,30. _—51. 20, 
62, 189, 53, 36’. 54. 1Jho. ° 55. £3400. 
(9) b8 


ANSWERS TO THE EXAMPLES, 


45. l. 





|| 
te 


“ 


‘ 22=—b, 3. eat 1 hoe jm, 
y=at+b. ay =2. l—ab’’  1-ab 
| 6. a= i} if at — be ac 
—1.) y =0. y=2., a+v'* 
10. 2=1,, ae meet) 1 13. 1=8, 
Y 
15 


2 8&8 


) 


=7, | y =24 y =216 y =6. 


ec & 
ll 
IND 


14, D. aed: , sh al y= _ bd(en—am).. 
y=2.} d+be ad+be 
2 o? — (a? 2?) 
Soe” ape Oe = a 
ab(a+6) _ ab(a—b) _@+(a?—b?) 
ate 7” ete feo ge 
_ abe{b(c—a)—ac} , _abe{b(et+a)—ac} 22. r=6, 
~ Be =a?) — ae?’ b?(c? —a*) —a?c? * y= =8. } 
24, 2=17,) 25. soa 26. r= —2,) 27. r=7 
i! y=3. ' y=2. y=—4) ona 
y=5. 29. +=21, y=20. 


~ 


| 
| 
to 


17. 


RB Fee 
co bo 
—_—~_— 
bed 
Go 
> 

| 
> 
| 
2 
i) 
— 
co 
& 








21. 
93, 


8 


“ 


r=3, 
y=2. 
x=65, 


28. 


46. The respective values of x, y, z, are the following :— 
1, 1, 2,3. 2. 7,10, 9. 3. 5, 6, 7. 4. 4, —5, 6. 
5. —5, 6, —2. 6. }(b+c—a), }(a+c—b), 3(a+b—-c). 
7. 13,22,-12. 8. 2,-3,4. 9. 12,12,12. 10. 5,7, —3. 


47.1. 9312s. 2. £24,£12. 3.17yds,13yds. 4. 


40,90. 
5. 12,10. 6, 222. es 8, 21, 40. 
9. 5s. 8s. 10, 20d, 71d. 11. 640,720,840. 12. 72,60. 
18. 108sq.ft. 14. 75,88. 15, 12,12. 16. 75. 
17. 48. 18. 255, 19, £6 7s. 6d. 
20. 30,50, and 70,20; or, 60, 20, and 40, 50. 91. 34. 
22, 264. 23, 12s., 90. 24, 24,72. 
25. 20, 30, 60. 96, Ahra, 6 hrs, 27. 52s., 36s. 
28, 3. 29, £1150. 30. 39s., 21s., 12s, 


a oe a 4, 24, 1 5 £- 
4s. 1. 2?+234+22+23; ab? +a3b3+ a3b?+a3d: 
5 2 : 
2. abi ta? ta%s+ ab ; a2h?4 ab? -+-a5b?-+ a3b?, 
8. a~1+ 2b-? + 3c3+ 4ab-! + 5a-18 ; 
a8b-$ + 3a7b-! + Kas als 3 267% 
13 68k 4 Be 2 
tatstantaa) amt; ater tape 
(10) 


i, 
12, 
13. a 
14. a 
~ * Bs tt 


16. 
18. 


» Sat27/+3/B+4i/at+V7/ a, 


; a —ai+2a3-2—a 8-4a-3, 8. vtaty 
A Bet daly bsg tat x Sa 3y7 al 


ANSWERS TC THE EXAMPLES. 


La%p-2e-2 4. a-2b-1e2 + Qa-!Be f La Vet, 


1 3 2 2 
Zabe- 52a 2h%2+4 Sa 3b Se a4 5a-"4e; 
1 4. * aie 2 i 1 
8a)2c? | a®be-2 | abe" Babe’ 
1 2 
: rr +> , 


aw a 7. 3 ~ 222 3 
Qab—'c3_ = Ba®2b-2c-? — 4a8b3c3— abt 


and 





Ya Vab, Wad, VRE, Vid 


Jot Bo BIE Aya TEV a 
be, ac, 1 





La Deen gee TE 


be abe | ab? Ya I JD OR 
9 22; Sb, Sad, / a 
Sat 2abe +5 3a" tabi vet ot gate 











1 


< 2 oo | 1 
. ab 3, a?, a 4, a*b, 2. a ty", a*y*. 3. a%yz, a®b8e. 


, 2246r254923—4y, 5. a—, 6 a? — 648%, 
_3 


on 


a2 —2a-b3 + da” 283 — 8a" 4+ 16a 283 — 823, 

bao v8.29 420841, 

4a— Qa2b? 2 + Dazed +b-1+5- 28 + “3, 

ab +3a5b "* 3a +a ‘Bs, 2 7 o4 . ~2r42y— Fe y% 
— Gab! +21a3b3 — 44ab? + 630253 — 540559 +276, 


4 1 1 2 4 


3 ee 104! - aie —16a 3+10a 3—4a1+4 a3, 


~ Baty? +10xiy> —100%y 2 ee Sra 3 
part 4ab-} 4.6 — 4a" a-%B, 
5 _5 B.S $,-3 -3,4 _3 3 —_5_5 
a2h 2—5a2b 2+10a2b 27—10a 27b2+5a 2b2-—a 282, 
ab41+4 «1%, 17. a3— 2a°-+3—6a 3-+9a"3 


1 


a tyt_1 + ata? 19. ay 3 —x2- 2y3, 20, 207 — By3, 
(1) | 


25 
2: 





ANSWERS TO THE EXAMPLES, 


Eo) See ne ee: 
50. 1. 644, 81%, (2), (@)*, (24, 8% 
2, 253, (28)%, Gey, Coe + 20b +0185 
1253, (228)8, G a®)3, (27a®)3, {2 (a°4+3a%+3ab?-+55)}3, 
1 2 eth te 
8. (rha)*, (a35a)*, (=) 8 (j0)85 
65614, (29000)-4 (a*)-4, (“e)-4 
4, 4/125, /8, /12, /3, /}, 4/320. 
5. 8/54, 3/256, 4/2048, 4/3, 8/2, Yh 
= ee | a+b 
6, V7 4a, V98a"2, 4) of a—b @+ab+ee 
2 
7. V2ab, SEG, O/ oy C/E, SEB, 
8. 34/5, 5/5, 36/3, 34/5, 1839/2, 34/6, 8/12, 4/54, 6. 
9, 44/2, 80/2, 68/48, 24/2, 24/2, 28/2, 24/21, 20/150, 
4/375. 
10, 24/8, 15/8, 24/3, 4.4/3, 34/3, 14/3. 


“ 





81. 1. 4/108, ./112; 2/81, %/80; 0/120, 3/128, 8/135; 
Y125, 4/121; V5, 733 125, 7/144, 7102. 
2. V/2, 3/5. 8. 29/8, 98/9. 4. 244/38, 1204/8, 36. 
5. 216 X/6, 288 "VY 72. 6. 5-4/6, 64/34+34/30. 
7. 16. 8. 5 (7/24 V384+-/5), 5V6 +37 32+ 50/120. 
9. § (20/24 /3), VJb4+1, /5—/2, 44+4/2, 2 (74+38,/5), 
ot (74/14—18). 
10. 2 (58-+8,/7), 2 ; (8/5+23), jg 1/6). 














Es OW gia aa 1 
i eae a oS, de Aa1 12, 22%, > —, 
52. 1, /3+1. 2. 3+-4/2, 8.:.4/ B= a/8; 
A, 2,/5-—3,/2. 5. 4,/2-3.. 6. 4,/5-1. 
7; 278; 8. 2./2-1. 9, /2+1. 
10, /6—1, 11. 4(V5+)). 12, 4/5+3,/3 
Ja ab 1 
a ee emesis , ; ne 2. 
cae ie is ae 
Qab—B? a P (a—b)? b(b—2a) 
6. a=) 7.a@—-b 8. Sa. 9. 10. ss 
84. 1. +2. 5. +1. 


a a ee 
8& +5. 9 +3. 10.45. 


ANSWERS TO THE EXAMPLES. 














di, #2 <TR kD, 18: aS, a, go 
%(e—d)?—b(e+d)? (n—1)a 
15. wlo—ay = 6 16. 
bef 2(+d?*) V2n-I 
55. 1. 4, —2. 2. —1, -9. 8. 20, —6. 
4, 7, 5. 5,.8, —40, 6. 10, —110. 
a6.1..2, 8 Si. -17, wi §: =B,.— 20. 
4; —1, —19, 5. 1, —20. 6. 25, —186. 
57. 1. 6, —52. 2, 6, —42 8. 83, —10. 
4, 14, —102 §... 19; = 19, 6 15,14. 
58. 1. 10,2 ne 8.2, =3. 42s 
5. 32, 22. 6,7, —15 aes 8. 21, —61. 
9. 12, =13,-..10, 2:4 11. 8(—8+44/8). 12, 2,32. 
13, 8,-¢ 14 2(97+,/57) 16.2,-8 16. 7,-%. 
17: 2:92, 18.8; 4. 19. 4a, —2a. 
20. m—2a, ima 21. BQ VFA). = 02, ™ 
Cg, 4 n 
23. 1(3a—2b), 1(2a—3b). 24, Qa, $(a+b). 
86.1, 11,218, 2. 5, 52. 8. 5, 21. if, S18 
5. 6, 82, 6.5,-4%. 7. 1, 103, & 3=88. 
60. 1. 2?—4r-—21=0. 2. 6x?+5x-—6=0. 
3. 1624—15822+81=0. 4. 2t—623+4+1122-6r =0. 
5. 424-722 8x =0. 6. 4x54 324-1723 - 1227442 =0. 
61,1. #27, 2. x=4, 4 8. «=4, 128, 
y=+4. y= —3,4. yas, 4 | 
4. 2 =8, 8 5. x=6, a 6. «=5, 3, 
y = 23, —8, y=, — 5, y =3, —li. 
7. 2=6, 12, | 8. x=8, a 9. r=4, 2 
y=3, -i5) y=4, —24,. y=2, 4. 
10. 2=10, ce 11. x=8, —2, 12. x=65, 4, 
y=15, —16}. y=2, Tet y=4, 5'| 
13. oie re 14. r=3(+ ee 
y =4(a} V 20? —a?). Y=4(4+V 402+? Dd). 
15. r=8, 1 te pete She 
y=1,8. PE Tape eo ete 


(18) 


62. 1. +4, +12. 2. +12, +15. 3. +10, +16. 
4, 40 yds. by 24. 5. yds, 25 yds. 6. 27 yds. 
7. 24, or —3. 8. 12, 7; or —9}, —14}. 9. 26ft., 38 ft. 
10. 4550, 11, 4, or =a 12. 10 yds., 16 yds. 
13. 10, 15. 14. 8, 6; or 56, —42, 15. 1+-,/2. 
16, 9, 12, 15. 17. 16. 18, 49, £3. 19. 3in. 
20, 25, 20. 21. 4yds., 5 yds. 22. £60, or £40. 
23. 7s. 6d. 24, £275, £225. 25. 2, 5, 8. 
26. A £2380. 27. A £6300. 
63. 1. v=.3,) ced 2=8]l, 4 v= 30, 15, 
ven ce coe ee 
. ret) w= 6) w=d49,) cell, 
8] ya12)} ya32)} ¥= 3} sa a 
4. v=5, y=3, == 5. 5. 6. 4, 2. 7. 4, 
8. A gives 14 pieces, B 9. 9. 8; 16. 10. 21, 12. 
11. 12. 59. 13. 8h.g. and 3h.c. 
14, £18 ls. or £42 1s. 15. By paying £5 and receiving 4/ouis. 
16. 3, 21, 16, or 6, 2, 32. 17, 503. 
18. 2s, 43, 5s, 19. 209. 20. 301. 
64. 1. 32, 272. 2. 39, 400. 3. 63, 363. 4. 694, 34750. 
5. 9, 16. 6. —1, 0. 7. —28. 8, —275. 
9. 164. 10. —844. 11. 3362. 12. —84. 
65. 1. 12. 2. 5. 3. 20. 4, —8. 
5, 5, 8,11, 14; —2, —6, —10, —14. 
6. 33, 41, 44, 52, 6, 68, &e. —11, —9, —7, &e. 
7. 4, 15, 26, &e. ; 92, —21, &e. 8. 6 or 10. 
9. b, 7,2: 10. 31, 3}, 10. ll. —3,3, 11. 
12. n°, 13. 9 or —7. 14, 78. 
15. £5 3s.,£135 4s. 16. 5miles 1300 yds, 17. %, 14, 25. 
18; 3, 75,41, 46. 19. 201 #,2,3, 3 20. 5,16, 27, &e. 
21. The 25th. 22. 3,1, —1, &e.; n(4—n). 23. 735. 
24. -1:1, 25. ~2m(16m-+9). 26. $n(4n?+5n—3). 
27. ~g(Gn?-+ 38n — 1). 28. 7 days. 
66. 1. 64,85.4, = 2.: 1280, 1705. 3. 96, 189. 
4: 356, —170. 5. 4096, 3277. 6. —512, —841. 
7. 3%. 8.1108 9. 435. 10.2247. 11. 5384. 12. 724. 
67. 1. 8. 2. 1}. 3. 2. 4, 2. 5. 2. 6. 3. 
Fe des, Bi dls % 14. 10.1}. 11.102 12, -23., 
(14) 


ANSWERS TO THE EXAMPLES, 





ANSWERS TO THE EXAMPLES. 


6s. 1. 4 2, 8, 6, 12, &c 3. 4, —8, 16, &e.; or 
oe 8, Re, A, 5. 8, 15, 76, ‘875; or 
—2, 10, —50, 250. 6. +4, 8, +16; +2, 8, +32 
7. = -4 5 ~13; ~1, 1}, -2} 38, 8. 2+5+ 5 +&c.; or 
4—444~ &e. 9, 8—-242—&e. 10. 13, or 63 
11. 7938. 12. 4,18, 81, 144. 13, 83923, 
14, 48000 fr. 15. 1, 3,9. 16. 3,6, 12, 24. 


17. A 2222, B 460€ yds. 
69. 1. —4, it 4, ws. SG) 73 109 io» lps, «+ 15, —7}, —3; 
z . 13, 25, 
in 3? 


; ” 3 9 
2. 22, 3; 13,7 4) 11) D 17) 10° 3. 24. 


yo. 1. 81,3,2%%. 2%29%,91923, 382 4 lorlé 











5. 8, 2. 6.9,l;or#,-72 7. 12,64. 8 64,3. 
71.1. 35, 36 Hb Mas aie tie i = 2. SE 
4c x+y? 2 42 a*+a*2z*+ 24 
Say aye ee ee Be 
x? —11r+28 (a+b) ad —be 
6. a eh Be Bo 
72. 1. 10, 43, 23. 2, 9, 43, 25, 8, 6, 18, 12. 
18. (i) e= 5a) (ii) 2 =a+6 or }(a—b); (iii) e=1,y=4. 
~~ (iy) a= +9, y=+3. 14, 3. 15. 25, 20. 
16. 8:7. 17. £200, £150. 18. 300, 
19, £125, £1662, £2081; £21228, £15927, £12721, 20. 6, 
73.1. cy=B(tty). 2.2 8.y= aoe 
4, y=3r+22°+25, 6. y=r24+2r74+3, 6. c= Sf r+i0 
8. 440. BC. 


74. 1. 720,720. 2.5040, 3. 6720, 45360, 3326400, 19958400. 
4, 12600. 5. 9. 6. 1120, 831600, 336,.34650. 
7.6. 857%: 9.16. 10. 3628800. 11,6 “19. 4 


78. 1. 126,84,36. 2. 330,330,1]1. 3. 8003,455. 4. G. 


5. 63. 6. 210, 84. 7. 50063860, 5006% 


Sis, @2e- 16.34, (0 SCR eS eee 
(15) 


76. l. 


77. 


bo 


or 


10. 


11. 


12. 


i 


ANSWERS TO THE EXAMPLES. 


14674152? + 2023 +1524 +62° 4.7%. 


, +Tax 2laia? + 350423 + 35a8.x* + 212° + 7ar® +27, 


1 —8r4+ 282? — 56.3 4+ 70.r4 — 562° + 282% — 827 +2°%. 
~Qa8x + 36a7x? — 84a%x? 4 126a'2t — 126a4r> + 84a82° 
— 36a22x7 + 9axr® — 2°. 


. 1+ 1dr + 66x? + 22023 + 49524 + 729.r5 + 924% + 7922" 


+49528+ 22029 + 662+ 122442", 


. 1—20.r + 1802? —960x° + 336024 — 806425 + 134402r° 


— 1536027 + 11520x8 — 6120x? + 10242". 
—18a5x+135a'2? — 5400523 + 12150224 — 1458a25-+7292° 


. 256x8+ 1024427 + 1792a2x*? +-1792a8x> + 1120at24 4+ 44808 


+112a°x?+ 16a7x+a’. 


. 128a7 — 1344a%r + 6048052? — 15120a423 + 22680a8x* 


—20412a72° + 10206ax8 — 218727. 
1—5x+ 482? — 1525+ 195 ct — Bas + er — Tat + fa 
—aset t rosat™ 
; = B+ ea aot wee — eye + 1546 es 1947 + 5$a70° 
— fq" +e — aria na 
zooet ie grat y+ 35 tet” = Prat ee *y8 + gs0ae tty? 
saat 7% Baty 7 y + vista y® i soseat <i + eee 


— ety” 1 ob gadaay 


l-ata?-atat-&e. 2.1482+92?+27284 812t+&e. 


8. 1—62+272? — 10823 + 405.24 — &e. 


. 14674242" 2c a hohe all ee 
» l+a4Sr?+225+ §0t+ Ke. 


1—x+22? —29. 284 Sgt &e. 
1+2-1a* 41,3 Bx + &e, 8, 1-24-27 — 473 ~ 274 — &e. 


J 1+22r + a 24 9593.4 915,44 Le, 
.1l- Ty@ 4 144 — 1476-7 98 &e. 


Lae 


, Leet eH a$4 3524+ &e. 


—ia?+3a*- "BS -f 25.98 — &e. 


. $4+304+3 ret tet tat t Ke. 
. 2+ 20+ h0'+ 2% pt apt + &e. 


a—a-*br+ a3}? f= a~*B823 + a->hta4 — &e. 
a+ 2a Ba + Sabha? + 4a-*Da +E 5a- *8x* + Ke. 


; a’ Gatb? + 210d! +-560°-+ 1260 3 Be + &e. 


ab — 1a By? ga Sat — Og Bae — a5? 5 28 — &e, 
cm oais-t 4.60872 — 10a?b-! + 15036" 3 — &e, 
(16) 


ANSWERS TO THE EEA LES 


8. at ha Se 1q fe 378 10a Sat &e. 
9, a +¢ pee eee es 11 re She 


10. a? — 4a322 +2 2a Sat 4 Age Tyo 4 Sq 384 &e, 


3 7 11 15 19 ‘ 
ue — an 21, 2 "i 3 1155,” 9 
Ll. a 2430 22?+2la 2at+ ha 2a8—ia 2 o8+&e, 
So aS ee ie er ae as 11 
12. a 37 3+4a 3x8+2a Sx384+ha 323+ 3a 3x3 +Ke. 


79. 1. 5221,203116, 2. 100101100, 102010, 10280, 2200, 1220. 


3. 41104, 23420, 14641, 7571, 5954, 4, 235, 1465. 
5. 511, 22154, 6. 1212, 1212201. 


go. 1. 1414+ 24444344 + 114144 4+ 2050544 = 2214223 (sen.) 


a 


15. 


15. 


19. 


add 
_ a 3{1+atx+2a-*72°+ Va-Sx3 4 Sa-4a44 Ke}, 


90 


=111111 (den.). 
. 100001000000 (bin.) = 201000 (quat.). 
. 1756 x 345 = 701746 (oct.), 1837 x 274 = 881011 (non.), 
345, 274. 4, 57264, 95494, e7¢8. 
. 4112, 6543, 62te. 6. 1295, 216; 2400, 348; 4095, 512. 
‘ie 8. Undenary. 9. 34, 


Ic wh 





MISCELLANEOUS EXAMPLES: Parr IL. 


. (a1)? + (a —8ab? +08) x— (2a—b)ax*. 


322 — aba —2a°b?, 8, 31, a — ayy? 
13-9. ae ee 

Co. 
2 8.152. ¢ SS 7. 98, In(8n-+25). 


i =O. 5/5, Tar/2zx, 8/4, 10. 142+ 327+ 825 + Yat+ Ke. 
. (i) ¢=5; (i) e=5 or -12; (ili) v=4,y=38; 


(iv) v= +8, y=+2, or r= +2, § y= +3. 12, &. 
144274222 — Bas —at4 954176, 14, —22?+ 8ry —5y?. 
68. 16. 2%-y%  17.195,1.702 18. 2,°T%, 
Qe, 23 20. ab 2ct, a 23 es 
“977 “4° . se ; 


1232, 11313, 368, 1044. 
(17) 


pat 

. atl —Ta a +9 a~4a4+4 Za%r5 + Sa-*28 + Ke.}. 
. AV 18a, 1 527y?. 45. 93, 3.(n?-+n—6). 
. 5221, 40255141, 6252711, 2451, 3341584, 1828. 


ANSWERS TO THE EXAMPLES. 


. (i) 7=88,; Gi) r=2 or —3; (ili) r=5, y=45. 





3? 
24, 12 days. 25. «®—a’, 96, 825 -—5u? +1149, 27. §. 
a 3a+1 on #-t 2 
ai w—y 4a?+2a-l sk 5-2 at—1 
30. 139, 1.89, 4.3955. 31. 23,.051. 382. 33{1-(-§)"} 24, 
33. (ax) 5 14307 te laa? + S200? + Fa 424 + &e.}. 
34, 7; 22 dollars and 57 doubloons, 
35. (i) =17; (ii) c= 60, y=40; (iil) e=3 or —4o. 
36, 83 sq. ft. 87. 2a2b?4+2a7c? + 2b?c? — at —b'— 4. 
38, 1—la+h0°+ 5h + iit t Ke. 39, 2. 
io, 2 es 41, 139, .6933. 5 ac 


1-2 


AT. (i) 7=23; (ii) e=89, y=21; z= 12; 
ee RD 8 : = 
(ili) v=a. ag ae as 48. 64 days. 49. a—b. 
50. 9+1+49 =59. 51. 3(a?-+b?+c?) —2(ab+actbe). 
52, 22—9y?. 53. 1054, ./7+ 4/2. 
b a—b 
54, -, a+b 55. 2{1-—(4)"}, 2 56. 6. 
BT. a 8{142a-%br-+ haB'a? + 28-884? + att + &e.} 
58, 21. 59. (i) r= —8; (ii) r=8, y=4; (iii) x=3, y=1; 
(iv) c=—-l,y=—3. 
ae 3 
G0. 100, 61. 26z2y? —2ty—Te*—10y?. 62.2°+2r4+1. 68.1. 
l-—zx 
64, ab(b+c). 65. 2r—1. ca a Lae . 12.747. 
ab?(b+c) —1 6 ada 1) 67. 12.747 
68. (a2x) 2 {1 4 2a-te + 20-229 4 Fa 8a8 4 PM a—Aat + &e.}. 
69. 30. 70, 250, 60300, 13874000. 


tb 
72, 
74. 


79. 
82. 
. £5531, £11062, £3320. 85. as+1+4+c-%. 86. a@+taxr—227. 
87. 
90. 


(i) r=9; (ii) e=3} or —4; (ill) t=}, y=}. 
Shre,; 172hrs.,24hrs.,40hrs. 738. 6(e-+20 +4073 482-1). 


a+] Peay ety 
i, 1D: 2; Bo8rq1 76. 55,/7. 77. 1.772462, x-4. 
502, 4n(3n+1). 80. at —223-—827?+8r+16=0. 81. 28. 
15120, 120. 83. (i) v=1; (ii) e=22, y=53; (iil) 7=3. 


7. 88. ata), eee. 89. aiz- 8 — abn 3b3-488, 
Silaw t. 91. In(Sn+1), &{(9*-]h. 


(18) 


31%. 
119. 


120. 
122. 


123. 


125. 
128. 


129. 
131. 
133. 


134. 
137. 
138. 


140. 
142. 
143. 
144. 


146. a? 


147. 2? - 


150. 
153. 


155. 


ANSWERS TO THE EXAMPLES. 


. 14+a—82°4 205 -Prt+&e., 14-22-2274 425 — 1024+ &e. 
. 27, 48. 95. (i) vx=9; es v=4,y=3; (in) r=6 or}. 
5. 96. 93d. 98, a* —2ab+1b?, 


Cg Sa: 100, ‘ — a — t 101. 4.11. 





" Ve—/ ey 


2 _2 
2. 1—a®*+a°+ 38a5x 3, 103. 7. 105. 75, 25. 
. a/11833311 septenary = 2626 = 1000 denary. 
. fi) c=9; Gi) zs as kaw i (ili) r=4, y=0, 2=5. 
. £135, £90. 111. 3624 —9727+36. 
; }o?—ar-+1a?. us Saab 4082, .8164, 1.2247. 


(ab-1)2"" 1, 115, a?—4ab—6ac + 48? + 120+ 9c, 
4a? — Qabxr — (ac — 1b?) x? + (8ad + 1be)a3 — (2bd — j,c*) x* 
—cdz>+4d*x°, 116. 25{1—(2)"}, 83. 

—li. 118. 1—2a—22r?—423— 102+ — &e. 

(i) w=21; (ii) r=—8 or 8; (iii) x=5, y=3. 

3 

31, 3. 121, 8—12a*418a?—27a#. 

a4 4q°bx —4(a? — b*)a*+2ax5 —iat, 

3x" +4042 10 7674 — q476-1 10 

“teed” 124, a!°—aSa*—atzo+z", 

1.2247, 8+.4/3. 126. ec. 127. 0, 3n(7—n). 

A gives 26 guineas and receives 10 crowns. 

2(a—x)/2ax, 1X/a. 130. 33 : 238, 1 : 34. 

(i) #=10; (ii) v=3, y=7; (iii) r=4 or —1. 132. 10. 

With upper signs, 164+9=5x5; with lower, 04+25=5 x5. 

ae? 38a—2y  «(«+5) 

v?+d4y. 135. 2?+ar+). 136. Bat3y' Ox! a—3 

nae) (m?— 4n?*), 


a —al?41. 139. (a+b) (a+e). 


4.8989, .6803, 4.4494, 1.5506, 3.4494. 141. 12, 21; 12, 14. 
Lega ea 19544 &e., 122+ 622-+2003 + 7024+ Ke. 
(i) v=7; (ii) v=4; (ili) v=2 or 43. 
£9, 308. 145. a°h?— abe — (+ 25" 2?-4-aa* +224, 
21 ar + 2a? +42°, at — Qaiz? — Isg8z + 23a? 249 
4-289q2,2— 93022 — 26a23+16a22? + 162+. 
12—162-, a? 2 , BAOEe ” Tae: O50, 
leat, a@+lta% 148, 2 Fe. 149, 2154 
e—IJe+l, 151. of 3-8/5. 152. 2f1—(2)}, 1. 
0, 3, —2. 154. 6. 156, 5! days, 16 days. 
(i) en} (ii) e=2; (iii) r= 42, y=43. 157. 312, 
(19) 








3 
— azz 


158. 


161. 
164. 


166. 
167. 
168. 


169. 
170, 2-7 


172. 


174. 
175. 


L77. 
178. 


180. 


182. 
184. 


187. 


189. 
191. 
194. 


196. 
198. 
202. 


203. 
204, 


ANSWERS TO THE EXAMPLES. 





ai —2ab?-+3a%b —2a%b?+0%, 159. 2-5. 160. aaah 


a*-+4223 — 82? —62—1. 162. 9, 160. 163. (b+e)’. 
2282. 165. 1—62?4 2424+ —80x°+ 2402x° — Ke, 
ai{1-+8a-1-+ 80°62 — fa-80° + 2a — &e.}. 
33233344, 4844 = 1000 den., 244 = 100 den. 
ac+b c—ab 
(i) c=17; Gi) e= Spy =a) (iii) c= +6. 
£40, £28, or £28, £52, according as A had more or less at 
ays fae B. 
Vie +8 x (a+ 2)3 = = 38/289 = 19.834. 


4 me ate ft) 
—Ar 4y2-+8y2, iva? o a “O24+1 


1 2 9 

—1aa% — 2a? 2 Se eee 

1 —1az® —2a?x. 173. aoa) G@aby #1 

3.8729, 1.2909, .7745, 1.5491, 6.4549. 

—10, eile —3n). 17 G: 15. 

1 — 2a? +3z—- Ax? atk &e., 1- An? oe “2022+ 3522- Ke. 

12,1618. 179. @) >= 0. Gi) 9 or — 135 (iii) 7 = 49, y=00. 

10 days, 32 days. 181. fea bis z)+ ja (Qay — 20: 
—Yyz) — ity, which becomes a?+3ab-+ 3ab? + 0, by 
putting «=b= $y = — 42, or v= b, y=2b, z= —20. 


5a?+ Ta ‘3 1% a bedi 183. v+l1. 


ae |. 185. aba(ata®—1). 186, ab-?—Jab+1. 
x 

Se 188, 720, 4(1+ 4/7). 

ret of14(— 4)"}. 190. 3 per cent. 

(i) 12; Gi) c=4, y=5; (iil) 4. 192. 10. 193. +. 

4.9, 195. 5+2,/6, /6, 6(5+2/6). 

(mt), Peete 197. 120t—2a3—112?+1. 

m+a a—2* 

Hi- = 3)" by 1g. 199. n*. 200 +a. 901. a 


1 — 62? 4: 21ers — 56012623 — &e., 1— 3% +628 — 102-4160 
— &e. 
(i) 2; (ii) a! or 6-1; (iii) e=8, y=1, or 7=§, y= i, 
£800, 0. 206. bat —r. 207. a— a}t4. 
(20) : 











208. 


210. 
213. 


215." 
216, 


218. 
S71. 
229. 
223. a- 


224. 
227. 


229. 


232. 


234. 
236. 


239. 


242. 


_ 8164, 1.6329, 2.0412, .1010, 3.2549. 247. 81, 85, 42, &e, 
es 249, 720. 250, 248664et69, 54373, 


2 
_@2e17; G2 Tt Ot" y-@; Gi ens 


254. 





ANSWERS TO THE EXAMPLES. 


Fim + (a? — a®)x — a? 209 1 
xr—a : * (@+D (84+) 
5 
7.0102, 202. 211. 3, 20. 212. (ab)?3, 
4yds., 5 yds. 214, 63361, on 34, 
‘ b? 
(i) 4or 18; te —5,y=5; (ili) t= Tap TeLe. 
days, m days. 217. 2(n+4). 


mn 
m+n 
Ahk cite sbdhe 219.2. 220. at—y4, 
3.1622, .12649, 2.1081, 1.5811, 4.4414, 31622. 
3{1—G)"}, 25. 
$£] — 3a7 2x? 184-424 — Ba Sx64 8a 828 — &e.}, 
ae eae 21a PE METER LIEN 
£5825 8s, 53d. 225. 0, —1, 2. 226. 20; 5. 
Be a b 

@) e=at or — $5 Gh) © ad ab pO 

wee 1 mn(m-+n) 

(iii) « =3 or 5. 228. ae eee ays. 

3 

Qy? — ay —}a’. 230. 23 +a?x?+ a4, a4 Qart+ art —at, 

a8 — atx? ~2aixt — at. 231. a? —6?. 


37 2 
x8 — 205 424-2? 4+2x—1. 233. x) arte 


4x3 — By, 235, 88, 5{1—(2)"}, 24, 14, 14, 12. 
Qa~b, 237. 12, 4,18 miles. 240. i days. 
mn 





() 2= —6}; Gi) e= ya Os (ii) 2-10, y=7, 


3 
z=3, 241. v?-xy 24 gy? pA 4 eg (a+b)x+ab. 
36, 125. 243, 5¢+4, a 4. 





a+b 
m(m-+n) days, _mn(m+n) days. 253. 140, 282 


m2 +2mn —n? 3 1260" 





2 +a. 256 13 1] 
a yt ys, 3 — (m = 1) ek 6 le 9 3 . 
1 a _ 
(2 L) 


255. 


258. 


ANSWERS TO THE EXAMPLES. 


F. 2Qac? 1+2? 
C2 569507, 8— 1066 Ob: OO Ke. 
1824 — 4523 +372? —192+6 57 CY Vanes 
24 miles, ihr. 259. a8, 260.3. 261. a+22:a+3z. 








262, 7425. 263. (i) c=4 or 12; (i) z=10, y= —3, 2 =4. 
af 
264, 8s. 4d. 265, 25 —189 = 14 =8x 4. 266. a?x+2. 
267. a?48a22—2a B04 at fas —Mt8a Fat 4 he, a+6x. 
1 
268. a. 960. ee 70. £2 8s. 
: GF +8) C8) 
271. n=10 or 12, 7=3 or —1. 272. 56, 44. 
973. 1n(m—1) (n—2). 274, 1111 x 10001 = 11111111 = 21845 den, 
b-1 a—l 
b, G) te rem TrEy 
275. (i) =65; (i) c= —1(apby /~ = mi Mabey" 
Gil) r=4,y=8. 276, mane 1) mm days: 277. 0. 
278. 1x644+1=9=(3x4+1) (4x16—- bdKD-LD. 
Bax —4 
ig) Se Nl Sc 280. abr! — a8r°— c?24t+1. 
aie a %x?—lla 'x+21 Sep rong ware 
981, xi—203—2, 982, 82/5,-22./3. 285. 30. «286, 15. 
287. (i) r=14; (Gi) r= —44; (ili) e=4, y=3, or v=3, y=4. 
288. 4, 59, 55. an teak, 
290. (=sis tiem asa) ~ Gis saa 3a) = =12(-} x3X =k 
291. 1— Xa 8x*. 292. 84. 293, ~ £25298, 5— 4/6. 
2 72\8 n+l n*—a" 9 9 
294, (a? —b?)8, 296. ee Steger oar? 297. 10, 20. 
298. 40320. 299. (i) r=acb-'; pes x= a; (iii) r=1, 
y=—1, or x= -12, y=3. . Shr. 
ee yee 
301. 3272 -2rty F+4+4y 3. 
302. 2. 308. 137641, r—2-—2r1. 304, b-e. 
805. /2, /5+72, 806, 4°". 307. 1 hr. 58/, 
ut-y' 
808. sha? {142073234 8a7 303-4 Bate 0a 323-4 &e.}. 
309. 15, Sn(n+1); 3, $, 1, 14. 310. 6. 
811. Gi) r=1 102 (i). ga, ga =. 3 
(i) x=100 or—10; (ii) x ai? y a4! 
Gi) ran? ye 2! gie.the 914, 13, Bor 3" 
1—ab’ 1—ab’ a i 
313. ataiz +2, x —2atxt —aiz3 —a, 


(22) 


315. 


317. 


319. 
328. 
324, 
327. 
329. 


331. 
335. 


338. 


341. 
346. 


346. 


349. 
352. 
354. 
357. 


358. 
359, 


363, 


ANSWERS TO THE EXAMPLES. 


9 3 311 
$72 


Batet—daiyt+2atcty—yi, 316, 3 (5-2), Fay? 
tay 

Peaae a e+ 8a-*x? + Ka-828 4 Sha “4944 &e. a 

1 
v3 {1—tate+2a 2? — Ma 8x84 Sh a-424 — &e.}" 318. 91.. 


an-*—n, a—in(n-+1). 321. £4 16s. 22. 63, £62 85. gp‘ 
(i) t= m 85 Gi) #=2; (iii) c=" — es 
13, 12. 825. l—w«+1ia?-1 a4 leh, 1- on ple! 5 
884 sy +17? —- 22743 2, 326, 225 y-3 — ~ Bry, 
2.64575, .37796, 1.82287, ‘88191, 1.47683. 328, n°}, 


Satie x—1)? 
2a¥/a—8x, 2, VY a-ly, 330, ae Pays 
1+22y—382y7, 333, 7, 334, 27907200. 
(i) x= oe 1; (ii) 2=2, y=1, 2=0; but indeterminate, 
if 2m=n+p. — 336. 5 miles an hour, 337. ¢ or ct. 


wa/ a(cn/a— me 3a 
ef a— / 339, 42%. 340. a+b" 


8 (abe)®. 42, 3.71, 1-22-48: 843, 18s, 4d. 
(Qa)3{1 —Sa7202 4 Sate a 20+ ka "a+ Se), 
(3a) Seite a3438q3 Bt Sta et ithe? 3234 &0,}. 


ro ms GP. Fei 
9118760, 17293. 347. (i) ea ai (ii) x=1, y=4, 


52 8.4.42 
=27; (iii) paulo tt 5 oes 348, 2 hrs, 212’. 


(a?+a+1)a—(e+1). 350. a3 — aes, 351. 0. 
3 1 i 3 _ D724 387 4 

24  Byyat tebe, 353, 42 rer 

ge Ry BOY ssa +0241" 

2751—(8)"}, 132. 355. 76. 356. 9 hrs, 

Qa) thd at + bate + Ya hat iat + fe i, 


Pee © Pare 
(8a)? {1—Sa 3.25 + 8a 323 —Sar—S.a 323 — &,}. 


3 
aS 
22 











4; 1023, 256. 360. 22 hrs. 361. x3y4 —x2yiz, 

. b(be—2a®) psy AP / Gt thre? pss 2 

J; Gy SEMAEEO Git) ce 
5? 

a a2 


1 i : 
v?—xt+], 364, 9, 12a, 365. 1. 366, 24s, 16s. 
(23) 


ANSWERS TO THE EXAMPLES, 














367. a {1+ 2a-t2— daa? 4 49a" 8x3 19% 4y4-4 &e,}, 
ai{144a ly—da 727+ ¥a “323 _ 1a a 424*+&e.}, 
369, n°. 370. 1023252 sen. = 2428 duod. = 50,000 sq. ft. 
S71. (i) r=2(a— b+c); (ii) r=a or 5 ; (il) r=+a Lat 
A mtn 
+a_"=" , 379. 14h, Ih, 8h. 878, O. 
Ja VA ee a eae 
x 
375, m?—m— m2 —1. 
374. mx —ax*—a*x—(m—2) a’, 376. +7 zy, 877. 45. 
378. me 4, 379, 32 hrs, 381. 15, 6. 382. 1, 7, 12, or 
2, 4 14, or 3, 1, 16, 
383. (i) r=11; (ii) r=° ¢ 3 (ill) r=+a, y= £0, 
384. £740. 385, (3a—2b) «2+ (a? —2?) 2. 387. 3, 2, 
Sse a =e 
Ga) (ab)? 
386, x + (p+1) 2°— (p?-+p+1) xt-(p+]) (p?+1) 8+ 
Ce" Pt eid in —p*. 
Py 
389, = ) av ht a 
390. aniie-cik 391. eelood cub. ft. 392, 12 hr. 325’, 
393. 2. 394, 5880, 5880, 1960. 396. 2 gals., 14 gals 
i) pa F426), cy 24a? 
395. (i) ieee eae (ii) w=} (e—a); (iii) r= +55" 
398. a+a. 89. e4+6. 400. wh tap1 rms, 
mn 
401. (a+b) ™™, 402, 2271, 403. 5 (a—2), 
n{(a+2x)?—(n—l1)az}. 404, 186 hrs. from .4’s starting. 
405. .985185312. 406. 73634, 
407. (i) 50r—-1; (ii) cam or cb; 
(iii) w= + a » Y= pie 
~ Vat ~ “at + oF 
408. 4. T70 2Qr+3y—-. 411. 293.9387, 
419. 1223402, 414, 0,1. 416, 15d. 
418, 69810. 420, 256 sq. yds. 
419, (i) 5; (ii) Ja or fa; (iii) e=0, y=, Z=¢, 


or 7=2a, y= —b, z= —c. 


Pi 
Spottiswoode & Co., Printers, New-street = and 30 Parament Street. 


(24) 








